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http://krzysztofmarczak.deviantart.com/art/3D-Mandelbrot-2-263703235



What is a fractal?

Ø Consider	a	monster	curve:	Everywhere	continuous,	yet	nowhere	differentiable!

Ø Think	of	self-similarity:	

wikipedia (fractal)

“A	fractal is	a	natural	phenomenon	or	a	mathematical	set	that	
exhibits	a	repeating	pattern	that	displays	at	every	scale”

Mandelbrot	set





An (arbitrary) starting point……

Fixed-point	iteration (iterare is	Latin	for	‘to	plow	once	again’)	

Dahlquist &	Bjorck (2008)

Chapter 1. Principles of Numerical Calculations

knowledge of the given problem as one can obtain in other ways-for example, with the
methods of mathematical analysis. Some knowledge of the background of the problem is
also of value; among other things, one should take into account the orders of magnitude of
certain numerical data of the problem.

In this chapter we shall illustrate the use of some general ideas behind numerical
methods on some simple problems. These may occur as subproblems or computational
details of larger problems, though as a rule they more often occur in a less pure form and
on a larger scale than they do here. When we present atd analyze numerical methods,
to some degree we use the same approach which was first mentioned above: we study in
detail special cases and simplified situations, with the aim of uncovering more generally
applicable concepts and points of view which can guide us in more difficult problems.

It is important to keep in mind that the success of the methods presented depends on
the smoothness properties of the functions involved. In this first survey we shall tacitly
assume that the functions have as many well-behaved derivatives as are needed.

1.1.1 Fixed-Point lteration
One of the most frequently occurring ideas in numerical calculations is iteration (from
the Latin iterare, "to plow once again") or successive approximation. Taken generally,
iteration means the repetition of a pattern of action or process. Iteration in this sense occurs,
for example, in the repeated application of a numerical process-perhaps very complicated
and itself containing many instances of the use of iteration in the somewhat narower sense
to be described below-in order to improve previous results. To illustrate a more specific
use of the idea ofiteration, we consider the problem of solving a (usually) nonlinear equation
of the form

x : F(x), (1.1.1)

where F is assumed to be a differentiable function whose value can be computed for any
given value of a real variable x, within a certain interval. Using the method of iteration,
one starts with an initial approximation -rs, and computes the sequence

xr : F(ro), xz: F(x), xt: F(xz),.... (r.1.2)

Each computation of the type xntr : F(xr), n : 0,1,2,..., is called a fixed-point
iteration. As n grows, we would like the numbers xn to be better and better estimates of
the desired root. If the sequence {rr} converges to a limiting value cv, then we have

a : liry_x,+, : JjL F(x"): P61,

and thus x : cv satisfies the equation x : F(x). One can then stop the iterations when the
desired accuracy has been attained.

A geometric interpretation of fixed point iteration is shown in Figure 1. I . 1. A root of
( I . 1 . 1) is given by the abscissa (and ordinate) of an intersecting point of the curve y : F (x)
and the line y : r. Starting from xs, the point 11 : F(xo) on the x-axis is obtained by first
drawing a horizontal line from the point (rs, F(xs)) : (r0, xt) until it intersects the line
! : x in the point (rr, xr); from there we draw a vertical line to (x1 , F(rr)) : (xr, xz),

F is	assumed	to	be	a	differentiable	function	whose	value	can	be	computed	
for	any	given	value	of	a	real	variable	x,	within	a	certain	interval	

Start	with	x0 &	iterate	

Or	more	generally:

à You	have	already	seen	some	of	the	basic	
pieces	needed	(remember	sequences from	1st
year	calculus?)





Fractals in nature

Ø Are	fractals	just	some	sort	of	mathematical	oddity?

No à Many	real-world	aspects	exhibit	fractal	geometry	

http://www.wired.com/2010/09/fractal-patterns-in-nature/

Romanesco	broccoli Frost



Fractals in nature

http://www.wired.com/2010/09/fractal-patterns-in-nature/

Clouds

Leaves	&	plants

Lightning
Mountains,	coastlines,	&	river	deltas



http://www.aiecon.org/staff/shc/course/annga/RR/main/How%20Long%20is%20the%20Coast%20of%20Great%20Britain.htm



wikipedia (fractal	dimension)



Fractals in nature

http://www.wired.com/2010/09/fractal-patterns-in-nature/

Feathers



Fractals in nature



Fractals in nature



Fractals in nature

“When	a	piece	of	metal	is	fractured	either	by	tensile	or	
impact	loading	(pulling	or	hitting),	the	fracture	surface	
that	is	formed	is	rough	and	irregular.	Its	shape	is	
affected	by	the	metal's	microstructure	(such	as	grains,	
inclusions	and	precipitates,	whose	characteristic	length	
is	large	relative	to	the	atomic	scale),	as	well	as	by	
‘macrostructural’	influences	(such	as	the	size,	the	
shape	of	the	specimen,	and	the	notch	from	which	the	
fracture	begins).	However,	repeated	observation	at	
various	magnifications	also	reveals	a	variety	of	
additional	structures	that	fall	between	the	‘micro’	and	
the	‘macro’	and	have	not	yet	been	described	
satisfactorily	in	a	systematic	manner.	The	experiments	
reported	here	reveal	the	existence	of	broad	and	clearly	
distinct	zone	of	intermediate	scales	in	which	the	
structure	is	modelled very	well	by	a	fractal	surface.	A	
new	method,	slit	island	analysis,	is	introduced	to	
estimate	the	basic	quantity	called	the	fractal	
dimension,	D.	The	estimate	is	shown	to	agree	with	the	
value	obtained	by	fracture	profile	analysis,	a	spectral	
method.	Finally,	D is	shown	to	be	a	measure	of	
toughness	in	metals.”



machined	surface

Fractals in nature

Sahoo et	al.,	Fractal	Analysis	in	Machining (2011)

“Surfaces	are	irregular	though	they	may	look	like	very	smooth.	
When	the	surfaces	are	magnified,	the	irregularities	become	
prominent.	This	is	true	for	the	machining	surfaces	as	well.	In	a	
material	removal	process	such	as	machining,	unwanted	material	is	
removed	and	altered	surface	topography	is	obtained.	The	surface	
generated	consists	of	inherent	irregularities	left	by	the	cutting	tool,	
which	are	commonly	defined	as	surface	roughness.	[...]

Surface	roughness	plays	an	important	role.	It	has	large	impact	on	
the	mechanical	properties	like	fatigue	behavior,	corrosion	
resistance,	creep	life,	etc.	 It	also	affects	other	functional	
attributes	of	machine	components	like	friction,	wear,	light	
reflection,	heat	transmission,	lubrication,	electrical	conductivity,	
etc.”



Fractals in nature



Fractals in nature



Fractals in nature



Fractals in nature



Fractals in nature

Takahashi	(2014)

Vascular	branching	in	the	circulatory	system



Fractals in nature

http://www.flickr.com/photos/glockoma/398476805/in/photostream/

See	also:
§ http://www.bodyworlds.com/en.html
§ http://classes.yale.edu/fractals/
§ http://www.ted.com/talks/benoit_mandelbrot_fractals_the

_art_of_roughness



How can we ‘make’ a fractal?

Ø A	basic	ingredient	is	some	sort	of	
recursion relation	(i.e.,	some	sort	of	
computational	‘production	rule’)

wikipedia (recursion)
Devries	(1994)

Ø Classic	example	comes	from	Helge
von	Koch	(1904)	
à Koch’s	‘snowflake’



How can we ‘make’ a fractal?

Devries	(1994)



Devries	(1994)



% ### EXkoch1.m ###     10.14.14
% Plot Koch's 'Snowflake' (see http://mathworld.wolfram.com/KochSnowflake.html)
% [source - http://www.math.columbia.edu/~fusco/Hmwk01_APAM4300.pdf]
clear; clf;
% --------------------------------
% User Inputs
n = 2;      % 'order' of the snowflake
% --------------------------------
x = [-1/2 0 1/2 -1/2]; y = [0 1 0 0];  % starting matricies (for n=0)
% ---
% loop to create 'snowflake' - each time this outer loop executes, the
% inner loop updates to the next iteration
for zz = 1:n

k = length(x);
v = zeros(4*k-3,1);   % dummies (v-->x, w-->y) to fill up in inner loop;
w = zeros(4*k-3,1);   % size stems from increase in resolution
% this loop determines the 'iterated' version, each time updating based
% upon the required rotations/reductions in step-size
for j = 1:k-1,

v(4*j-3) = x(j)
w(4*j-3) = y(j);
dirx = x(j+1) - x(j);
diry = y(j+1) - y(j);
v(4*j-2) = x(j) + 1/3*dirx;
w(4*j-2) = y(j) + 1/3*diry;
orthox = -diry;
orthoy = dirx;
v(4*j-1) = x(j) + 1/2*dirx + 1/3*1/2*sqrt(3)*orthox;
w(4*j-1) = y(j) + 1/2*diry + 1/3*1/2*sqrt(3)*orthoy;
v(4*j) = x(j) + 2/3*dirx; 
w(4*j) = y(j) + 2/3*diry;

end
v(4*k-3) = x(k);    % bring back to starting point
w(4*k-3) = y(k);
x = v; y = w;       % update x and v (re inner loop)

end
% ---
% visualize
plot(x,y)
axis([-0.75 0.75 -sqrt(3)/6 1])

EXkoch1.m



EXkoch1.m
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wikipedia (Koch	snowflake)

à Zooming	in	upon	the	snowflake....



How can we ‘make’ a fractal?

Ø What	else	goes	into	a	fractal? à Nonlinearity

Ø A	basic	ingredient	is	some	sort	of	recursion relation

Ø Consider	the	(deceptively	simple)	logistic	equation as	we	have	already	examined:

5Se Chapter Eleven DIFFERENTIAL EQUATIONS

logistic model, as P increases, the relative growth rate decreases to zero; it reaches zero when P is
givenbY 

L dP : k, _ o,p :0.Pdt
Solving gives P : kl", the limiting value of the population, which we call tr. The value tr is the
carrying capacity of the environment, and represents the largest population the environment can

suppofi. Writing a: klL, the logistic equation becomes

This is the general logistic differential equation, flrst proposed as a model for population growth by
the Belgian mathematician P. F. Verhulst in the 1830s.

*nalita€iv* S*ie*ti*n t* tft* L*gi*ti* Equ*ti**

Figure 11.49 shows the slope fie1d and characteristic sigmoid, or S-shaped, solution curve for the
logistic model. Notice that for each fixed value of P, that is, along each horizontal line, the slopes
are constant because d,P I dt depends only on P and not on t. The slopes are small near P : 0 and
near P : L;they are steepest around P -- Ll2. For P > tr, the slopes are negative, so if the
population is above the canying capacity, the population decreases.

Fig*r* 1 1.4$r Slope field for
dPldt:kP(r- PIL) F!g*r* i1"$fr: dPldt: kP(t - PIL)

We can locate precisely the inflection point where the slopes are greatest using the graph of
(l"P I dt against P in Figure 1 1.50. The graph is a parabola because dP ldt is a quadratic function
of P. The horizontal intercepts arc at P : 0 and P : L, so the maximum, where the slope is
greatest, is at P : Ll2. The graph in Figure 11.50 also tells us that for 0 < P < Ll2, the slope
dP I clt is positive and increasing, so the graph of P against t is concave up. (See Figure 1 1.5 1.) For
L12 < P < L, the slope dPldt ts positive and decreasing, so the graph of P against f is concave
down. For P > L, the slope dP I dt is negative, so the graph of P against t is decreasing.

P

Carrying capacity

i- Concave down

Inflection point

tdP _,- ko
F,|t-o-i'
#-r,(,-;)

P

../- Concave up
Approximately exponentialDI (l

Fig,"rre 11,51 : Logistic growth wilh inflection point Figi;r* !1.51: Soiutions to the logistic equation

Hughes-Hallett et	al.	(2005)

(e.g.,	population	growth,	‘carrying	capacity’)dP

dt
= kP

✓
1� P

L

◆



Nonlinearity

Ø Seemingly	simple	nonlinearity	has	(surprisingly)	vast	implications!

Ø For	a	moment,	consider	that	solutions	to	an	autonomous	system	of	linear	2nd
order	ODEs	has	a	variety	of	interesting	behaviors	(as	characterized	by	the	
associated	eigenvalues):

wikipedia (phase	plane)



Nonlinearity

Ø But	now	consider	that	inclusion	of	a	nonlinear	term	could	give	rise	to	new	types	
of	behavior	(e.g.,	limit	cycles)
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van	der	Pol	oscillator

àWe	will	see	that	a	seemingly	simple	nonlinearity	can	give	
rise	to	highly	complex	(e.g.,	fractal)	behavior



Double pendulum

Ø Classic	example	of	a	relatively	simple	mechanical	system,	yet	a	nonlinear	one	
that	exhibits	strikingly	complex	(e.g.,	chaotic)	dynamics

http://video.mit.edu/watch/double-pendulum-6392/

wikipedia (double	pendulum)




