Math 5400

The History of Mathematics

· Fall/Winter 2006-2007
· Mondays, 6 to 9 p.m. 
· Location: Ross South 537
· Course website: www.yorku.ca/bwall/math5400

Instructor:
Prof. Byron Wall
Office: 205 Bethune College
Phone: 416-736-2100, ext 33959
Fax: 416-736-5892
Email: bwall@yorku.ca
Website: www.yorku.ca/bwall

Topics

1. Sets and the Continuum

2. Geometry and Proof

3. Algebra

4. Analysis and the Calculus

5. Number Theory

6. Probability

Sets and the Continuum

· Georg Cantor and the continuum hypothesis

· Bernard Bolzano and infinity

· Ernst Zermelo and the axiomatization of set theory

· Gödel’s incompleteness theorem

Geometry and Proof

· The rise of demonstrative mathematics

· Hippocrates’ quadrature of the lune

· Euclid’s proofs of the Pythagorean theorem and the infinitude of primes

· Euclid’s Axiomatic structure and the parallel postulate

· Non-Euclidean Geometries

Algebra

· Girolamo Cardano and the solution of the Cubic equation

· Algebra in Euclid

· Joseph Louis Lagrange’s theory of equations

· Evariste Galois on solvability

Analysis and the Calculus

· Archimedes’ method

· Heron on triangular area

· Isaac Newton’s binomial theorem and his approximation of (
· Jakob and Johann Bernoulli and the harmonic series

· Bonaventura Cavalieri and his calculation of the area of parabolas

· Gottfried Liebniz’s fundamental theorem of calculus

· Augustin-Louis Cauchy’s rigorization of the calculus

· Abraham Robinson’s non-standard analysis

Number Theory

· Pierre de Fermat’s Last Theorem

· Leonhard Euler’s sums of infinite series and his solution to a special case of Fermat’s Last Theorem

· Sophie Germain’s theorem

· Ernst Kummer and algebraic number theory

Probability

· Determinism vs. indeterminism in the 19th century

· The collection of statistical data

· The idea of a statistical law

· The law of large numbers

· The normal distribution

· The logic of chance

Research Paper

· A major component of the course will be an original research paper by each student on a topic in the history of mathematics of the student’s choosing.

· The topic must be different from (though perhaps related to) the topics considered in the course.

· The essay topic must be approved by the instructor, who may make particular stipulations about how it should be done and give suggestions for sources.

· An extensive outline of the essay must be turned in by Nov. 15 at the latest.

· The completed essay should run about 20 pages in length.

Class Presentation

· Each student shall present his or her essay to the class in summary form during one of the designated class meetings in the winter term.
· Each presentation should be in the form of a lesson on the topic of the paper and should take about 20-25 minutes to deliver.

· The completed essay shall be due at the first class meeting after the class presentation.

· Students will sign up for available times and dates to present their papers on a first-come first-served basis, starting the beginning of October.

Grading

· The course grade will be determined by an equally weighted combination of students’ performance in daily class discussions and on their research paper.

· The class participation assessment includes a judgement of students’ preparedness for each class as well as their intelligent participation in discussing the topics of the day. Students may be assigned (without warning) to lead the discussion or to demonstrate a mathematical analysis for the rest of the class. (Regular and faithful attendance is also mandatory.)

· The research paper and its presentation to the class form the basis for the rest of the course grade.

Strategies for Success in this Course

Distinction between a Skills and a Content course:

In a skills course, mastery of each new element is essential before proceeding to the next element. The object of the course is to become a competent user of a particular set of techniques. – Most mathematics courses are skills courses.

In a content course, it is impossible to master any of the material in the time allotted. People spend their lives trying to become competent in tiny portions of the subject matter in any content course. Instead, it is necessary to gain as much familiarity and understanding as possible in the time available and then move on to the next topic. Later topics help clarify earlier ones, but a content course is necessarily only an introductory survey of a number of topics. – Almost all history courses are content courses.

· This is a content course.

Strategies for Success, contd.

· Allot a fixed amount of time for class preparation. Spread this as evenly across the week as possible and make every effort to keep the time sacred.

· The reading assignments for each class will take several hours to complete. They will also vary somewhat from class to class in the amount of time required.

· Take careful notes when reading. Make note of questions that you have as you read. These will form the bases for class discussions.

· Review your notes before class. Reread any passages in the assignment that you are unclear about.

Strategies for Success, contd.

· Come to class with as clear an understanding of the topic of the evening as you can

· But don’t get hung up on individual passages that you don’t understand. 

· Instead, jot down questions to raise about them.

· When class is over, move on to the next topic and give it your full attention.

· You get out of this course what you put into preparation for each and every class and your participation in class discussion.

On the Research Paper

· Choose a topic that you will find interesting, perhaps one that you think you will be able to use in your own classes.

· A good topic should be important and relate to many other things, but can also be made to be self-contained, so that it can be presented coherently to an audience in a 20 minute lecture and described cogently in a 20 page essay.

· Consult with the instructor early on about suitable topics and what limitations to put on it.

· Get to work on the essay as soon as you have settled on a topic so as to have time for it to settle in your mind and for you to obtain the research materials you will need.

The Scope of Mathematics

· The term mathematics is from ancient Greek, mathemata:

· Meaning, that which is taught, or studied.

· The fifth century (BCE) philosopher, Pythagoras, restricted the term to the subject matter of numbers and shapes: arithmetic and geometry.

Number: The Fundamental Abstraction

Every known civilization has some concept of number, even if only the distinction between one and two.

· Examples:

· Some Australian aborigines: 1, 2, many

· Some South American natives: counted to 6, but only with words for one and two, viz: 
3 = two-one, 4 = two-two, 
5 = two-two-one, 6 = two-two-two

· Bushmen of South Africa: counted up to 10, but by twos, 
10=two-two-two-two-two

· Would not trade 2 cows for 4 pigs, but would trade 1 cow for 2 pigs and then repeat the trade.

The Tally

· A step toward counting is matching items one to one against some standard, e.g. fingers of a hand, a designated pile of stones, notches on designated sticks.

· Tally sticks or bones have been found among the remains of the earliest human civilizations – as early as 30,000 BCE.

· Tally sticks persisted in use until quite recently as official “counters.” 

Grouping

· The practice of grouping scratches, notches, piles of stones, etc. into easily recognized groups also came early.

· For example, by twos, or fives, or 10s
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· Somehow, out of this emerges the concepts of number, a number base, and ultimately, place value.

Number

A crucial problem that plagues mathematics, science, and philosophy:

· What is a number?

· A physical representation, such as notches on sticks or quantity of fingers?

· A feature that is common to all physical objects that have the same property – e.g. five finger, five vertices, five cattle, etc.?

· A reality of its own, that we have come to understand through physical representations, but that exists independently?

Numbers and Reality


Plato (left) and Aristotle (right). Detail from The School of Athens by Raphael in the Vatican Museum.

Two Fundamentally Different Ways of Regarding Reality

· For Plato, the true reality is perceived only through the mind. These are the eternal forms. 

· The objects that one perceives with the senses are mere representations, and can deceive. The senses are but a springboard to real understanding, which is a mental process.

· For Aristotle, the realm of the mind that is disconnected from the physical world is a fantasy. True existence is all around us and is apprehended by observation. 

· An abstraction – a form, a number, a species, etc. – is merely a statement of what a group of objects have in common. It has no separate reality.

· 
Do Mathematical Objects Exist

· Does three exist? Or just groups of three things?

· Do triangles exist? 

· Do objects that are logically consistent with our mathematical systems exist, or only if they appear in nature?

Pythagoras

· Numbers are the ultimate reality

Pythagoras, born between 580 and 569 BCE. Died about 500.

Numbers as Magic and the Ultimate Mystery

· Pythagoras believed that the ultimate reality in the world was a substructure of ultimate particles that had no physical manifestation other than a geometric one – they took up space.

· Pythagorean “numbers” were space-filling spheres that fitted tightly against each other and defined all properties of matter and the visible world.

· Numbers had natural shapes, according to their most compact arrangements:

· Triangular numbers

· Square numbers

· Pentagonal numbers

· Cubic numbers, etc.

True Understanding = Apprehending the Mathematical Structure

· Music:

· Sounds perceived as harmonious were related in a numerical way. 

· The octave was a 2:1 ratio of a vibrating medium.

· The Perfect fifth was in a 3:2 ratio.

· The Perfect fourth was 4:3.

· Geometry:

· Geometrical properties of shapes were also to be understood by their underlying numerical structure.

· The Pythagorean theorem was a study in the properties of square numbers.

The Problem of Making Numbers Physical

· The undoing of the Pythagorean cult was the discovery that the Pythagorean theorem did not work for the simplest case of an isosceles right triangle.

· There are no “numbers” in the Pythagorean sense that define the sides of the isosceles right triangle in the same units.

· No solution to 2a2 = c2
· Therefore the whole premise of numbers underlying nature was suspect.

Knowledge Through Reason

· The Ionian Philosophers (the “pre-Socratics”) sought to understand the world through reason.

· The earliest philosophers argued over what the basic “stuff” of the world was: water, air, some substratum that is not visible, etc.

· Heraclitos argued that change itself is the ultimate reality. (“You can’t step in the same river twice.”)

· Parmenides argued that everything that exists takes up space. There is no void, because “nothing” cannot exist.

· The key to knowledge was reason, and the key to reason was logic.

Logic and the Excluded Middle

· Only logical reasoning is infallibly consistent, and will lead to truth.

· One learns what one did not know by reasoning, logically from what one does know to deduce what one did not know before.

· The key to consistency is the excluded middle:

· Either a statement is true or it is false. 

· If a statement is known to be false, its contradiction must be true:

· Not (Not A) (( A

· The Reduction ad absurdum argument.
· To prove something true, assume it is false and derive a contradiction.

The Agony of Logical Paradoxes

· Zeno of Elea (born 495 BCE) was probably a student of Parmenides. He explored the use of logical reasoning to lead to apparent absurdities.

· Zeno described ordinary situations involving motion or change where common sense and ordinary experience expects a particular outcome, but logic dictates another.

· It is very difficult to find a flaw in the reasoning without making external assumptions.

Zeno’s Paradoxes:

· Achilles and the Tortoise

· If the fast runner Achilles gives the slow tortoise a head start in a race, Achilles can never catch up and the tortoise must win.

· The Stadium

· A solitary runner tries to run from one end of a stadium to another. He can never reach the end because first he must make it halfway, and before that one quarter, etc. There is always a prior event that must be completed.

· The Arrow

· An archer shoots an arrow toward a target. Is the arrow in flight moving? No, because at any instant the arrow occupies its place fully and therefore must be at rest at all instants.

Infinity and Infinitesimals

· Logic and common sense together do not seem to be able to handle infinity.

· Aristotle scoffed at the notion of infinity as being something that does not exist in the world.

· For centuries, mathematics retreated to the notion of the indefinite instead of the infinite – unlimited, yes; infinite, no.

· Quantities that referred to instants had to be dealt with as approximations referring to short intervals of time, or as “qualities” that had a strange relationship to their situation.

Speed

· Consider the case of speed, or velocity.

· Speed can be thought of as a thing, in and of itself – a quality – and thus an object can be spoken of as moving at a certain speed at any moment.

· Or, speed can be thought of as a measure of distance covered in an amount of time: d/t.

· If speed is d/t, what then is the speed of an object at an instant, when t = 0?

· d is also zero – Zeno’s Arrow Paradox.

Limits

· When the speed of an object is constantly changing, what is its speed at any moment?

· For example, a falling body.

· This was a major stumbling block for 17th century mechanics, solved by Newton and Leibniz with the development of the calculus.

· For both, the issue was what the limit of the ratio of d/t was as both quantities shrank to zero.

· Neither was quite able to express what they were doing when they computed the limit.

Newton and Leibniz on Limits of Infinitesimals

· Newton: “The ultimate ratio…is the ratio of the quantities, not before they vanish, nor after, but that with which they vanish.”

· Leibniz: “[By] infinitely small quantities…we mean quantities that are…indefinitely small.” Leibniz also says these quantities can be “thought of” as the ultimate things, but in any case they can be used profitably for calculation as a tool – no matter what they are!

· Bishop Berkeley on the “velocities of evanescent increments”: “the ghosts of departed quantities…?”

Potential Infinity

· A notion of infinity that was deemed acceptable was sometimes called “potential” infinity. This is the same as the notion of increasing indefinitely.

· Example: If you increase the number of sides of a polygon inscribed in a circle, it takes on a shape that more and more resembles a circle.

· Therefore a circle is the limiting shape of an inscribed polygon with infinite sides. However, the polygon, at any time, has a finite number of straight sides, and therefore is not (yet) a circle.

Actual Infinity

· A far more problematic idea is to consider quantities that are infinite in nature and attempt to compare one to another.

· Example: Galileo Galilei in his Two New Sciences, Galileo undertakes to show that there are just as many square numbers as there are natural numbers.

He does this by setting up a one-to-one correspondence between a natural number and its square:

	1
	1
	5
	25

	2
	4
	6
	36

	3
	9
	7
	49

	4
	16
	8
	64, etc.


An Infinite Set is the same size as one of its subsets

· What Galileo showed was that there had to be just as many square numbers as there were natural numbers, because he could match them up one-to-one.

· Yet clearly many natural numbers exist that are not square numbers.

200 years later, Bernhard Bolzano made a similar comparison of the points in the line. There are just as many points in the interval (0,1) as in the interval (0,2), even though the second interval is twice as large. 

· Let y = 2x, x running from 0 to 1. The y values will match every value in (0,2) with a unique value in (0,1), and vice-versa.
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