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Abstract

We analyze a dynamic market order model similar to Kyle (Econometrica 53 (1985) 1315).

We show that when the market faces uncertainty about the existence of the insider in the

market, the equilibrium outcome changes in a significant way. In particular, the insider

manipulates (i.e., trades in the wrong direction and undertakes short term losses) in every

equilibrium, given a long enough horizon, and independently of the precise nature of noise

trading in the market.
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1. Introduction

In a seminal paper, Kyle (1985) investigates the optimal trading of an informed
insider in sequential auctions where his trading affects the equilibrium price. In the
unique linear equilibrium, the informed trader strategically chooses to trade less
aggressively than he would in a competitive situation. Nevertheless, the equilibrium
does not involve manipulation of prices. To quote from Kyle (1985), the unique
linear equilibrium of the model ‘‘rules out a situation in which the insider can make
unbounded profits by first destabilizing prices with unprofitable trades made at the
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nth auction, then recouping the losses and much more with profitable trades at
future auctions’’ (p. 1323).
In this paper, we consider precisely this kind of manipulative strategic trading by

the informed insider. As in Kyle (1985) we have three kinds of traders: an informed
trader, noise traders and competitive market makers. In every period all traders first
submit their orders. The competitive market-maker adds up all the orders and
chooses a price at which to execute them, observing only the aggregate order flow.
As a result, in every period any individual trader faces uncertainty about the price at
which the order will be executed. In the context of such a market order model we find
that every equilibrium involves manipulation by the informed trader if the horizon is
long enough. In other words, in every equilibrium, not only do informed traders
want to hide their trades by trading less aggressively, but also find it in their interest
to confuse other market participants by trading in the ‘‘wrong’’ direction for short-
term losses but long-term profits. For example, an insider who knows that the
prospects of a certain asset are not good might actually start buying the asset in
order to drive its price up and then sell it without its price falling too fast. This stark
difference from Kyle’s well-known result obtains because our market order model
differs from his in two principal ways.
First, we assume that the market does not know with certainty that an informed

insider exists in the market. Specifically, we assume that if the insider does not exist
then he is replaced by a noise trader whose (exogenous) trading strategy is
uncorrelated with the value of the asset. This additional uncertainty gives an
incentive to the informed trader to manipulate so that he can mislead the market
makers about the existence of an informed trader in the market. If the informed
insider does exist then we assume, like Kyle, that the market does not know the
nature of his information.
While we assume that with positive probability the informed trader is replaced by

a noise trader, we put very little restriction on the strategy of the noise trader apart
from the assumption that it has full support. We allow this strategy to be history and
price dependent. Furthermore, we obtain our result on the necessity of manipulation
for long horizons by deriving a bound that is independent of the precise specification
of the noise trader strategy. Consequently, our result is robust to the possibility of
endogenizing the noise.
The second difference from Kyle’s model is that we assume that the possible trade

sizes are finite, whereas Kyle assumes that the possible trade sizes that can be
submitted in any period by any trader lie in a continuum. The assumption of finitely
many trade sizes eases the construction of the extensive form trading game that we
utilize. Because (apart from this finiteness assumption) we do not put any
assumptions on the distribution of noise traders’ trades, any model with a
continuum of trade sizes can be arbitrarily closely approximated with our finite
model, by choosing a grid that is sufficiently fine.
The fact that manipulation is both possible and profitable in our model is in line

with what policy-makers generally appear to believe.1 In the context of our model
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manipulation does not involve ‘‘buying low and selling high’’. Rather, by
undertaking unprofitable trades early on, the informed trader is able to add more
noise to the price formation process. This enables him to trade profitably in the
direction of his information subsequently without an undue adverse impact on
prices. In effect, the informed trader exploits the market makers’ uncertainty about
his presence to create his own liquidity or noise.
Other papers that explore the issue of manipulation include Jarrow (1992), Allen

and Gale (1992), Allen and Gorton (1992), Kumar and Seppi (1992), Kyle (1984).
The present paper departs from this literature by considering an explicit strategic
model of trading where manipulation by an informed trader necessarily occurs and is
strictly profitable, even in the absence of a secondary derivative security market.2

Brunnermeier (2000) also considers strategic trading by an informed trader in a Kyle
setting, although manipulation (in the sense of undertaking unprofitable short-term
trades) does not occur in his model. Chakraborty and Yılmaz (2004) prove a result
similar to that of the present paper but in a Glosten-Milgrom setting. Fishman
and Hagerty (1995), John and Narayanan (1997) and Huddart et al. (2001) show
that manipulative trading may occur due to the presence of mandatory disclosure
laws.
In Section 2 we introduce the model and prove that the insider will manipulate in

every equilibrium if his information is long-lived. Section 3 concludes, and the
appendix contains the proof of the main result.

2. Model

2.1. The trading game

We consider a market for one risky asset with one riskless asset whose
gross rate of return is normalized to 1. The long-term return or the fundamental
value of the risky asset, v; is not known to all participants in the market. In
particular, we assume vAV ¼ f0; 1g; with the prior probability that v ¼ 1 equal to
pAð0; 1Þ:
There is one dynamic trader in the market who trades repeatedly. The private

information or type of the informed trader is denoted by yAY ¼ f0; 1;Ng: When
y ¼ 0; the dynamic trader is informed and knows that the value of the asset is v ¼ 0:
When y ¼ 1; the dynamic trader is informed and knows that the value of the asset is
v ¼ 1: When y ¼ N; the dynamic trader is a ‘‘noise’’ trader and his trading is driven
by exogenous motives. The existence of this last type of trader is meant to capture
the notion that the market faces an uncertainty regarding the existence of a dynamic
trader who trades on the basis of information about the fundamentals. We allow the
trading strategy of type y ¼ N of the dynamic trader to depend on the histories of
trades as well as prices.
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We suppose that the prior distribution of y is specified by

Pr½y ¼ 1; j v ¼ 1� ¼ Pr½y ¼ 0 j v ¼ 0� 	 mAð0; 1Þ; ð1Þ

while

Pr½y ¼ N j v ¼ 1� ¼ Pr½y ¼ N j v ¼ 0� 	 1
 m: ð2Þ

We suppose that the informed dynamic trader is risk-neutral and maximizes the
expected undiscounted sum of his per-period profits. We will specify the strategies
and payoffs of the dynamic trader more formally below.
We consider a market order model of sequential trading with discrete trade sizes

where market makers observe the aggregate market order in each period and post a
price to execute the order. The market makers do not know the realization of v or y:
The market works as follows: the dynamic trader submits an order, xtAX ; in period
t ¼ 1; 2;y; and noise traders submit an order ytAY : The market makers observe the
aggregate order

ht ¼ xt þ yt ð3Þ

and set prices.
We now formally set up our trading game by defining strategies, payoffs and

beliefs for both the dynamic trader and the market maker.
We suppose that for integers %x; %yX1;

X ¼ f
 %x;
 %x þ 1;y;
1; 0; 1;y; %x 
 1; %xg ð4Þ

and

Y ¼ f
 %y;
 %y þ 1;y;
1; 0; 1;y; %y 
 1; %yg: ð5Þ

The set of possible market orders is

H ¼ f
 %x 
 %y;y;
1; 0; 1;y; %x þ %yg: ð6Þ

Trading occurs for T periods before all private information is publicly revealed.
We suppose that the distribution of trades yt that is submitted in each period t; in

addition to the dynamic trader’s trades xt; is identical and independent across
periods. Specifically let gðyÞ be the probability that yt ¼ y; with GðyÞ ¼

Py
y0¼
 %ygðyÞ

being the cumulative distribution function. We assume that gðyÞ > 0 for all yAY and
gðyÞ ¼ 0 for yeY :
Let h; x; y denote the generic elements of H; X ; and Y ; respectively. Denote by ht;

the t-period history of market orders fh1; h2;y; htg; and denote by Ht the set of t-
period histories. Let H0 ¼ fh0g; be the null history set. Let ht0 ðhtÞ denote the first t0

elements of the history ht and let ht0 ðhtÞ the t0th element, tXt0: For tXt0; let Htðht0 Þ ¼
fhtAHt j ht0 ðhtÞ ¼ ht0 g: Let %H ¼

S
N

t¼0 Ht:
Let xt denote the sequence of trades submitted by the dynamic trader for the first t

periods, X t denoting the set of such trades. Let X 0 ¼ fx0g; the set of the null
sequence of trades. Let xt0 ðxtÞ be the first t0 elements of xt and let xt0 ðxtÞ the t0th
element, tXt0: For tXt0; let X tðxt0 Þ ¼ fxtAX t j xt0 ðxtÞ ¼ xt0 g:
The timing structure of the T-period trading game described above is as follows:

1. Nature chooses v and y: The dynamic trader observes y:
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2. In successive periods indexed by t ¼ 1;y;T ; the dynamic trader submits an order
xt; and the market maker, having observed the history ht
1 and ht ¼ xt þ yt;
chooses a price.

3. In period T þ 1; the realization of v is publicly disclosed.

For the dynamic trader and the market maker, a trading strategy specifies
(a possibly random) action after every observed history of trades and past prices.
However, given an observed history, the past prices are irrelevant for the future, for
both the dynamic trader and the market maker. As a result, in our definition of
strategies, we omit their dependence on past prices.
Therefore, a strategy for the dynamic trader specifies a probability distribution

over possible trade sizes in X for each possible history of past trades, market orders
and prices. Let DðX Þ be the space of probability distributions over X and, for
t ¼ 1; 2;y; define the sets

St ¼ fst j st : X t
1 
 Ht
1-DðX Þg ð7Þ

and let

S ¼ 
N

t¼1St: ð8Þ

Any strategy s for the dynamic trader is a sequence of functions fstgt; an element of
S: For any t; and xt
1AX t
1; ht
1AHt
1; we will denote by stðx j xt
1; ht
1Þ the
probability that s assigns to action xAX ; given xt
1; ht
1: S is obviously a convex set
and so is S
 S: We will denote by sy ¼ fsytgt the strategy of type yAY of the
dynamic trader.
We suppose that, when the dynamic trader is not informed ðy ¼ NÞ; he buys, sells,

and does not trade with probability bounded away from zero for all histories:

ðNÞ There exists c > 0 s:t: sNtðx j xt
1; ht
1Þ > c for all x;xt
1; ht
1 and tX1:

Note that except for condition (N), we do not put any restriction on the strategy of
type y ¼ N: it could depend on the past history of trades as well as on current prices.
Furthermore, our result on the necessity of manipulation for long horizons will not
depend on the precise specification of the strategy sN: Specifically, we obtain a bound
T�; independent of sN; such that if the horizon of the game T > T� then every
equilibrium would involve manipulation by the informed types of the dynamic
trader. As a result, our result on the necessity of manipulation is robust to the
possibility of sN being endogenized, as long as sN satisfies condition (N).
In any period t; after observing a history of trades ht
1 and the current order flow

ht; the market maker chooses a price, pðfht
1; htgÞA½0; 1�:We can therefore write the
strategy of the market maker as a function p : %H-½0; 1�: Let P denote the set of
strategies for the market maker.3

Note that the strategy of the market maker as well as that of the dynamic trader
have been defined to apply to finite as well as infinite horizons, even though we
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restrict attention to finite horizon trading games in this paper. This formulation
allows us to define strategy sets in a manner that is independent of the trading
horizon, a convenience we utilize in the proof of our result. We incorporate the finite
horizon of the trading game by defining payoff functions and our equilibrium notion
suitably.
A strategy sAS and the noise trader distribution g induce a probability

distribution over the possible histories. For tXt0X0; let qðxt; ht j xt0 ; ht0 ;sÞ be the
probability with which the sequence fxt; htg is generated by s given that xt0 ; ht0 has
occurred. Similarly, let qðht j ht0 ;sÞ be the probability with which ht is generated by s
given that ht0 has occurred. That is,

qðxt; ht j xt0 ; ht0 ;sÞ ¼
Yt

t00¼t0þ1

st00 ðxt00 ðxtÞ j xt00
1ðxtÞ; ht00
1ðhtÞÞgðht00 ðhtÞ 
 xt00 ðxtÞÞ ð9Þ

if xtAX tðxt0 Þ and htAHtðht0 Þ; t > t0; equal to 1 if xt ¼ xt0 and ht ¼ ht0 ; and is equal to
0 otherwise. Similarly,

qðht j ht0 ;sÞ ¼
X

xtAX t

Yt

t00¼t0þ1

st00 ðxt00 ðxtÞ j xt00
1ðxtÞ; ht00
1ðhtÞÞgðht00 ðhtÞ 
 xt00 ðxtÞÞ ð10Þ

if htAHtðht0 Þ; t > t0; equal to 1 if ht ¼ ht0 ; and is equal to 0 otherwise. We will
suppress notation and denote by qðxt; ht j sÞ the probability that fxt; htg is generated
by s; given the null sequence fx0; h0g and denote by qðht j sÞ the probability that ht is
generated by s; given the null history h0:
We now define the market maker’s conditional beliefs on a state of the world given

an observed history ht: For any htA %H; we denote by *pðv j htÞ; the belief, conditional
on ht; that the market maker assigns to the event that the value of the asset is vAV :
Let *p denote the collection f *pðv j htÞgv;ht : Similarly, let *mðy j v; htÞ denote the belief that
the dynamic trader is of type y given v and ht with *m denoting the associated
collection. Finally, for tXt0; ht; ht0A %H; let *qðht j v; y; ht0 Þ be the belief that history ht

will be generated given ht0 ; y and v; with *q denoting the associated collection.4 Given
f *p; *m; *qg we can, using the usual properties of conditional probabilities, derive all
possible joint, marginal and conditional distributions on V 
Y
 Ht for all t; that
represent the market maker’s system of beliefs given an observed history.5 We will
use the symbol Q as the general representation of the market maker’s beliefs on
V 
Y
 Ht; which includes f *p; *m; *qg as well as all other conditional beliefs derived
from them. Q is determined in equilibrium by the strategy profile fsygyAY used by
the dynamic trader and the priors m and p:
We now explicitly define an objective function to be maximized by the market

maker. Our approach is outcome equivalent to market efficiency assumption in Kyle
(1985). Instead of modeling two market makers with an explicit Bertrand auction we
define one market maker and an appropriate payoff function for each terminal node,
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in such a way that the market maker sets prices equal to the expected value of the
asset given his information, for every observed history ht and for all periods up to
period T :
We suppose the market maker’s one-period payoff from any trade at any price #p is


ðv 
 #pÞ2 and that he maximizes the expected undiscounted sum of his per-period
profits.6 Notice that the payoff of the market maker is the negative of the distance
between v and the price he sets #p: This will imply that in equilibrium, the market
maker will choose a price equal to the expected value of v conditional on the
observed history, for every history.
For tAf0;y;T 
 1g; and any ht; we define the expected continuation payoff of

the market maker, Mt;T ; from date t till date T given ht; as follows:

Mt;T ðp;Q j htÞ ¼ 

X

v

*pðv j htÞðv 
 pðhtÞÞ2

þ
X
hAH

Q½fht; hg j ht�Mtþ1;T ðp;Q j fht; hgÞ; ð11Þ

where

Q½fht; hg j ht� 	
X
y

X
v

*qðhT j v; y; htÞ *mðy j v; htÞ *pðv j htÞ

and

MT ;T ðp;Q j hT Þ ¼ 

X

v

*pðv j hT Þðv 
 pðhT ÞÞ2: ð12Þ

The one period payoff from any trade of size x at any price #p for type yAf0; 1g of
the dynamic trader is ðy
 #pÞx: We suppose that the dynamic trader maximizes the
expected undiscounted sum of his per-period profits. For tAf1;y;T 
 1g; the
expected continuation payoffs, from date t till date T ; given xt
1; ht
1; of type
yAf0; 1g of the informed trader, from any strategy sy and prices p; is denoted by
U1;T ðy;sy; p j xt
1; ht
1Þ and defined to be equal toX

x

sytðx j xt
1; ht
1Þ
X

h

gðh 
 xÞ½ðy
 pðfht
1; hgÞÞx

þ Utþ1;T ðy;sy; p j fxt
1;xg; fht
1; hgÞ� ð13Þ

with

UT ;T ðy; sy; p j xT
1; hT
1Þ ¼
X

x

sytðx j xT
1; hT
1Þ
X

h

gðh 
 xÞ


 ðy
 pðfhT
1; hgÞÞx: ð14Þ

Note that the expected payoff to type y from date 1 equals U1;T ðy;sy; p j x0; h0Þ: As it
causes no confusion we will drop the dependence on the null sequence fx0; h0g and
denote the expected payoff at the beginning of the game by U1;T ðy;sy; pÞ:
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2.2. Equilibrium

Since we have exogenous noise trading in the model, it follows that the set of
games that we look at are defined by this strategy sN; the constant c in condition (N),
by the distribution g; by the number T of trading periods, and the parameters m and
p: Accordingly, we will denote our T-period trading game by Gðm; p; g; c; sN;TÞ: The
equilibrium notion that we consider for such a game G is that of (weak) perfect
Bayesian equilibrium.

Definition 1. An equilibrium for Gðm; p; g; c; sN;TÞ is a tuple of strategies and beliefs
fs0;s1; p;Qg such that the following hold.

1. The informed types’ strategies are sequentially rational given p: for all yAf0; 1g;
for all t ¼ 1;y;T ; for all xt
1; ht
1; sy maximizes type y’s expected continuation
payoff Ut;T ðy;sy; p j xt
1; ht
1Þ:

2. The market-maker’s strategy p is sequentially rational given Q: for all t ¼ 0;y;T
and for all ht; the market maker’s strategy p maximizes the market-maker’s
continuation payoff Mt;T ðp;Q j htÞ:

3. For all t ¼ 0;y;T ; and ht; the beliefs Q are derived from the strategies fsygyAY
via Bayes’ Rule whenever possible.

From condition 3 in the definition of equilibrium, since sN satisfies (N), we must
have for all ht; t ¼ 1;y;T ;

*pð1 j htÞ ¼
fmqðht j s1Þ þ ð1
 mÞqðht j sNÞgp

ð1
 mÞqðht j sNÞ þ mqðht j s1Þpþ mqðht j s0Þð1
 pÞ
: ð15Þ

Further, *pð1 j htÞAð0; 1Þ for all ht:
From condition 2 in the definition of equilibrium and (12) it is immediate that the

price pðhT Þ after any history hT will be set equal to *pð1 j hT Þ: Thus, from (11) we must
have by backward induction that:

pðhtÞ ¼ *pð1 j htÞ for all ht; t ¼ 1;y;T : ð16Þ

Therefore, our specification of market maker payoffs and our notion of equilibrium
generate the competitive outcome. In any period, the equilibrium price will equal the
expected value of the asset conditional on observing the history of trades up to and
including that period.

2.3. Manipulative strategies

We now define our notion of manipulation. An informed trader, when selecting
his trade in any period, must balance the short-term profit from the trade with the
long-term effect his trade has on the beliefs of the market and hence on future
profits. We say that a strategy is manipulative if it involves the informed trader
undertaking a trade in any period that yields a strictly negative short-term profit.
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If such a strategy is used in equilibrium, then it must be to manipulate the beliefs of
the market regarding his private information, which will enable him to recoup the
short-term losses (and more) in the future.

Definition 2. Given prices p; a strategy sAS is non-manipulative for type yAf0; 1g;
if, for all tX1 and xt
1; ht
1; x

stðx j xt
1; ht
1Þ > 0 )
X

h

gðh 
 xÞ½y
 pðfht
1; hgÞ� xX0:

Otherwise s is manipulative for type y:

Therefore, a strategy is non-manipulative for type y if type y earns non-negative
expected profits whenever an order x is submitted. Note that this definition of non-
manipulative strategies implies a joint restriction on the strategy of the informed trader
and the strategy of the market maker (i.e., the prices chosen). For any strategy p of the
market maker let Snm

y ðpÞ be the set of non-manipulative strategies for type yAf0; 1g; with

SnmðpÞ ¼ Snm
0 ðpÞ 
 Snm

1 ðpÞ: ð17Þ

Note from (15) and (16) that in any equilibrium of the T-period game, the price
pðhtÞmust lie in the interval ð0; 1Þ; for any history ht; t ¼ 1;y;T : As a result, for any
such equilibrium prices, the non-manipulative strategies of type y ¼ 1 cannot put
positive probability on any xo0; and those for type y ¼ 0 cannot put positive
probability on any x > 0; for any xt
1; ht
1; t ¼ 1;y;T :
For such prices, the condition for a strategy to qualify as non-manipulative is

quite weak. For type y ¼ 1; not buying with probability 1, even if the price is lower
than its expected value, is not considered manipulative: he can choose not to trade
even if it is profitable to trade.7 Similarly, the myopic or one-shot optimal strategy of
always buying with good news and always selling with bad news is non-
manipulative, but it is not the only non-manipulative strategy.8 Finally, note that
manipulative strategies are not necessarily mixed strategies and that mixed strategies
are not necessarily manipulative.9

2.4. The main result

Theorem 1. For any m;p; g; c; there exists T�ðm;p; g; cÞ; such that for all

TXT�ðm;p; g; cÞ and any sN satisfying (N), every equilibrium of the game

Gðm; p; g; c; sN;TÞ involves manipulation on the path of play.

Proof. See the Appendix. &
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Considering the fact that this game is not finite, in the appendix we first
prove that an equilibrium exists for all T :10 Here we focus on the intuition
underlying why the equilibrium must involve manipulation for long enough
horizons.
Suppose there is an equilibrium in non-manipulative strategies. Then the

informed trader of type y ¼ 1 is not supposed to sell with positive probability in
any period in this candidate non-manipulative equilibrium, as the expected
price at which he can sell is always less than 1. But suppose type y ¼ 1 deviates
and goes on selling in every period. Given his beliefs, the market maker will observe
an order inconsistent with type y ¼ 1 trading in the market, with arbitrarily large
probability, if type y ¼ 1 sells long enough. Since all histories can be
generated by type y ¼ N; the market maker will then put zero weight on type y ¼
1 trading in the market, and the price will be less than or equal to p; in every period
to follow, no matter what history occurs. The trader can thus buy any amount at a
price less than or equal to p in every period for a profit of 1
 p: In contrast, we show
in the Appendix that in any candidate non-manipulative equilibrium, for T large
enough, per-period profit is bounded away from 1
 p: Thus, for T large enough,
type y ¼ 1 has a profitable deviation from his candidate equilibrium strategy. In fact,
since the strategy sets are compact, we can find a T� that is independent of the
strategies used (including sN) such that if TXT�; every equilibrium involves
manipulation.
In the argument above, we could conclude that the market maker will necessarily

observe an order inconsistent with type y ¼ 1’s strategy, only because the candidate
equilibrium involves no manipulation.11 The profitable deviation strategy from this
candidate equilibrium, and the market maker’s response to this deviation, do not
necessarily occur in equilibrium.

3. Conclusion

The primary contribution of this paper is to show that in Kyle (1985)
type of models with one insider trading repeatedly, as long as the number of
periods is large enough, the equilibrium will involve a manipulative trading
strategy of the insider as long as (i) the market faces uncertainty about the existence
of the insider and (ii) the number of periods is large. The uncertainty about the
existence of the insider gives an incentive to the insider to manipulate in order to
signal that he is not trading on any information. When sufficiently many periods of
trading are left, this enables him to recoup his initial losses and make further
profits.
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10Note that market maker in each period can choose any price in the ½0; 1� interval, resulting in an
infinite strategy space.
11Clearly, in an equilibrium where type y ¼ 1 manipulates observing a net order flow less than 
 %y will

not make the market maker put weight on type y ¼ 1:
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Appendix A. Proof of the theorem

We endow St with the topology generated by the metric dt : St 
 St-R defined by

dtðst;s0tÞ 	 max
ht
1AHt
1;xt
1AX t
1

max
xAX

j stðx j xt
1; ht
1Þ 
 s0tðx j xt
1; ht
1ÞðxÞ j: ðA:1Þ

Note that for each t; St is a compact subset of a finite-dimensional Euclidean space.
The metric D : S
 S-R defined by

Dðs;s0Þ ¼ sup
tX1

dtðst; s0tÞ
t

� �
; ðA:2Þ

induces the product topology on S: By Tychonov’s theorem, S is compact relative to
the product topology. Endow S
 S with the product topology generated by (A.2).
Since S is compact, so is S
 S:
We prove the theorem in three steps. Lemma 1 establishes that an equilibrium

exists for the game Gðm; p; g; c; sN;TÞ: In Lemma 2, we obtain a bound on the
equilibrium expected payoffs in any candidate equilibrium involving no manipula-
tion. In Lemma 3, we show that this implies that there is an upper bound on the
length of the game for which the equilibria can involve no manipulation.

A.1. Existence of equilibrium

Lemma 2. An equilibrium exists for the game Gðm; p; g; c;sN;TÞ:

Proof. Fixing a sN; define the best-response function of the market maker p� :
S
 S-P; where p�ðs0;s1ÞðhtÞ is the price after history ht according to p�ðs0;s1ÞAP;
and is given by the right-hand side of (15). Note from (15) and (16), that if
fs0;s1; p;Qg is an equilibrium, we must have, for all ht;

pðhtÞ ¼ p�ðs0;s1ÞðhtÞ: ðA:3Þ

We now define a best-reply correspondence for each type yAf0; 1g and show that
it has a fixed point. Then we show that from the fixed point of this correspondence
we can construct equilibrium in the sense of Definition 1.
For 1ptpT ; define the correspondences xt : S
 S4S
 S as follows:

xt
1ðs0;s1Þ ¼ fsAS j sAarg max

#s
Ut0;T ð1; #s; p�ðs0; s1Þ j xt0
1; ht0
1Þ8xt0 
 1; ht0
1;


 tpt0pTg:

xt
0ðs0;s1Þ ¼ fsAS j sAarg max

#s
Ut0 ;T ð0; #s; p�ðs0; s1Þ j xt0
1; ht0
1Þ8xt0 
 1; ht0
1;


 tpt0pTg:

We want to show that x1 has a fixed point. Standard arguments involving
induction on t establish that x1 is non-empty convex-valued correspondence.
Furthermore, using the continuity properties of the payoff functions defined (13) and
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(14) it is straightforward to verify that x1 has a closed graph.12 Since S
 S is
compact and convex, and x1 is a non-empty valued, convex-valued correspondence
with a closed graph on S
 S; it has a fixed point, by the Kakutani-Fan-Glicksberg
theorem (see, e.g., Moore (1999)). Let ðs�0 ;s

�
1 Þ be a fixed-point of x

1:
Let *p and s�0 ; s

�
1 satisfy (15) for all ht: Further, let

*mð0 j v; htÞ ¼

qðht j s�0 Þm
qðht j s�0 Þmþ qðht j sNÞð1
 mÞ

if v ¼ 0;

0 otherwise;

8><
>: ðA:4Þ

*mð1 j v; htÞ ¼

qðht j s�1 Þm
qðht j s�1 Þmþ qðht j sNÞð1
 mÞ

if v ¼ 1;

0 otherwise

8><
>: ðA:5Þ

for all ht; and let

*qðht j v; y; ht0 Þ ¼ qðht j ht0 ;s�y Þ ðA:6Þ

for all v; y; ht and ht0 ; tXt0: This defines a system of beliefs Q of the market maker,
which satisfy Bayes’ Rule with respect to the strategies s�0 ; s

�
1 and the priors m and p;

whenever Bayes’ Rule can be applied. Then it is immediate that
fs�0 ; s

�
1 ; p�ðs�0 ;s

�
1 Þ;Qg is an equilibrium according to Definition 1. This concludes

the proof of existence. &

A.2. Non-existence of non-manipulative equilibria

Suppose that fs0;s1; p;Qg is an equilibrium of Gðm;p; g; c;sN;TÞ; with
ðs0; s1ÞASnmðpÞ: Note first that since sN satisfies (N) and mo1; we must have
pðhtÞAð0; 1Þ for all ht; t ¼ 1;y;T : Since s1ASnm

1 ðpÞ and s0ASnm
0 ðpÞ we must have by

Definition 2,

s0tðx j xt
1; ht
1Þ ¼ 0 ðA:7Þ

and

s1tðx0 j xt
1; ht
1Þ ¼ 0 ðA:8Þ

for all x > 0; x0o0; xt
1; ht
1; t ¼ 1;y;T :
Thus, if y ¼ 0; no ht > %y can be observed on the equilibrium path; and, if y ¼ 1; no

hto
 %y can be observed on the equilibrium path, given that fs0;s1; p;Qg is an
equilibrium of Gðm;p; g; c;sN;TÞ with ðs0;s1ÞASnmðpÞ: We will use these facts
repeatedly in the next proof.
The next lemma establishes an upper bound on payoffs in any candidate

equilibrium using non-manipulative strategies, where the upper bound for each type
yAf0; 1g depends only on the strategy used by that type and not on sN or the
strategy used by the other type.
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12For details see Chakraborty and Yılmaz (2000).
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Lemma 3. If fs0; s1; p;Qg is an equilibrium of Gðm;p; g; c;sN;TÞ; with

ðs0; s1ÞASnmðpÞ; then there exists kyðsyÞAð0; 1Þ; yAf0; 1g such that

U1;T ð0; s0; pÞo k0ðs0ÞpT þ
1

gð
 %yÞ

� �
%x: ðA:9Þ

U1;T ð1; s1; pÞo k1ðs1Þð1
 pÞT þ
1

gð %yÞ

� �
%x; ðA:10Þ

Further, kyðsyÞ does not depend on sN or sy0 for y0ay:

Proof. Suppose fs0;s1; p;Qg is an equilibrium of Gðm;p; g; c;sN;TÞ with
ðs0; s1ÞASnmðpÞ:
We derive below the second inequality (A.9), for type y ¼ 0: The proof for type

y ¼ 1 is entirely analogous.
We proceed in steps. In step 1 we show that for histories which cannot be reached

by y ¼ 1’s strategy, the expected future price given y ¼ 0 is trading is less than the
current price. In step 2, we use this to put an upper bound on y ¼ 0’s expected
continuation payoff for all such histories. In step 3, we put an upper bound on
y ¼ 0’s expected continuation payoffs for any history and date. In step 4, we
combine steps 2 and 3 to establish (A.9).

Step 1: For tAf1;y;Tg; define

A0
t ¼ fht j ht0 ðhtÞo
 %y for some t0ptg:

Note from (16) and (A.8) we must have

pðhtÞpp for all htAA0
t : ðA:11Þ

Further, for all htAA0
t ;X

htþ1AHtþ1ðhtÞ

qðhtþ1 j ht;s0Þpðhtþ1ÞopðhtÞ: ðA:12Þ

To see why this holds, note from (16) and the usual properties of conditional
probabilities that for all ht and each htþ1AHtþ1ðhtÞ; the price pðhtþ1Þ equals

qðhtþ1 j ht;sNÞpðhtÞ
qðhtþ1 j ht; sNÞpðhtÞ þ fqðhtþ1 j ht;sNÞ *mðN j 0; htÞ þ qðhtþ1 j ht; s0Þ *mð0 j 0; htÞgð1
 pðhtÞÞ

;

ðA:13Þ

as, for htAA0
t ;

*mðN j ht; 1Þ ¼ 1 ¼ *mðN j 0; htÞ þ *mð0 j 0; htÞ:

Using (A.13), it is easily seen that the expression on the left-hand side of (A.12), as a
function of fqðhtþ1 j ht;s0Þghtþ1AHtþ1ðhtÞ; is strictly concave. Further, for fixed
fqðhtþ1 j ht;sNÞghtþ1AHtþ1ðhtÞ; pðhtÞ and *mðNj0; htÞ; if we choose fqðhtþ1 j
ht;s0Þghtþ1AHtþ1ðhtÞ to maximize the expression on the left-hand side of (A.12), subject
only to the constraint that fqðhtþ1 j ht;s0Þghtþ1AHtþ1ðhtÞ is a probability distribution on
Htþ1ðhtÞ; then the maximum value of the objective function is equal to pðhtÞ; which is
achieved if and only if qðhtþ1 j ht;s0Þ ¼ qðhtþ1 j ht;sNÞ for all htþ1AHtþ1ðhtÞ: But this
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is impossible by (A.7) as sN satisfies condition (N) and s0ASnmðpÞ; so that we obtain
the inequality in (A.12).

Step 2: We show that, for all 1ptpT ; ht
1AA0
t
1; and all xt
1;

Ut;T ð0;s0; p j xt
1; ht
1Þopðht
1ÞðT 
 t þ 1Þ %x: ðA:14Þ

We proceed by induction. For t ¼ T ; and any hT
1AA0
T
1 and any xT
1;

UT ;T ð0; s0; p j xT
1; hT
1Þp
X

x

X
h

qðfxT
1;xg; fhT
1; hg j xT
1; hT
1;s0Þ


 pðfhT
1; hgÞ %x

p
X

h

qðfhT
1; hg j hT
1;s0ÞpðhT Þ %x

o pðhT
1Þ %x;

from (9), (10), (14) and Step 1.
Suppose (A.14) holds for all tXt0 þ 1: For t ¼ t0 and any ht0
1AA0

t0
1; all
xt0
1; Ut0;T ð0; s0; p j xt0
1; ht0
1Þ is less than or equal to

X
x

X
h

qðfxt0
1; xg; fht0
1; hg j xt0
1; ht0
1; s0Þ½pðfht0
1; hgÞ %x

þ Ut0þ1;T ð0;s0; p j fxt0
1; xg; fht0
1; hgÞ�;

which in turn is strictly less than

X
x

X
h

qðfxt0
1; xg; fht0
1; hg j xt0
1; ht0
1; s0Þpðfht0
1; hgÞðT 
 t0 þ 1Þ %x

opðht0
1ÞðT 
 t0 þ 1Þ %x;

where in the last line above we have made use of our inductive hypothesis, (9), (10)
and Step 1. This establishes (A.14).

Step 3: We now show by induction that for all 1ptpT ; all ht
1 and xt
1

Ut;T ð0;s0; p j xt
1; ht
1Þo pðT 
 t þ 1Þ þ
1
 gð
 %yÞ

gð
 %yÞ

� �
%x: ðA:15Þ

For t ¼ T ; any hT
1;xT
1; by (A.7),

UT ;T ð0; s0; p j xT
1; hT
1Þ ¼ 

X
xp0

s0T ðx j xT
1; hT
1Þ
X

h

gðh 
 xÞpðfhT
1; hg’Þx:

For all hT
1 and h; we know that pðfhT
1; hg’Þo1: From (A.7), s0T ð0 j xT
1; hT
1Þ for
all xT
1 and hT
1: Further, from (A.8) and (A.11), pðhT ’Þpp for all hTAA0

T :
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Thus,

UT ;T ð0;s0; p j xT
1; hT
1Þ

o
X
xo0

s0T ðx j xT
1; hT
1Þ½Gð
 %y 
 x 
 1Þpþ ð1
 Gð
 %y 
 x 
 1ÞÞ� %x

p½Gð
 %yÞpþ 1
 Gð
 %yÞ� %x

o pþ
1
 gð
 %yÞ

gð
 %yÞ

� �
%x;

the right-hand side of (A.15) for t ¼ T ; as gð
 %yÞ ¼ Gð
 %yÞ:
Suppose that (A.15) holds for all tXt0 þ 1: Then, for t ¼ t0 and any xt0
1; ht0
1;

since s0 is a best-response after xt0
1; ht0
1; the expected continuation payoff
Ut0;T ð0;s0; p j xt0
1; ht0
1Þ is equal toX

h

gðh 
 x0Þ½pðfht0
1; hg’Þð
x0Þ þ Ut0þ1;T ð0; s0; p j fxt0
1;x0g; fht0
1; hgÞ�;

the expected continuation payoff from some action x0p0 in the support of s0 after
xt0
1; ht0
1: If x0 ¼ 0; then by the inductive hypothesis,

Ut0;T ð0;s0; p j xt0
1; ht0
1Þ ¼
X

h

gðhÞ½Ut0þ1;T ð0;s0; p j fxt0
1; 0g; fht0
1; hgÞ�

o pðT 
 t0Þ þ
1
 gð
 %yÞ

gð
 %yÞ

� �
%x

o pðT 
 t0 þ 1Þ þ
1
 gð
 %yÞ

gð
 %yÞ

� �
%x:

So suppose x0o0: Recall from (A.8) and (A.11) that pðhtÞpp for all tXt0 and htAA0
t

and that pðhtÞo1 for all ht: Then, using our inductive hypothesis,
Ut0;T ð0;s0; p j xt0
1; ht0
1Þ is less than

Gð
 %y 
 x0 
 1Þ½pþ pðT 
 t0Þ� %x

þ ð1
 Gð
 %y 
 x0 
 1ÞÞ 1þ pðT 
 t0Þ þ
1
 gð
 %yÞ

gð
 %yÞ

� �
%x

ppðT 
 t0Þ %x gð
 %yÞpþ ð1
 gð
 %yÞÞ 1þ
1
 gð
 %yÞ

gð
 %yÞ


 �� �
%x

o pðT 
 t0 þ 1Þ þ
1
 gð
 %yÞ

gð
 %yÞ

� �
%x:

This establishes (A.15).
Step 4: For any tX1 let xt
1

0 AX t
1 be a sequence of t 
 1 successive orders of size
0. Let

qðht
1 j xt
1
0 Þ 	

Yt
1
t0¼1

gðht0 ðht
1ÞÞ;

be the probability that ht
1 is generated, given xt
1
0 has been played. Let

Ht
1
g ¼ fht
1 j qðht
1 j xt
1

0 Þ > 0g: ðA:16Þ
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Pick some eAð0; 1Þ and let

t1ðs0; eÞ 	 minft j (ht
1AHt
1
g s:t: s0tð0 j xt
1

0 ; ht
1Þp1
 eg: ðA:17Þ

That is, t1ðs0; eÞ is the first period in which s0 attaches probability at most 1
 e to
x ¼ 0; for some history which is generated with positive probability given that only
orders of size 0 have been submitted before that. Since s0 is an equilibrium strategy
for some T ; there must exists such a t1ðs0; eÞ; as otherwise the expected profits of type
y ¼ 0 is equal to 0, the expected profits from not trading ever. For notational brevity,
we will omit the dependence of t1ðs0; eÞ on s0 and e in what follows, as long as it
causes no confusion. Let ht1
1

� AHt1
1
g be such that

s0t1ð0 j h
t1
1
� ; xt1
1

0 Þp1
 e: ðA:18Þ

Since s0 is an equilibrium strategy, from the definition of t1; the expected profits of
type y ¼ 0 is equal to the expected profits from not trading till period t1 
 1 and then
trading according to s0: That is,

U1;T ð0; s0; pÞ ¼ qðht1
1
� j xt1
1

0 ÞUt1;T ð0;s0; p j xt1
1
0 ; ht1
1

� Þ

þ
X

ht1
1ah
t1
1
�

qðht1
1 j xt1
1
0 ÞUt1;T ð0;s0; p j xt1
1

0 ; ht1
1Þ: ðA:19Þ

From step 3, for ht1
1aht1
1
� ;

Ut1 ;T ð0; s0; p j xt1
1
0 ; ht1
1Þo pðT 
 t1 þ 1Þ þ

1
 gð
 %yÞ
gð
 %yÞ

� �
%x: ðA:20Þ

Further, from (A.18), there exists x�o0 with s0t1ðx
t1
1
0 ; ht1
1

� Þðx�Þ > 0 such that
Ut1;T ð0;s0; p j xt1
1

0 ; ht1
1
� Þ is equal toX

h

gðh 
 x�Þ½pðfht1
1
� ; hg’Þð
x�Þ þ Ut1þ1;T ð0;s0; p j fxt1
1

0 ;x�g; fht1
1
� ; hgÞ�:

The terms in the sum above can be broken up into two groups—those for which
ho
 %y and those for which hX
 %y:
For hX
 %y; since prices are bounded above by 1, each such term can be bounded

above using step 3 as follows:

pðfht1
1
� ; hg’Þð
x�Þ þ Ut1þ1 ;T ð0;s0; p j fxt1
1

0 ; x�g; fht1
1
� ; hgÞ

o pðfht1
1
� ; hg’Þ þ pðT 
 t1Þ þ

1
 gð
 %yÞ
gð
 %yÞ

� �
%x

o pðT 
 t1 þ 1Þ þ
1

gð
 %yÞ

� �
%x: ðA:21Þ

On the other hand, for ho
 %y; fht1
1
� ; hgAA0

t1
; so that by step 2,

pðfht1
1
� ; hg’Þð
x�Þ þ Ut1þ1 ;T ð0;s0; p j fxt1
1

0 ; x�g; fht1
1
� ; hgÞ

o½pðfht1
1
� ; hg’ÞðT 
 t1 þ 1Þ� %x: ðA:22Þ

Pick d > 0 with domin½e=t1; ð1
 eÞ=t1� and let
%
g ¼ minyAYfgðyÞg: Let

K0ðs0; e; dÞ 	 ð1
 e
 dt1Þ
t1
1ðe
 dt1Þ

%
gt1 > 0 ðA:23Þ
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and note that for all ho
 %y; since fht1
1
� ; hgAA0

t1
;

pðfht1
1
� ; hg’Þ ¼

qðfht1
1
� ; hg j sNÞð1
 mÞp

qðfht1
1
� ; hg j sNÞð1
 mÞ þ qðfht1
1

� ; hg j s0Þmð1
 pÞ

o
ð1
 mÞp

ð1
 mÞ þ qðfht1
1
� ; hg j s0Þmð1
 pÞ

o
ð1
 mÞp

ð1
 mÞ þ K0ðs0; e; dÞmð1
 pÞ
	 %pðs0; e; dÞop; ðA:24Þ

where in the second line we have used the fact that qðfht1
1
� ; hg j sNÞo1 and

qðfht1
1
� ; hg j s0Þ > 0; and in the third line we have used (A.17) and (A.18) to conclude

that

qðfht1
1
� ; hg j s0ÞXð1
 eÞt1
1e

%
gt1 > K0ðs0; e; dÞ:

Combining (A.20)–(A.24) in (A.19) we have

U1;T ð0; s0; pÞo k0ðs0; e; dÞpðT 
 t1 þ 1Þ þ
1

gð
 %yÞ

� �
%x

p k0ðs0; e; dÞpT þ
1

gð
 %yÞ

� �
%x;

where

k0ðs0; e; dÞ 	 qðht1
1
� j xt1
1

0 Þ gð
 %yÞ
%pðs0; e; dÞ

p
þ 1
 gð
 %yÞ

� �
þ 1


 qðht1
1
� j xt1
1

0 Þ: ðA:25Þ

Since qðht1
1
� j xt1
1

0 Þ > 0; we must have k0ðs0; e; dÞAð0; 1Þ: Note that k0ðs0; e; dÞ does
not depend on s1 or sN: Moreover, k0ðs0; e; dÞ depends on s0 (and e and d) because
both %pðs0; e; dÞ and t1ðs0; eÞ do. Since eAð0; 1Þ was arbitrarily chosen and, given e and
s0; so was d; this establishes (A.9). This completes the proof of the lemma. &

For t ¼ 1; 2;y; let

Snm
0t ¼ fstASt j stðx j xt
1; ht
1Þ ¼ 0 for all x > 0;xt
1; ht
1g; ðA:26Þ

Snm
1t ¼ fstASt j stðx j xt
1; ht
1Þ ¼ 0 for all xo0;xt
1; ht
1g ðA:27Þ

and for yAf0; 1g let

Snm
y ¼ 
tSnm

yt CS; ðA:28Þ

and

Snm ¼ Snm
0 
 Snm

1 : ðA:29Þ

Note that, for yAf0; 1g; Snm
yt is a closed and so compact subset of the compact set St:

By Tychonov’s theorem, Snm
y is a compact set relative to the product topology

introduced on S in (A.2).
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Notice that if fs0; s1; p;Qg is an equilibrium of Gðm;p; g; c; sN;TÞ (for some sN)
then, for yAf0; 1g;

Snm
y CSnm

y ðpÞ ¼ 

T

t¼1
Snm
yt

� �

 


tXTþ1
St

� �
:

This is because (15) and (16) imply that pðhtÞAð0; 1Þ; for all ht; t ¼ 0;y;T ; with the
price being unrestricted for dates after date T ; so that (A.6) and (A.7) put a
restriction on the set of non-manipulative strategies only up to date T : However, if
syASnm

y ðpÞ for all yAf0; 1g; then there exists another equilibrium fs00;s
0
1; p;Q

0g; with
s0yASnm

y for all y with

s0yt ¼ sytASnm
yt for all t ¼ 1;y;T ;

and Q0 derived from fs00; s
0
1g whenever possible.

To complete the proof of the theorem we want to show that there exists
T�ðm;p; g; cÞ such that for TXT�ðm;p; g; cÞ and any sN satisfying (N), there does not
exist an equilibrium fs0;s1; p;Qg of Gðm; p; g; c; sN;TÞ with ðs0; s1ÞASnmðpÞ: In view
of the previous paragraph, it suffices then to prove the next lemma.

Lemma 4. There exists T�ðm;p; g; cÞ such that for any sN satisfying (N), if

fs0;s1; p;Qg is an equilibrium of Gðm;p; g; c;sN;TÞ with syASnm
y for all yAf0; 1g;

then ToT�ðm; p; g; cÞ:

Proof. Using the previous lemma we show first that if fs0;s1; p;Qg is an
equilibrium of Gðm;p; g; c;sN;TÞ with ðs0; s1ÞASnm then ToTðs0Þ for some Tðs0Þ
which depends on s0 but not on s1 or on sN:We then use the compactness of Snm

0 to
obtain the upper bound T�ðm;p; g; cÞ that does not depend on s0 to complete the
proof.

Step 1: Pick any equilibrium fs0; s1; p;Qg of Gðm;p; g; c;sN;TÞ with ðs0; s1ÞASnm:
Consider the following deviation strategy for type y ¼ 0: Suppose he trades an

amount %x for at most tðs0Þ periods and then trades 
 %x till period T as soon as ht > %y

for some tptðs0Þ: Assume that if htp %y for all tptðs0Þ; then his deviation strategy
prescribes not trading in periods t > tðs0Þ: Note that since s0ASnm

0 ; all future prices
are at least as high as p after any period in which ht > %y:
Type y ¼ 0’s profit ud

0 ; from this deviation strategy can be bounded below as
follows:13

ud
0 > ½
tðs0Þ þ ð1
 ðGð %y 
 %xÞÞtðs0ÞÞpT � %x:

Let tðs0Þ be large enough so that

1
 ðGð %y 
 %xÞÞtðs0Þ > k0ðs0; e; dÞ;
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 %yÞ > Gð %y 
 %xÞ ¼ 0: If 2 %yX %x; then Gð %y 
 %xÞ > 0:
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where k0ðs0; e; dÞAð0; 1Þ is defined in (A.25). Then there exists Tðs0ÞAR such that for
all TXTðs0Þ:

U1;T ð0; s0; pÞo k0ðs0; e; dÞpT þ
1

gð
 %yÞ

� �
%x

o ½
tðs0Þ þ ð1
 ðGð %y 
 %xÞÞtðs0ÞÞpT � %x

o ud
0 :

Note that Tðs0Þ does not depend on sN or s1 as k0ðs0Þ does not. Thus if fs0;s1; p;Qg
is an equilibrium of Gðm; p; g; c; sN;TÞ with ðs0; s1ÞASnm then ToTðs0Þ for some
Tðs0Þ which depends on s0 but not on s1 or sN:

Step 2: For a fixed s0; and d as in step 4 of the proof of the last lemma, let
Bðd;s0ÞCSnm

0 be the open d-ball around s0: We now show that for all s00ABðd;s0Þ;
and any s01ASnm

1 ; if fs00;s
0
1; p

0;Q0g is an equilibrium of Gðm; p; g; c;sN;T 0Þ then
T 0oTðs0Þ:
Since s00ABðd;s0Þ; for all tot1ðs0; eÞ and all ht
1AHt
1

g ;

s00tð0 j x
t
1
0 ; ht
1Þ > 1
 e
 dt > 1
 e
 dt1ðs0; eÞ > 0;

where xt
1
0 is the sequence of t 
 1 orders of size 0, as before and t1ðs0; eÞ and Ht
1

g

have been defined in (A.17) and (A.16), respectively. Further,

s0tð0 j x
t1ðs0;eÞ
1
0 ; ht1ðs0 ;eÞ
1

� Þp1
 eþ dt1ðs0; eÞo1;

where h
t1ðs0;eÞ
1
� is defined by (A.18).

Since s00 is part of an equilibrium, the expected profits U1;T 0 ð0;s00; p
0Þ is equal to

that from submitting orders of size 0 till period t1ðs0; eÞ 
 1; selling after h
t1ðs0;eÞ
1
� ;

and otherwise trading according to s00:Mimicking the steps in step 4 of the proof of
the last lemma, we see that

U1;T 0 ð0;s00; p
0Þo k0ðs0; e; dÞpT 0 þ

1

gð
 %yÞ

� �
%x:

But then T 0oTðs0Þ:
Step 3: The collection fBðd;s0Þgs0ASnm

0
is an open covering of the compact set Snm

0 :
So there exists a finite subcovering fBðd;sm

0 Þg
M
m¼1: Let T

�ðm;p; g; cÞ ¼ maxmTðsm
0 Þ:

For TXT� there does not exist any s0ASnm
0 and s1ASnm

1 ; which is part of an
equilibrium of Gðm;p; g; c;sN;TÞ: Further, T� does not depend on sN as none of the
Tðsm

0 Þ associated with the subcovering do. This completes the proof of the
lemma. &

To complete the proof of the theorem, suppose TXT�ðm;p; g; cÞ and suppose that
there exists an equilibrium fs0; s1; p;Qg of the game Gðm; p; g; c; sN;TÞ such that
given p; neither s0 nor s1 involve manipulation, on the path of play.14 Then, it is
straightforward to check that the bound on date 1 expected payoffs obtained in
Lemma 2 also applies for each yAf0; 1g; so that the profitable deviation of Lemma 3
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also applies. Thus, for TXT�ðm;p; g; cÞ we must indeed have manipulation on the
path of play.
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