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Abstract

We analyze a dynamic market order model similar to Kyle (Econometrica 53 (1985) 1315).
We show that when the market faces uncertainty about the existence of the insider in the
market, the equilibrium outcome changes in a significant way. In particular, the insider
manipulates (i.e., trades in the wrong direction and undertakes short term losses) in every
equilibrium, given a long enough horizon, and independently of the precise nature of noise
trading in the market.
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1. Introduction

In a seminal paper, Kyle (1985) investigates the optimal trading of an informed
insider in sequential auctions where his trading affects the equilibrium price. In the
unique linear equilibrium, the informed trader strategically chooses to trade less
aggressively than he would in a competitive situation. Nevertheless, the equilibrium
does not involve manipulation of prices. To quote from Kyle (1985), the unique
linear equilibrium of the model “‘rules out a situation in which the insider can make
unbounded profits by first destabilizing prices with unprofitable trades made at the

"We are indebted to Franklin Allen, Simon Gervais, Faruk Giil, Timothy VanZandt, and an
anonymous referee for helpful comments and criticism. The second author thanks the Rodney L. White
Center for Financial Research at the University of Pennsylvania for support. The usual disclaimer applies.

*Corresponding author. Tel.: +1-215-898-1163; fax: + 1-215-898-6200.

E-mail address: yilmaz@wharton.upenn.edu (B. Yilmaz).

1386-4181/$ - see front matter © 2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.finmar.2003.11.001



188 A. Chakraborty, B. Yilmaz | Journal of Financial Markets 7 (2004) 187-206

nth auction, then recouping the losses and much more with profitable trades at
future auctions™ (p. 1323).

In this paper, we consider precisely this kind of manipulative strategic trading by
the informed insider. As in Kyle (1985) we have three kinds of traders: an informed
trader, noise traders and competitive market makers. In every period all traders first
submit their orders. The competitive market-maker adds up all the orders and
chooses a price at which to execute them, observing only the aggregate order flow.
As a result, in every period any individual trader faces uncertainty about the price at
which the order will be executed. In the context of such a market order model we find
that every equilibrium involves manipulation by the informed trader if the horizon is
long enough. In other words, in every equilibrium, not only do informed traders
want to hide their trades by trading less aggressively, but also find it in their interest
to confuse other market participants by trading in the “wrong” direction for short-
term losses but long-term profits. For example, an insider who knows that the
prospects of a certain asset are not good might actually start buying the asset in
order to drive its price up and then sell it without its price falling too fast. This stark
difference from Kyle’s well-known result obtains because our market order model
differs from his in two principal ways.

First, we assume that the market does not know with certainty that an informed
insider exists in the market. Specifically, we assume that if the insider does not exist
then he is replaced by a noise trader whose (exogenous) trading strategy is
uncorrelated with the value of the asset. This additional uncertainty gives an
incentive to the informed trader to manipulate so that he can mislead the market
makers about the existence of an informed trader in the market. If the informed
insider does exist then we assume, like Kyle, that the market does not know the
nature of his information.

While we assume that with positive probability the informed trader is replaced by
a noise trader, we put very little restriction on the strategy of the noise trader apart
from the assumption that it has full support. We allow this strategy to be history and
price dependent. Furthermore, we obtain our result on the necessity of manipulation
for long horizons by deriving a bound that is independent of the precise specification
of the noise trader strategy. Consequently, our result is robust to the possibility of
endogenizing the noise.

The second difference from Kyle’s model is that we assume that the possible trade
sizes are finite, whereas Kyle assumes that the possible trade sizes that can be
submitted in any period by any trader lie in a continuum. The assumption of finitely
many trade sizes eases the construction of the extensive form trading game that we
utilize. Because (apart from this finiteness assumption) we do not put any
assumptions on the distribution of noise traders’ trades, any model with a
continuum of trade sizes can be arbitrarily closely approximated with our finite
model, by choosing a grid that is sufficiently fine.

The fact that manipulation is both possible and profitable in our model is in line
with what policy-makers generally appear to believe.' In the context of our model

!'See Securities Exchange Act of 1934, Section 9.
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manipulation does not involve ‘“buying low and selling high”. Rather, by
undertaking unprofitable trades early on, the informed trader is able to add more
noise to the price formation process. This enables him to trade profitably in the
direction of his information subsequently without an undue adverse impact on
prices. In effect, the informed trader exploits the market makers’ uncertainty about
his presence to create his own liquidity or noise.

Other papers that explore the issue of manipulation include Jarrow (1992), Allen
and Gale (1992), Allen and Gorton (1992), Kumar and Seppi (1992), Kyle (1984).
The present paper departs from this literature by considering an explicit strategic
model of trading where manipulation by an informed trader necessarily occurs and is
strictly profitable, even in the absence of a secondary derivative security market.’
Brunnermeier (2000) also considers strategic trading by an informed trader in a Kyle
setting, although manipulation (in the sense of undertaking unprofitable short-term
trades) does not occur in his model. Chakraborty and Yilmaz (2004) prove a result
similar to that of the present paper but in a Glosten-Milgrom setting. Fishman
and Hagerty (1995), John and Narayanan (1997) and Huddart et al. (2001) show
that manipulative trading may occur due to the presence of mandatory disclosure
laws.

In Section 2 we introduce the model and prove that the insider will manipulate in
every equilibrium if his information is long-lived. Section 3 concludes, and the
appendix contains the proof of the main result.

2. Model
2.1. The trading game

We consider a market for one risky asset with one riskless asset whose
gross rate of return is normalized to 1. The long-term return or the fundamental
value of the risky asset, v, is not known to all participants in the market. In
particular, we assume ve V' = {0, 1}, with the prior probability that v = 1 equal to
ne(0,1).

There is one dynamic trader in the market who trades repeatedly. The private
information or type of the informed trader is denoted by e ® = {0,1,N}. When
0 = 0, the dynamic trader is informed and knows that the value of the asset is v = 0.
When 0 = 1, the dynamic trader is informed and knows that the value of the asset is
v = 1. When 6 = N, the dynamic trader is a “‘noise’ trader and his trading is driven
by exogenous motives. The existence of this last type of trader is meant to capture
the notion that the market faces an uncertainty regarding the existence of a dynamic
trader who trades on the basis of information about the fundamentals. We allow the
trading strategy of type 0 = N of the dynamic trader to depend on the histories of
trades as well as prices.

2Bernhardt et al. (2002) also point out the possibility of manipulation by an informed trader in a
derivative securities market. See Chakraborty and Yilmaz (2004) for a detailed review of the literature.
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We suppose that the prior distribution of 6 is specified by
Prl0 =1,|lv=1]=Pr[0 =0]v=0] = pe(0,1), (1)
while
Prf0 =N|v=1]=Pr[0=N|v=0]=1—u. 2)

We suppose that the informed dynamic trader is risk-neutral and maximizes the
expected undiscounted sum of his per-period profits. We will specify the strategies
and payoffs of the dynamic trader more formally below.

We consider a market order model of sequential trading with discrete trade sizes
where market makers observe the aggregate market order in each period and post a
price to execute the order. The market makers do not know the realization of v or 6.
The market works as follows: the dynamic trader submits an order, x,€ X, in period

t=1,2, ..., and noise traders submit an order y, € Y. The market makers observe the
aggregate order
hy=xi+ y; 3)

and set prices.

We now formally set up our trading game by defining strategies, payoffs and
beliefs for both the dynamic trader and the market maker.

We suppose that for integers ¥, j>1,

X={-x—-x+1..,-101,..,x—1,x} 4)
and

Y={-3-9+1,...,-1,0,1,....,5 — 1,7}. (5)
The set of possible market orders is

H={-x-7,..,—-1,0,1,....,x + 7}. (6)

Trading occurs for T periods before all private information is publicly revealed.
We suppose that the distribution of trades y, that is submitted in each period ¢, in
addition to the dynamic trader’s trades x;, is identical and independent across
periods. Specifically let g(y) be the probability that y, = y, with G(y) = j,:ﬂ-,g(y)
being the cumulative distribution function. We assume that g(y) > 0 for all ye Y and

g(y) =0 for y¢ Y.

Let A, x, y denote the generic elements of H, X, and Y, respectively. Denote by /',
the z-period history of market orders {Ay,h,, ...,k }, and denote by H' the set of ¢-
period histories. Let H® = {i°}, be the null history set. Let h’ (h') denote the first ¢
elements of the history 4’ and let hy(h) the 7th element, > For t>7, let H'(h") =
(WeH'|W'(h")=h"}. Let H=J", H'.

Let x denote the sequence of trades submitted by the dynamic trader for the first ¢
periods, X' denoting the set of such trades. Let X* = {x°}, the set of the null
sequence of trades. Let x”(x") be the first 7/ elements of x’ and let x,(x') the 7th
element, t>¢. For t>7, let X'(x") = {x'e X" | x" (x") = x"}.

The timing structure of the T-period trading game described above is as follows:

1. Nature chooses v and 6. The dynamic trader observes 6.
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2. In successive periods indexed by r = 1, ..., T, the dynamic trader submits an order
x;, and the market maker, having observed the history A'~! and h, = x, + y,,
chooses a price.

3. In period T + 1, the realization of v is publicly disclosed.

For the dynamic trader and the market maker, a trading strategy specifies
(a possibly random) action after every observed history of trades and past prices.
However, given an observed history, the past prices are irrelevant for the future, for
both the dynamic trader and the market maker. As a result, in our definition of
strategies, we omit their dependence on past prices.

Therefore, a strategy for the dynamic trader specifies a probability distribution
over possible trade sizes in X for each possible history of past trades, market orders
and prices. Let A(X) be the space of probability distributions over X and, for
t=1,2, ..., define the sets

Xo={o/o: X7 x HT' S AX)} (7)
and let
Z=x7"%. ®)

Any strategy ¢ for the dynamic trader is a sequence of functions {ag,},, an element of
Y. For any t, and x'"'e X!, h'~'e H'~' we will denote by a,(x|x"',hA""") the
probability that ¢ assigns to action xe X, given x'~!, 4’1, X is obviously a convex set
and so is X x 2. We will denote by gy = {0y}, the strategy of type e ® of the
dynamic trader.

We suppose that, when the dynamic trader is not informed (0 = N), he buys, sells,
and does not trade with probability bounded away from zero for all histories:

(N) There exists ¢ >0 s.t. on,(x | X", A1) > ¢ for all x,x"" 1, 4! and t>1.

Note that except for condition (N), we do not put any restriction on the strategy of
type 0 = N: it could depend on the past history of trades as well as on current prices.
Furthermore, our result on the necessity of manipulation for long horizons will not
depend on the precise specification of the strategy on. Specifically, we obtain a bound
T*, independent of oy, such that if the horizon of the game T >T™* then every
equilibrium would involve manipulation by the informed types of the dynamic
trader. As a result, our result on the necessity of manipulation is robust to the
possibility of on being endogenized, as long as oy satisfies condition (N).

In any period ¢, after observing a history of trades #'~! and the current order flow
h,, the market maker chooses a price, p({h'~', h;})€[0, 1]. We can therefore write the
strategy of the market maker as a function p : H—[0,1]. Let P denote the set of
strategies for the market maker.?

Note that the strategy of the market maker as well as that of the dynamic trader
have been defined to apply to finite as well as infinite horizons, even though we

3Note that this specification of the market maker’s strategy implies that the market maker also chooses
a price p(h°) after the null history /°.
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restrict attention to finite horizon trading games in this paper. This formulation
allows us to define strategy sets in a manner that is independent of the trading
horizon, a convenience we utilize in the proof of our result. We incorporate the finite
horizon of the trading game by defining payoff functions and our equilibrium notion
suitably.

A strategy oce2 and the noise trader distribution g induce a probability
distribution over the possible histories. For r=>7>0, let g(x',h'|x",h", o) be the
probability with which the sequence {x’, /'} is generated by ¢ given that x’, 4" has
occurred. Similarly, let g(h' | ", o) be the probability with which 4’ is generated by o
given that 4’ has occurred. That is,

t
g i x 0 o) = [ owxe () | )0 g b () — xo(x) (9)
'=t+1
if x'e X'(x")and K e H'(h"), t > t; equal to 1 if x' = x” and i’ = h"; and is equal to
0 otherwise. Similarly,

!
g 1h,0)=> " [ ortxeG) X" G0 B)glhe (7)) — xp(x)) (10)
xteXt t'=t'+1
if W'eH'(h"), t>1; equal to 1 if h' = A"; and is equal to 0 otherwise. We will
suppress notation and denote by ¢(x', 4" | o) the probability that {x’, A’} is generated
by o, given the null sequence {x°, 1’} and denote by g(h' | ) the probability that 4’ is
generated by o, given the null history 4°.

We now define the market maker’s conditional beliefs on a state of the world given
an observed history A'. For any h'e H, we denote by #(v| /"), the belief, conditional
on /', that the market maker assigns to the event that the value of the asset is ve V.
Let 7 denote the collection {7(v | /’)}, . Similarly, let (0 | v, h") denote the belief that
the dynamic trader is of type 0 given v and A’ with i denoting the associated
collection. Finally, for r>7, h',h" € H, let g(h' | v, 0,h") be the belief that history A’
will be generated given 4, 0 and v, with § denoting the associated collection.* Given
{7, i, g} we can, using the usual properties of conditional probabilities, derive all
possible joint, marginal and conditional distributions on V' x @ x H' for all ¢, that
represent the market maker’s system of beliefs given an observed history.” We will
use the symbol Q as the general representation of the market maker’s beliefs on
V x @ x H', which includes {f, fi, §} as well as all other conditional beliefs derived
from them. Q is determined in equilibrium by the strategy profile {g¢}/.o used by
the dynamic trader and the priors u and 7.

We now explicitly define an objective function to be maximized by the market
maker. Our approach is outcome equivalent to market efficiency assumption in Kyle
(1985). Instead of modeling two market makers with an explicit Bertrand auction we
define one market maker and an appropriate payoff function for each terminal node,

“Notice that even though the market maker only observes the order flow 4, we have specified a
complete system of conditional beliefs for the market maker.

Note that for 1>, each 4’ is identified with a unique subset of H'(h") of H'. Thus when the market
maker observes 4" he knows that H'(h")= H' has occurred.
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in such a way that the market maker sets prices equal to the expected value of the
asset given his information, for every observed history /4’ and for all periods up to
period T.

We suppose the market maker’s one-period payoff from any trade at any price p is
—(v— p)* and that he maximizes the expected undiscounted sum of his per-period
profits.® Notice that the payoff of the market maker is the negative of the distance
between v and the price he sets p. This will imply that in equilibrium, the market
maker will choose a price equal to the expected value of v conditional on the
observed history, for every history.

For t€{0,...,T — 1}, and any A’, we define the expected continuation payoff of
the market maker, M, 7, from date ¢ till date T given /', as follows:

Mr(p, Q1) = = > #(w| k) — p(h')y’

+ Y OUR b} | Moy r(p, Q| {h', B}, (11)
heH
where
QUAL I 1= D 4" |v,0,)a(0 | v, i)R(v | ')
0 v
and
Mrr(p. QW) = =" #o|h")w - p(h"). (12)

v

The one period payoff from any trade of size x at any price p for type 8 {0,1} of
the dynamic trader is (0 — p)x. We suppose that the dynamic trader maximizes the
expected undiscounted sum of his per-period profits. For te{l,...,T — 1}, the
expected continuation payoffs, from date ¢ till date T, given x'~', h'"!, of type
0e{0,1} of the informed trader, from any strategy gy and prices p, is denoted by
Ui.r(0,00,p | x'~',h"~") and defined to be equal to
D oolx [ XTLATY Y gth = 00 — p(th By )x

)

+ Urirr(0,00,p | (X", x}, (h )] (13)
with
Urr(0,00.p 1 x" 0 =" apxe | x> gth = x)
X h

x (0= p(th"~", hy)x. (14)

Note that the expected payoff to type 0 from date 1 equals U; 7(0, ¢, p | x°, h0). As it
causes no confusion we will drop the dependence on the null sequence {x°, 41’} and
denote the expected payoff at the beginning of the game by U, r(0, gy, p).

©The price  here is a number in [0, 1], not to be confused with the market-maker’s strategy p, which is a
function choosing a price for every history.
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2.2. Equilibrium

Since we have exogenous noise trading in the model, it follows that the set of
games that we look at are defined by this strategy on, the constant ¢ in condition (N),
by the distribution ¢, by the number 7' of trading periods, and the parameters u and
7. Accordingly, we will denote our 7-period trading game by I'(u, 7, ¢, ¢, on, T'). The
equilibrium notion that we consider for such a game I' is that of (weak) perfect
Bayesian equilibrium.

Definition 1. An equilibrium for I'(u, 7, g, ¢, on, T) is a tuple of strategies and beliefs
{00, 01,p, O} such that the following hold.

1. The informed types’ strategies are sequentially rational given p: for all 0e{0,1},
forallt=1,..., T, for all x'*~!,h'~!, &y maximizes type 0’s expected continuation
payoff U, (0,09, p | x~', h'~1).

2. The market-maker’s strategy p is sequentially rational given Q: forallt =0, ..., T
and for all /', the market maker’s strategy p maximizes the market-maker’s
continuation payoff M, r(p, Q| h").

3. Forall t=0,...,T, and /', the beliefs Q are derived from the strategies {o9}yco
via Bayes’ Rule whenever possible.

From condition 3 in the definition of equilibrium, since oy satisfies (N), we must
have forall /', t=1,...,T,

{ug(h'|o1) + (1 — wa(h' | on)}m
(1 — waq(h' | on) + png(h' | or)n + pg(h' | ao)(1 — )
Further, #(1|A")e(0, 1) for all A'.
From condition 2 in the definition of equilibrium and (12) it is immediate that the
price p(hT) after any history A7 will be set equal to #(1 | h7). Thus, from (11) we must
have by backward induction that:

(1|1 = (15)

p(h'y =#(1|h') for all i, t=1,...,T. (16)

Therefore, our specification of market maker payoffs and our notion of equilibrium
generate the competitive outcome. In any period, the equilibrium price will equal the
expected value of the asset conditional on observing the history of trades up to and
including that period.

2.3. Manipulative strategies

We now define our notion of manipulation. An informed trader, when selecting
his trade in any period, must balance the short-term profit from the trade with the
long-term effect his trade has on the beliefs of the market and hence on future
profits. We say that a strategy is manipulative if it involves the informed trader
undertaking a trade in any period that yields a strictly negative short-term profit.



A. Chakraborty, B. Yilmaz | Journal of Financial Markets 7 (2004) 187-206 195

If such a strategy is used in equilibrium, then it must be to manipulate the beliefs of
the market regarding his private information, which will enable him to recoup the
short-term losses (and more) in the future.

Definition 2. Given prices p, a strategy o €2 is non-manipulative for type 0e{0,1},
if, for all t>1 and x" L, A", x

o(x|xLHY >0 = Y gth— 00 — p(th!, k)] x>0.
h
Otherwise ¢ is manipulative for type 0.

Therefore, a strategy is non-manipulative for type 6 if type 6 earns non-negative
expected profits whenever an order x is submitted. Note that this definition of non-
manipulative strategies implies a joint restriction on the strategy of the informed trader
and the strategy of the market maker (i.e., the prices chosen). For any strategy p of the
market maker let 2" (p) be the set of non-manipulative strategies for type 0 € {0,1}, with

an(p) — ng(p) X Zrllm(p) (17)

Note from (15) and (16) that in any equilibrium of the 7T-period game, the price
p(h") must lie in the interval (0, 1), for any history /', ¢ =1, ..., T. As a result, for any
such equilibrium prices, the non-manipulative strategies of type 6 = 1 cannot put
positive probability on any x<0, and those for type 6 = 0 cannot put positive
probability on any x >0, for any x'~!, A=, t=1,...,T.

For such prices, the condition for a strategy to qualify as non-manipulative is
quite weak. For type 6 = 1, not buying with probability 1, even if the price is lower
than its expected value, is not considered manipulative: he can choose not to trade
even if it is profitable to trade.” Similarly, the myopic or one-shot optimal strategy of
always buying with good news and always selling with bad news is non-
manipulative, but it is not the only non-manipulative strategy.® Finally, note that
manipulative strategies are not necessarily mixed strategies and that mixed strategies
are not necessarily manipulative.’

2.4. The main result

Theorem 1. For any p,m,g,c, there exists T*(u,m, g,c), such that for all
T>T*(u,m,g,c) and any o satisfying (N), every equilibrium of the game
I'(u,m,g,c,0on, T) involves manipulation on the path of play.

Proof. See the Appendix. O

"In other words, choosing the timing of trading is not considered, by this definition, to be manipulative.

8 This would be part of the equilibrium if the dynamic trader were replaced with many identical one-
period traders. Our main result is thus stronger than the claim that the equilibrium strategy of the dynamic
informed trader will be different from that generated by many such short-lived traders.

?For 6§ = 1, the pure strategy of selling just once and buying after that is manipulative, and the mixed
strategy of buying and not trading every period with positive probability is non-manipulative.
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Considering the fact that this game is not finite, in the appendix we first
prove that an equilibrium exists for all 7.'° Here we focus on the intuition
underlying why the equilibrium must involve manipulation for long enough
horizons.

Suppose there is an equilibrium in non-manipulative strategies. Then the
informed trader of type 6 = 1 is not supposed to sell with positive probability in
any period in this candidate non-manipulative equilibrium, as the expected
price at which he can sell is always less than 1. But suppose type 6 = 1 deviates
and goes on selling in every period. Given his beliefs, the market maker will observe
an order inconsistent with type 0 = 1 trading in the market, with arbitrarily large
probability, if type 0 =1 sells long enough. Since all histories can be
generated by type 6 = N, the market maker will then put zero weight on type 6 =
1 trading in the market, and the price will be less than or equal to =, in every period
to follow, no matter what history occurs. The trader can thus buy any amount at a
price less than or equal to 7 in every period for a profit of 1 — 7. In contrast, we show
in the Appendix that in any candidate non-manipulative equilibrium, for 7 large
enough, per-period profit is bounded away from 1 — . Thus, for T large enough,
type 6 = 1 has a profitable deviation from his candidate equilibrium strategy. In fact,
since the strategy sets are compact, we can find a T* that is independent of the
strategies used (including on) such that if T>T*, every equilibrium involves
manipulation.

In the argument above, we could conclude that the market maker will necessarily
observe an order inconsistent with type 0 = 1’s strategy, only because the candidate
equilibrium involves no manipulation.'! The profitable deviation strategy from this
candidate equilibrium, and the market maker’s response to this deviation, do not
necessarily occur in equilibrium.

3. Conclusion

The primary contribution of this paper is to show that in Kyle (1985)
type of models with one insider trading repeatedly, as long as the number of
periods is large enough, the equilibrium will involve a manipulative trading
strategy of the insider as long as (i) the market faces uncertainty about the existence
of the insider and (ii) the number of periods is large. The uncertainty about the
existence of the insider gives an incentive to the insider to manipulate in order to
signal that he is not trading on any information. When sufficiently many periods of
trading are left, this enables him to recoup his initial losses and make further
profits.

1"Note that market maker in each period can choose any price in the [0, 1] interval, resulting in an
infinite strategy space.

" Clearly, in an equilibrium where type 0 = 1 manipulates observing a net order flow less than —j will
not make the market maker put weight on type 0 = 1.
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Appendix A. Proof of the theorem

We endow X, with the topology generated by the metric d; : 2, x 2; —> R defined by

di(a,,0)) = max max | a,(x| XL A = ol (x [ XL AT | (AL
hi—1 EI_I)‘—l,xt—l eXxi-1 xeX

Note that for each ¢, X, is a compact subset of a finite-dimensional Euclidean space.

The metric D : ¥ x X — R defined by

D(o,0) = sup{M}, (A.2)

t>1

induces the product topology on ~. By Tychonov’s theorem, X is compact relative to
the product topology. Endow 2 x X with the product topology generated by (A.2).
Since X is compact, so is X x X.

We prove the theorem in three steps. Lemma 1 establishes that an equilibrium
exists for the game I'(u,m,g,c,on,T). In Lemma 2, we obtain a bound on the
equilibrium expected payoffs in any candidate equilibrium involving no manipula-
tion. In Lemma 3, we show that this implies that there is an upper bound on the
length of the game for which the equilibria can involve no manipulation.

A.1. Existence of equilibrium
Lemma 2. An equilibrium exists for the game I'(u,m,g,c,on, T).

Proof. Fixing a on, define the best-response function of the market maker p* :
2 x X — P, where p*(ay, o1)(h') is the price after history A’ according to p*(ay, o1) € P,
and is given by the right-hand side of (15). Note from (15) and (16), that if
{09, 01,p, O} is an equilibrium, we must have, for all //,

p(h") = p* (a0, a1)(1). (A3)

We now define a best-reply correspondence for each type 6 {0,1} and show that
it has a fixed point. Then we show that from the fixed point of this correspondence
we can construct equilibrium in the sense of Definition 1.

For 1<¢<T, define the correspondences &' : X x X3 X x X as follows:

&(o0,01) = (e X |ocarg max Uy r(1.6.p" (60,00 |x" ' Ao — L',

x t<tY<TY.

El(00,01) = {oe X |aearg max Uy (0,6, p* (a9, 01) | X", " ~¥x' — 1,h" 71,
ag
x 1<t <T}.

We want to show that &' has a fixed point. Standard arguments involving
induction on ¢ establish that &' is non-empty convex-valued correspondence.
Furthermore, using the continuity properties of the payoff functions defined (13) and
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(14) it is straightforward to verify that &' has a closed graph.'? Since X x X is
compact and convex, and &' is a non-empty valued, convex-valued correspondence
with a closed graph on 2 x X, it has a fixed point, by the Kakutani-Fan-Glicksberg
theorem (see, e.g., Moore (1999)). Let (i, o) be a fixed-point of ¢'.

Let 7 and og, o} satisfy (15) for all /. Further, let

av | og)n if v=0
(0 | v,h"y = { q(h' | ag)u+ q(h' | on)(1 — ) ’ (A.4)
0 otherwise,
g0 | oP)m N
i1 v, iy = { q(h' | o} + q(h' | on)(1 — p) ’ (A.5)
0 otherwise

for all /’, and let
G(h' | v,0,h") = q(h' | 1", a}) (A.6)

for all v,0,h" and k', t>7. This defines a system of beliefs O of the market maker,
which satisfy Bayes’” Rule with respect to the strategies oy, o7 and the priors x and 7,
whenever Bayes” Rule can be applied. Then it is immediate that
{og, 0y, p*(o§,07), O} is an equilibrium according to Definition 1. This concludes
the proof of existence. [

A.2. Non-existence of non-manipulative equilibria

Suppose that {og,01,p,Q} is an equilibrium of I'(u,m, g,c,on,T), with
(00,01)€2™"(p). Note first that since on satisfies (N) and p<1, we must have
p(h)e(0,1)forall i, t=1,...,T. Since o1 € 21" (p) and g € X" (p) we must have by
Definition 2,

go(x|x" LA =0 (A7)
and
o (X | x0T =0 (A.8)

forall x>0, x¥'<0, x" LAl r=1,..,T.

Thus, if @ = 0, no &, > y can be observed on the equilibrium path; and, if 6 = 1, no
h;< — y can be observed on the equilibrium path, given that {ay,0q,p, @} is an
equilibrium of I'(u,w,g,c,on, T) with (gg,01)€2™(p). We will use these facts
repeatedly in the next proof.

The next lemma establishes an upper bound on payoffs in any candidate
equilibrium using non-manipulative strategies, where the upper bound for each type
0e{0,1} depends only on the strategy used by that type and not on on or the
strategy used by the other type.

2For details see Chakraborty and Yilmaz (2000).
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Lemma 3. If {o¢,01,p,0} is an equilibrium of TI(u,m,g,c,on,T), with
(00,01) € 2" (p), then there exists ko(ag)€(0,1), 0€{0,1} such that

] 3 (A.9)

Ui,7(0,09,p) < [ko(ao)nT + —
g(=p)

ULT(I,G],p)< |:k1(0'1)(1 — TE)T+ QL(J_/)] X, (AlO)

Further, ko(ag) does not depend on ax or ay for 0 #0.

Proof. Suppose {0¢,01,p,0} is an equilibrium of I'(u,7, g,c,on,T) with
(00, 01) € 2™ (p).

We derive below the second inequality (A.9), for type 0 = 0. The proof for type
0 =1 is entirely analogous.

We proceed in steps. In step 1 we show that for histories which cannot be reached
by 6 = 1’s strategy, the expected future price given 6 = 0 is trading is less than the
current price. In step 2, we use this to put an upper bound on 0 = 0’s expected
continuation payoff for all such histories. In step 3, we put an upper bound on
0 = 0’s expected continuation payoffs for any history and date. In step 4, we
combine steps 2 and 3 to establish (A.9).

Step 1: For te{l, ..., T}, define

A% = {I' |hy(h')< — 7 for some 7' <1}.

Note from (16) and (A.8) we must have

p(h"y<n for all h'eA®. (A.11)
Further, for all h'e AY,
> " eo)ph < p(h'). (A.12)
Jt+l eHr+l(]1r)

To see why this holds, note from (16) and the usual properties of conditional
probabilities that for all ' and each A'*!'e H'*!(h'), the price p(h'*') equals
q(h" ' | 1, an)p(h')
g1 [ i on)p(h') + {q(h™ 1 | B, an)A(N 10, 21) + q(h =1 | ht, 59) (0 |0, A7)} (1 — p(h"))’
(A.13)

as, for h'e A,
ANTAL 1) = 1= N10,4") + f(0]0,4").

Using (A.13), it is easily seen that the expression on the left-hand side of (A.12), as a
function of {g(h"™™"|h',0)} 1 ey, s strictly concave. Further, for fixed
{g(h™ |1 on) et c iy, p(RY)  and  @(N[0, A7), if  we choose  {q(h'™"|
h',60)} i+ ¢ grevi gy to maximize the expression on the left-hand side of (A.12), subject
only to the constraint that {g(h""" | A, 69)} j+1 ¢ o1y is @ probability distribution on
H'™'(h"), then the maximum value of the objective function is equal to p(h’), which is
achieved if and only if g(h'"t! | k!, 09) = q(h'T! | I, on) for all AT e HT'(h'). But this
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is impossible by (A.7) as oy satisfies condition (N) and g¢ € 2™"(p), so that we obtain
the inequality in (A.12).

Step 2: We show that, for all 1<t<T, h''eAd®

—1
1> and all x'~",

U.r(0,00,p | x 1, 0= < p(h"=')(T — t + 1)x. (A.14)

0 1

We proceed by induction. For # = T, and any A7 '€ 4%, and any x7~1,

Urr(0,00,p | X" 0T H< > g™ xp, (T hy X7 AT 6y)
X h

x p(4hT =1 h)x
<D qUh"T LRy R op(h")x
h
<p(h" Nz,

from (9), (10), (14) and Step 1.
Suppose (A.14) holds for all t>7+1. For t=¢ and any h''edl |, all

X'V, Uy (0,00, p | X" =1, h* 1) is less than or equal to

DDt L R eo)p(th Y )R

X h

+ Uper,r(0,00,p | "), U0 i),
which in turn is strictly less than

SN U xR xR ep (T T — 1+ DR

X h
<p(h"~'N(T = ¢ + Dz,

where in the last line above we have made use of our inductive hypothesis, (9), (10)
and Step 1. This establishes (A.14).
Step 3: We now show by induction that for all 1<¢<T, all /~! and x"~!
1 — a(—7
Unr(0,00.p | X'~ h 1) < {n(T —i4 1) +g(f(y)y)] %, (A.15)

For t =T, any hT- 1, xT~1, by (A.7),

Urr©.00.p 15" 07y = =3 aorCe |27 0T 3 glh — xp(th T .

x<0 h

For all h7~! and h, we know that p({h”~', h})<1. From (A.7), aor(0 [ x" 1 AT1) for
all x™=! and AT-'. Further, from (A.8) and (A.11), p(h")<n for all AT eA4Y.
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Thus,
Ur.r(0,60,p | x" ', n"71)
<Y oor(x|x"LATHG(=F — x — D4+ (1 = G(=F — x — D)%

x<0
<[G(=P)n + 1 - G(—p)x
1 —g(—=p]._
= [” M ]x’

the right-hand side of (A.15) for t = T, as g(—y) = G(—J).

Suppose that (A.15) holds for all £>¢ + 1. Then, for t =7 and any x" "', h""!,
since @y is a best-response after x”~! A"~! the expected continuation payoff
Ur.7(0,60,p | x"~1 A1y is equal to

> gl = XpEH L (=) + Up1.r(0,00,p | {x" 71 X'}, (01 ),
h
the expected continuation payoff from some action x' <0 in the support of ¢ after
x"~1, A1 If X' = 0, then by the inductive hypothesis,

Up r(0,00,p | x" "0 ) = g()[Us 1,70, 00,p | {x"1, 03, {h" ", )]
h

< [n(T ¢y + 19D _g(__y)}x
g(=p)
< [n(T— !+ 1)+1L(__y)}x.
g(=p)

So suppose x’ <0. Recall from (A.8) and (A.11) that p(h') <= for all r>7 and h'e A°
and that p(h')<1 for all A'. Then, using our inductive hypothesis,
Uy 1(0,60,p| x" 1, h"") is less than

G(=y — X' = Din+=(T - ))x

R A S [RE CERE =
g(=y)
<n(T - )z [g(m - g(J‘/))<1 +ﬂ)]x
g(—=p)
< |:7'((T—l/+ 1)+1L(__y)}x.
g9(—=p)

This establishes (A.15).
Step 4: For any 1>1 let x{ "' e X'~! be a sequence of 7 — 1 successive orders of size
0. Let

t—1
g 1 xg =TT 9hen=),
=1

be the probability that 4'~! is generated, given x4 has been played. Let
H = (0 g XG> 03 (A.16)
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Pick some ¢€(0, 1) and let
t1(c0,8) = min{r | I e H, " st 600 x5 A< — g} (A.17)

That is, t1(0y, €) is the first period in which gy attaches probability at most 1 — ¢ to
x = 0, for some history which is generated with positive probability given that only
orders of size 0 have been submitted before that. Since ¢ is an equilibrium strategy
for some T, there must exists such a #,(ay, ¢), as otherwise the expected profits of type
0 = 0 is equal to 0, the expected profits from not trading ever. For notational brevity,
we will omit the dependence of #,(c¢, &) on g¢ and ¢ in what follows, as long as it
causes no confusion. Let 4}~ eH/'"! be such that

G0, (0|72~ X hH<1 — . (A.18)

Since gy is an equilibrium strategy, from the definition of ¢, the expected profits of
type 68 = 0 is equal to the expected profits from not trading till period #; — 1 and then
trading according to og. That is,

U1,1(0,0,p) = (™" 156~ Ui 10,00, p | xg 3"
+ > g Xy YU, 20,00, p ] x5 LAY, (AL19)
n-1 e p!
From step 3, for A ~' A",
| — a(—7
g(_ s
g(=y)
Further, from (A.18), there exists x* <0 with ay,, (x(t)‘*l,hi,lfl)(x*) >0 such that
Uy, (0,50, | x5~ H4 ") is equal to

> glh = xR~ ) (=x*) + Uy, (0,00, | {x " x* 3, (03 ).
h

U, r(0,00,p | x(t)‘*l,h"_l)< [n(T -n+D+ (A.20)

The terms in the sum above can be broken up into two groups—those for which
h< — y and those for which h> — 7.

For h= — j, since prices are bounded above by 1, each such term can be bounded
above using step 3 as follows:

PARET B (=x*) + Uy, 70,00, p | X0 5% ), (hy "))

< [y w1+ = s

< [n(T—tl +1)+ ]x. (A21)

9(=y)
On the other hand, for h< — 7, {h{~', h}eA?, so that by step 2,
PURLT B=X*) 4 Usy, r(0,00,p | g™ x* 3, 003 )
<[pURY " mNT - 11 + D]x. (A.22)
Pick ¢ >0 with 6 <min[e/#;, (1 —¢)/#;] and let g = min,cy {g(y)}. Let
Ko(09,6,0) = (1 —e — 61)" (e — 611)g" >0 (A.23)
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and note that for all A< — j, since {h;‘*],h} eA‘,)I,
g(th ' by Low)(1 — wm

-1 -
P00 q({h =" by [ox)(1 — ) + (L~ i} L og)u(1 — m)
- (1 -pwr
(1 — )+ q({n ™" i} | oo)u(l — m)
(1—pwn
= (= 0+ Koo, &0yl — )
=p(09g,&,0)<m, (A.24)

where in the second line we have used the fact that g({h% ', h}|on)<1 and
q({hi{l, h} | og) > 0, and in the third line we have used (A.17) and (A.18) to conclude
that

qUhy " iy [ o0)=(1 — &) 'eg" > Ko(0o, &, 9).
Combining (A.20)-(A.24) in (A.19) we have

=i

UI,T(Oa 007p)< |:k0(0-05 &, 5)71'(T - + 1) + ;_:|
9(=y)

[ko(ag,e )rT + (1 )}
where
ko(o,e,0) = q(hi " | x5~ ‘)[g( 7) —g(—p)}ﬂ

— g(R X, (A.25)

Since g(h% " |xj ") >0, we must have ko(ao, ¢, d)€ (0, 1). Note that ko(ay, ¢, d) does
not depend on oy or on. Moreover, ky(ay, ¢, 0) depends on gy (and ¢ and §) because
both p(ay, ¢, 0) and ¢;(ay, ¢) do. Since ¢€(0, 1) was arbitrarily chosen and, given ¢ and
09, SO was 9, this establishes (A.9). This completes the proof of the lemma. [

(00, &, 5)
T

Fort=1,2, ..., let

St =AoeXilo(x| X" AT =0 for all x>0,x""", A"}, (A.26)

X =AoeZilafx|x LA = 0 for all x<0,x""! A" (A-27)
and for 0e{0,1} let

I = S (A.28)
and

XU L (A.29)

Note that, for 0 {0,1}, 2} is a closed and so compact subset of the compact set 2.
By Tychonov’s theorem, Xj" is a compact set relative to the product topology
introduced on X in (A.2).
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Notice that if {ay, a1, p, Q} is an equilibrium of I'(u, 7, g, c,on, T) (for some oN)
then, for 6€{0,1},

7 171 T Y
S EE R )

This is because (15) and (16) imply that p(h')e(0, 1), for all ', t =0, ..., T, with the
price being unrestricted for dates after date 7, so that (A.6) and (A.7) put a
restriction on the set of non-manipulative strategies only up to date 7. However, if
oge 2" (p) for all e {0,1}, then there exists another equilibrium {ay, g}, p, Q'}, with
oyeXy™ for all 0 with

oy, =0p €2y forallt=1,..,T,

and Q' derived from {op,o}} whenever possible.

To complete the proof of the theorem we want to show that there exists
T*(u, 7, g, ¢) such that for T>T*(u, «, g, c) and any o satisfying (N), there does not
exist an equilibrium {ay, a1, p, Q} of I'(u, 7, g, c,on, T) with (a9, a1) € 2™ (p). In view
of the previous paragraph, it suffices then to prove the next lemma.

Lemma 4. There exists T*(u,m,g,c) such that for any ox satisfying (N), if
{00,01,p, 0} is an equilibrium of I'(u,m,g,c,on, T) with cgeXZy™ for all 0€10,1},
then T <T*(u,m, g, c).

Proof. Using the previous lemma we show first that if {og,01,p,0} is an
equilibrium of I'(u, w, g, c,on, T) with (a¢,01)€2"™ then T <T(og) for some T(ggy)
which depends on ¢ but not on ¢y or on on. We then use the compactness of 2" to
obtain the upper bound T*(u, m,g,c) that does not depend on gy to complete the
proof.

Step 1: Pick any equilibrium {oy, o1, p, O} of I'(n, %, g, c, on, T) with (og, 01) € 2™,

Consider the following deviation strategy for type 6 = 0. Suppose he trades an
amount X for at most #(g¢) periods and then trades —x till period T as soon as /i, > j
for some t<#(ay). Assume that if s, <y for all 1<1(gy), then his deviation strategy
prescribes not trading in periods ¢ > #(gy). Note that since gg€2y™, all future prices
are at least as high as n after any period in which 4, > j.

Type 0 = 0’s profit uJ, from this deviation strategy can be bounded below as
follows:'?

Uy > [—1(c9) + (1 — (G(F — %))"“)n T
Let #(o9) be large enough so that

1= (G — %) > ko(a9, 2, 9),

BIf X > 25, then G(—7) > G(7 — %) = 0. If 25>%, then G(j — %) > 0.
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where kg(oy, ¢,0)€(0, 1) is defined in (A.25). Then there exists T(gg) € R such that for
all T=T(oy):

U1,7(0,00,p) < |ko(0oo,&,0)nT + X

g(=p)
< [~tc0) + (1 — (G(F — %))“)aT]x
<uf.

Note that T(gy) does not depend on oy or a1 as ky(ag) does not. Thus if {ay, o1, p, O}
is an equilibrium of I'(u, 7, g,c,on, T) with (g¢,01)eX2™ then T <T(gy) for some
T(oy) which depends on ¢y but not on g or on.

Step 2: For a fixed gy, and ¢ as in step 4 of the proof of the last lemma, let
B(0,09) =2y be the open d4-ball around gg. We now show that for all oy € B(d, ay),
and any o} e2}”, if {og,01,p,Q'} is an equilibrium of I'(u,7,g,c,on, T') then
T’<T(O’0).

Since a4 € B(d,09), for all 1<1(d9,¢) and all A~ 'e H ™!,

oo (0] x5 B> 1 — e —6t> 1 — & — St1(ap, ) > 0,

where x(’)‘] is the sequence of ¢t — | orders of size 0, as before and ¢(oy, &) and Hé“
have been defined in (A.17) and (A.16), respectively. Further,

(0 | xO7 pHOTy <1 — g 4 511 (a0,8) <,

where 41" is defined by (A.18).

Since ¢y, is part of an equilibrium, the expected profits U, 7/(0, gy, p') is equal tlo
that from submitting orders of size 0 till period #,(dy, &) — 1, selling after 4 LS
and otherwise trading according to ¢j. Mimicking the steps in step 4 of the proof of

the last lemma, we see that

Ui.r(0,04,p') < | ko(c0, &, 0)nT’ + —| x.
g(=p)
But then 7’ <T(ay).

Step 3: The collection {B(9, 7¢)} 4, < Zm is an open covering of the compact set 2§".
So there exists a finite subcovering {B(J, ag’)}nﬁle. Let T*(u, 7, g, ¢) = max,, T(a}").
For T>T* there does not exist any gpeXy” and oy X}, which is part of an
equilibrium of I'(u, 7, g, ¢, on, T). Further, T* does not depend on on as none of the
T(oy') associated with the subcovering do. This completes the proof of the
lemma. [

To complete the proof of the theorem, suppose T'>T*(u, , g, c) and suppose that
there exists an equilibrium {0y, 0y, p, Q} of the game I'(u,7,g,c,on, T) such that
given p, neither g nor ¢y involve manipulation, on the path of play."* Then, it is
straightforward to check that the bound on date 1 expected payoffs obtained in
Lemma 2 also applies for each € {0, 1}, so that the profitable deviation of Lemma 3

““That is o is non-manipulative for all x', ' such that ¢(x', '|ag) > 0.
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also applies. Thus, for T>T*(u, m,g,c) we must indeed have manipulation on the
path of play.
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