A Simple Portfolio Allocation Problem

W : Initial wealth

X :investment in risky asset

rs . (certain) return on safe asset

r . (uncertain) return on risky asset

W =_0+r)X+(1+rs)(Wy—X) : end—of-period
wealth

choose X to maximize EU

FU=FEu/(l+nrnNX+1+r,)Wo—X)]) (1)
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BU = / ul(1+7)X + (1+ 1) (Wo — X)|f(r)dr (2)

first—order condition

EW[(1+rX+1+r)(Wy—X)][r—rs]) =0 (3)

or
E(w (W)(r—rs)) =0 (4)

second—order condition

2EU y
Gy = L (W)((r - rs)?) <0 (5)
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X>07?

at X =0,

OREU , oy
0X = u (Wo[l+r)E(r—rs) = u (WO[1+T8])<E(Z6))_TS)

so that the optimal X > 0 whenever E(r) > r
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How Does X Vary with WW;?

differentiate first—order condition (4)

(147 B[ (W) (r—ry)]|dWo+E[u”" (W) (r—rs)?*]dX = 0

(7)
so that

oxX . Elu" (W) (r —rs)]

o, ~ gy @
denominator < 0 (2nd—order condition (5))
numerator is

B GRUINE -] @

which equals
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= (1471 E[R.(W)u' (W) (r — )] (10)

let W, be end—of—period wealth if r = r,
Wi = (]- + ’rs)WO

then expression (10) can be writtenas A+B+C
with

A= (147 Ra(W1)E[u/'(W)(r — )

Ts

B = (1+r,) / (B (W)=Ro(Wa)u! (W)(r=r.)(r)dr

C = (1+ry) /OO(RG(W)—RQ(Wl))u’(W)(r—rs)f(r)dr
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A = 0 from the first—order condition (3)

if 2ia < 0, then whenever r < r,, so that

W < Wi, R,(W) > R,(W1), so that expression B
IS negative

similarly, DARA implies that R,(W) < R,(W7)
whenever r > r, and W > ¥, meaning that term
C' Is negative

therefore, DARA impliesthat A+ B+ C < 0

since the denominator In expression (8)
IS negative, from the second-order conditions,
therefore

with DARA, 2% > 0
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