
A co-interaction model of HIV and syphilis infection
among gay, bisexual and other men who have sex with

men

Jummy Funke Davida,b,c,∗, Viviane Dias Limab,d, Jielin Zhub, Fred Brauera

aDepartment of Mathematics, University of British Columbia, Vancouver, BC, Canada
V6T 1Z2

bBritish Columbia Centre for Excellence in HIV/AIDS, St. Paul’s Hospital, Vancouver,
BC, Canada V6Z 1Y6

cDepartment of Interdisciplinary Studies, University of British Columbia, Vancouver, BC,
Canada V6T 1Z4

dDepartment of Medicine, Faculty of Medicine, University of British Columbia, Vancouver,
BC, Canada V6T 1Z3

Abstract

We developed a mathematical model to study the co-interaction of HIV and

syphilis infection among gay, bisexual and other men who have sex with men

(gbMSM). We qualitatively analysed the model and established necessary condi-

tions under which disease-free and endemic equilibria are asymptotically stable.

We gave analytical expressions for the reproduction number, and showed that

whenever the reproduction numbers of sub-models and co-interaction model are

less than unity, the epidemics die out, while epidemics persist when they are

greater than unity. We presented numerical simulations of the full model and

showed qualitative changes of the dynamics of the full model to changes in the

transmission rates. Our numerical simulations using a set of reasonable param-

eter values showed that: (a) both diseases die out or co-exist whenever their

reproduction number is less than or exceed unity. (b) HIV infection impacts

syphilis prevalence negatively and vice versa. (c) one possibility of lowering the

co-infection of HIV and syphilis among gbMSM is to increase both testing and

treatment rates for syphilis and HIV infection, and decrease the rate at which
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HIV infected individuals go off treatment.
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1. Introduction

HIV is known to be a sexually transmitted and blood-borne infection with a

highly variable disease progression in humans [1]. People infected with HIV ex-

perience immune suppression as a result of continuous destruction of the CD4+T

lymphocytes, which makes immunosupressed individuals at risk of acquiring5

other sexually transmitted infections (such as syphilis, gonorrhea [1, 7, 16]). At

the end of 2017, approximately 37 million people were living with HIV through-

out the world, and over 900, 000 reported deaths were attributed to HIV in-

fection [35]. In 2016, gay, bisexual and other men who have sex with men

(gbMSM) accounted for about half of the new HIV infections in Canada [34].10

Similarly, gbMSM currently accounts for most new and prevalent cases of HIV

in Vancouver [26] and San Francisco [14]. There were about 3320 gbMSM who

were newly diagnosed with HIV in the UK in 2015 [19]. The increase of an-

tiretroviral therapy (ART) coverage to reduce and prevent HIV transmission in

British Columbia (BC), Canada, made us observe a positive impact of HAART15

to prevent HIV transmission and decrease HIV diagnosis per year [28].

Syphilis is known to be an infection caused by the Treponema pallidum

bacteria [16, 33], and progresses from primary→ secondary→ latent→ tertiary

stage if left untreated [33]. Infectious syphilis is more frequent in males with an

increased rate among gbMSM population in BC and Canada [27, 33]. In 2017,20

5% or more of gbMSM in 22 of 34 reporting countries were infected with syphilis

[36]. From 2011 to 2015, the rate of reported cases of syphilis per 100, 000

population in the United States rose by 58% (from 14.8 to 23.4), with the

highest rate observed in San Francisco, where the rates rose by 77% (from 84.3

to 149.6) [14]. In 2016, gbMSM accounted for about 80.6% of male infectious25
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syphilis in the United States [25]. Similarly, in BC, the rate of reported cases

of infectious syphilis per 100, 000 population in 2016, rose to 16.0 (759 cases)

when compared to 4.2 (193 cases) in 2011 [27]. The highest rate in BC was

observed in Vancouver and surrounding regions, where the rates rose from 19.6

(131 cases) in 2011 to 63.7 (428 cases) in 2016 [27]. In 2016, gbMSM accounted30

for about 63.5% of infectious syphilis in Vancouver [27].

Recent increases in sexually transmitted infections (STIs), especially among

gbMSM, brought up about the importance for characterising the co-interaction

of HIV and syphilis. Increases in the risk of HIV and STI transmission have

been attributed to sexual behaviours over the last decade [16, 19, 25]. It is35

estimated that about 43% of gbMSM in BC with syphilis diagnoses and known

HIV status in 2016, were HIV positive [27]. Individuals co-infected with these

two diseases are more likely to transmit HIV to their sexual partners, and as

well likely to progress to serious disease stages [27, 16]. gbMSM living with HIV

are about 2 times more likely to be infected with syphilis compared to those40

that are HIV negative [25].

This paper considers a single class of infectious syphilis since major stages,

such as primary, secondary, early latent and infectious neurosyphilis, are gener-

ally classified as infectious syphilis, and is of public health concern [33]. Many

mathematical models have been previously used to assess dynamics of the co-45

infection of HIV and other diseases, such as Hepatitis C virus, gonorrhea, tu-

berculosis and syphilis [18, 11, 9, 12, 30, 40, 31, 5], but only Nwankwo et al. [31]

used a similar approach to study the dynamics of HIV and syphilis. Our study

differs from [31] as we consider the gbMSM population in a setting where treat-

ment of both diseases is readily available. We make simplifying assumptions50

about the natural history of both diseases and incorporate some epidemiolog-

ical features of the co-dynamics of HIV and syphilis. From our mathematical

analyses and using a set of parameter values from published articles, our model

aim to answer the following questions: What effect does syphilis infection have

on HIV infected individuals and vice versa? What is the impact of change in55

transmission rate on the dynamics of both diseases? Can we test and treat
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mono-infected individuals more to reduce the prevalence of both diseases?

The paper is organised as follows. We develop and describe the model in

Section 2, and analyse two sub-models in Sections 3 and 4. We present the anal-

ysis of the full co-interaction model and some numerical simulations in Sections60

5 and 6 respectively while Section 7 discusses and concludes the paper.

2. Model formulation and description

The total gbMSM population at time t, denoted by N(t) is divided into 8

mutually exclusive compartments stated in Table (1), so that

N(t) = S(t) + IS(t) +UH(t) +AH(t) +TH(t) +USH(t) +ASH(t) +TSH(t). (1)

Table 1: Model Variables and their Descriptions

Variable Description

S Susceptible individuals

IS Individuals mono-infected with syphilis

UH Individuals mono-infected with HIV and unaware

AH Individuals mono-infected with HIV and aware

TH HIV infected individuals on treatment

USH Co-infected individuals unaware of HIV infection

ASH Co-infected individuals aware of HIV infection

TSH Co-infected individuals on HIV treatment

We assume that at time t, new recruits enter the population at a constant

rate Π. Individuals die in each subclass at a constant natural mortality rate µ.

HIV infected individuals (UH , AH , USH , ASH) not on treatment have additional65

HIV induced death rates dUH , dAH , dUSH , dASH respectively. We assume no

death from syphilis and that HIV infected individuals on treatment do not

transmit HIV infection [22, 37].

Diseases co-dynamics are complicated processes, but for simplicity, we as-

sume that both mono and co-infected individuals can either transmit HIV or70
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syphilis but not both at the same time. Susceptible individuals may acquire

syphilis infection when in contact with individuals in IS , USH , ASH and TSH

compartments, at a rate λS (the force of infection associated with syphilis in-

fection), given by λS = βS
(IS + φ1USH + φ2ASH + φ3TSH)

N
, where βS denotes

the transmission rate for syphilis. Parameter βS is the probability of syphilis75

transmission from one contact between individuals in S and in other syphilis

infected compartments (IS , USH , ASH , TSH), times the number of contacts per

year per individual. Modification parameters φ1, φ2 and φ3 respectively account

for the relative infectiousness of syphilis infected individuals with undiagnosed

HIV infection (USH), coinfected with HIV and aware (ASH), and coinfected80

with HIV and on HIV treatment (TSH), compared to individuals mono-infected

with syphilis. We assume that coinfected individuals are about two times as

infectious as mono-infected individuals [25]. Since it is believed that individu-

als infected with syphilis recover with temporal immunity [38], we then assume

that individuals infected with syphilis recover after treatment and return to the85

susceptible class at a rate σ1.

Susceptible individuals acquire HIV infection from those in the UH , AH ,

USH and ASH compartments, at the rate λH (the force of infection associated

with HIV infection), given by λH = βH
(UH + κ1AH + κ2USH + κ3ASH)

N
, where

βH denotes the transmission rate for HIV. Parameter βH is the probability of90

HIV transmission from one contact between individuals in S and in other HIV

infectious compartments (UH , AH , USH , ASH), times the number of contacts

per year per individual. Modification parameters κ1, κ2 and κ3 respectively

account for the relative infectiousness of individuals mono-infected with HIV

and aware (AH), co-infected with HIV and unaware (USH), co-infected with95

HIV and aware (ASH), in comparison with individuals mono-infected with HIV.

Susceptible individuals infected with HIV at rate λH enter the HIV unaware

class UH , where they progress to HIV aware class AH following testing at a

rate α1, and are then placed on treatment at a rate ρ2 to enter the class TH .

Individuals in the HIV infected and on treatment classes TH and TSH can go100

off treatment at rates ν1 and ν2 respectively.
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Figure 1: Diagram of the HIV/Syphilis co-interaction model among gbMSM
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Individuals mono-infected with HIV (UH , AH , TH) are infected with syphilis at

rates η1λS , η2λS , η3λS to enter classes USH , ASH , TSH respectively, and mod-

ification parameters η1, η2, η3 > 1 account for higher risk of syphilis acquisition

for people living with HIV.105

Individuals mono-infected with syphilis, IS are infected with HIV at a rate

γλH to enter the class USH , where the modification parameter γ > 1 due to

higher risk of HIV acquisition for people whose immune system are sabotaged

by syphilis infection. Co-infected individuals in the class ASH are placed on

treatment at a rate ρ1 to enter class TSH . Co-infected individuals in the classes110

USH , ASH , TSH are tested and treated for syphilis at rates σ2, σ3, σ4 to move

back into the classes UH , AH , TH , respectively. This model assumes uniform

and homogeneous mixing population. The model diagram presented in Figure

1 is described by the following system of non-linear differential equations.

dS

dt
= Π + σ1IS − (µ+ λS + λH)S,

dIS
dt

= λSS − (µ+ σ1 + γλH)IS ,

dUH
dt

= λHS − (µ+ dUH + α1 + η1λS)UH ,

dAH
dt

= α1UH + σ2USH + σ3ASH + ν1TH − (µ+ dAH + η2λS + ρ2)AH ,

dTH
dt

= ρ2AH + σ4TSH − (µ+ η3λS + ν1)TH , (2)

dUSH
dt

= γλHIS + η1λSUH − (µ+ dUSH + σ2)USH ,

dASH
dt

= η2λSAH + ν2TSH − (µ+ dASH + σ3 + ρ1)ASH ,

dTSH
dt

= ρ1ASH + η3λSTH − (µ+ ν2 + σ4)TSH ,

We will analyse different diseases separately, and then jointly to understand115

different components of the general model and as well adapt to different scenar-

ios.
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3. Syphilis sub-model

We have the model with syphilis only by setting UH = AH = TH = USH =

ASH = TSH = 0 in system (2), and this gives120

dS

dt
= Π + σ1IS − (µ+ λS)S,

dIS
dt

= λSS − (µ+ σ1)IS , (3)

where λS = βS
IS
NS

, with total population given as NS(t) = S(t) + IS(t).

The simple SIS model in (3) ignored syphilis-related death and was exten-

sively discussed in [38] using different stages of syphilis infection to understand

the transmission dynamics, and in [4] to track syphilis dynamics in men and

women. Hence, the dynamics of system (3) based on biological consideration in125

the region ΞS =
{

(S, IS) ∈ R2
+ : NS ≤ Π

µ

}
, is easy to show as being positively

invariant with respect to the model. We therefore consider model (3) to be epi-

demiologically and mathematically well posed with all variables and parameters

being positive for all time series as in [9, 11, 20]. Model (3) has a disease free

equilibrium points given by E0S = (S0, I0S) =

(
Π

µ
, 0

)
.130

It is easy to explain the linear stability of disease free equilibrium by the

reproduction number which can be derived using the method of next generation

matrix in [20, 42]. Hence, E0S can be explained by ReS , where

ReS =
βS

(µ+ σ1)
is the reproduction number for syphilis dynamics given by

the product of the transmission rate of syphilis infection βS and the rate that135

an infective progresses out of syphilis infectious class
1

(µ+ σ1)
. The biologi-

cal interpretation of ReS is the number of syphilis infections produced by one

syphilis infective during the period of infectiousness when introduced in a totally

syphilis susceptible population in the presence of treatment.

We can establish the local stability of the disease free equilibrium (E0S)140

using Lemma 1 which follows from [20] and Theorem 2 of [42].

Lemma 1. The DFE E0S of model (3) is locally asymptotically stable (LAS)

if ReS < 1 and unstable if ReS > 1.
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The biological interpretation of ReS < 1 is that we can eliminate syphilis from

the population if the initial sizes of the sub-population of syphilis sub-model are145

in the attraction region E0S .

To ensure that elimination of syphilis epidemic is independent on the initial

sizes of the sub-populations, we establish the global stability of the DFE E0S by

claiming the result in an easily proved Lemma 2.

Lemma 2. For any positive solutions (S(t), IS(t)) of model system (3), if ReS <150

1, then, the DFE E0S is a global attractor.

By equating the right-hand side of equation (3) to zero, and solving for

S∗ and I∗S , we have the endemic equilibrium points given by E∗S = (S∗, I∗S) =(
Π(µ+ σ1)

µ(µ+ σ1 + λ∗S)
,

λ∗SS
∗

(µ+ σ1)

)
. The force of infection λ∗S and the endemic equi-

librium points E∗S can be written in terms of ReS as λ∗S =
(ReS − 1)

Ω
and

E∗S = (S∗, I∗S) =

(
Π

µReS
,

Π(ReS − 1)

µ(ReS)

)
(4)

where Ω =
1

(µ+ σ1)
denote the mean infective period.

When ReS > 1, E∗S is positive and the epidemic of syphilis persists in the

community. We can summarize the uniqueness of the endemic equilibrium in

an easily proved Lemma 3.155

Lemma 3. The endemic equilibrium E∗S exists and is unique if and only if

ReS > 1.

Proof. It is enough to show that the components of E∗S are positive only if

ReS > 1. We have I∗S in equation (4) to be non-zero and positive only when

ReS > 1. The same follows for S∗. QED.160

The global stability of the endemic equilibrium for syphilis-only model can

be easily shown from Chapter 2 in [2, 10], three basic epidemiological models in

[20] and by claiming the result in an easily proved Lemma 4

Lemma 4. The endemic equilibrium of syphilis-only model 3 is globally asymp-

totically stable in ΞS whenever ReS > 1.165
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In summary, the syphilis-only model (3) has a globally asymptotically stable

disease-free equilibrium whenever ReS < 1, and a unique endemic equilibrium

whenever ReS > 1.

3.1. Sensitivity analysis of ReS

In this section, we investigate the effect of testing and treating syphilis on

the dynamics of syphilis by the elasticity of ReS with respect to σ1. From

ReS =
βS

µ+ σ1
, we use the approach in [11, 9, 15] to compute the elasticity

([13]) of ReS with respect to σ1 as:

σ1

ReS
∂ReS
∂σ1

= − σ1

µ+ σ1
. (5)

Equation (5) is used to measure the impact of a change in σ1 on a propor-170

tional change in ReS . Equation (5) suggests that an increase in the testing and

treatment rate of syphilis always leads to decrease of ReS , indicating a positive

impact on the control of syphilis in the community.

0

5

10

15

0.0 2.5 5.0 7.5 10.0
σ1

R
e

S

Figure 2: Syphilis reproduction number ReS as a function of testing and treatment rate σ1,

with all parameters as in Table 2 except βS = 5.0. The red dash line indicates the reproduction

number ReS = 1

Figure 2 shows the effect of increasing treatment of syphilis in the commu-

nity. For the set of parameters used, the figure shows that, by increasing the175

testing and treatment rate to 5 or more (ReS ≤ 0.99) (i.e., test and treat all sus-

ceptible males for syphilis every 2.4 months or less), the reproduction number

would be below unity, which indicates syphilis eradication in the community.
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4. HIV sub-model

We have the model with HIV only by setting IS = USH = ASH = TSH = 0180

in (2) given by

dS

dt
= Π− (µ+ λH)S,

dUH
dt

= λHS − (µ+ dUH + α1)UH ,

dAH
dt

= α1UH + ν1TH − (µ+ dAH + ρ2)AH , (6)

dTH
dt

= ρ2AH − (µ+ ν1)TH ,

λH = βH
(UH + κ1AH)

NH
, (7)

with the total population given as NH(t) = S(t) + UH(t) +AH(t) + TH(t).

Please note that the population is not constant and the equation of NH that

denotes the total sub-population of HIV-only model follows that

dNH
dt

= Π− µN − dUHUH − dAHAH ≤ Π− µN, (8)

and (8) implies that lim
t→∞

supNH(t) ≤ Π

µ
. Therefore the dynamics of sys-

tem (6) will be studied based on biological consideration in the region ΞH =185 {
(S,UH , AH , TH) ∈ R4

+ : NH ≤ Π
µ

}
, which is easy to show as being positively

invariant with respect to the model. We can similarly consider model (6) to be

epidemiologically and mathematically well posed with all variables and param-

eters being positive for all time series as in [20].

4.1. Disease free equilibrium point190

We have the disease free equilibrium when UH = AH = TH = 0 in model

system (6) . This gives E0H =
(

Π
µ , 0, 0, 0

)
.
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4.2. Effective reproduction Number ReH

Similarly, using the method of next generation matrix and the approach

in [20, 42], as in ReH = ρ(FV −1), we have the reproduction number of HIV195

infections produced by HIV positive cases to be ReH , which is given as .

ReH = ρ(FV −1) =
βH ((µ+ ν1)(µ+ α1κ1 + dAH) + µρ2)

(µ+ dUH + α1) ((µ+ ν1)(µ+ dAH) + µρ2)
, (9)

and we can write ReH = BU +BA, where

BU =
βH

(µ+ dUH + α1)
,

BA =
βHα1κ1(µ+ ν1)

(µ+ dUH + α1) ((µ+ ν1)(µ+ dAH) + µρ2)
. (10)

ReH denotes the effective reproduction number for HIV dynamics (the number

of HIV infection produced by one HIV case).

Remark 1. We can epidemiologically interpret the terms for the expression of200

ReH in Equation (10). We have denoted BU as the average number of new

cases of HIV generated by individuals in the class UH , and BA as the average

number of new cases of HIV generated by individuals in the class AH .

BU is interpreted as the product of the transmission rate of HIV infected

individuals in the UH class (βH) and the average duration spent in the UH class205 ( 1

µ+ dUH + α1

)
.

Similarly, we can interpret BA as the product of the transmission rate of

HIV infected individuals in the AH class (βHκ1), the fraction that survives

the UH class
( α1

µ+ dUH + α1

)
and the average duration spent in the AH class,

which include the duration of the fraction that goes off treatment from class210

TH

(
1

µ+ dAH + ρ2µ
µ+ν1

)
. Then the reproduction number ReH is the sum of the

expressions for BU and BA, which is the number of HIV infections produced

by one HIV infective during the period of infectiousness when introduced in a

totally HIV susceptible population in the presence of treatment.

We can establish the local stability of the disease free equilibrium (E0H)215

using Lemma 5 which follows from [20] and Theorem 2 of [42].
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Lemma 5. The DFE E0H of model (6) is locally asymptotically stable (LAS)

if ReH < 1 and unstable otherwise.

The biological interpretation of ReH < 1 means that we can eliminate HIV from

the population if the initial sizes of the sub-population of HIV sub-model are220

in the attraction region E0H . To be sure that eradication of HIV epidemic is

independent of the initial sizes of the sub-populations, It makes sense to show

that the disease free equilibrium E0H is globally asymptotically stable.

4.3. Global stability of the disease-free for HIV-only model

We can rewrite model (6) as,225

dU

dt
= F (U, V ),

dV

dt
= G(U, V ), G(U, 0) = 0, (11)

where U = S and V = (UH , AH , TH), with U ∈ R1
+ denoting the number of

susceptible individuals and V ∈ R3
+ denoting the number of infected individuals.

We now denote the disease free equilibrium by,

E0H = (U∗, 0), where U∗ =

(
Π

µ

)
. (12)

Conditions S1 and S2 in equation (13) must be satisfied to guarantee local

asymptotic stability.

S1 :
dU

dt
= F (U, 0), U∗ is globally asymptotic stable (g.a.s)

S2 : G(U, V ) = AV − Ĝ(U, V ), Ĝ(U, V ) ≥ 0 for (U, V ) ∈ ΞH , (13)

where A = DVG(U∗, 0) denotes the M-matrix (the off diagonal elements of A230

are non-negative) and ΞH denotes the region where the model makes biological

sense. Lemma 6 holds if system (11) satisfies the conditions in (13).

Lemma 6. The disease free equilibrium point E0H of HIV-only model is globally

asymptotically stable if ReH < 1 and conditions in (13) are satisfied.
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Proof. We have from Lemma 5 that E0H is locally asymptotically stable if

ReH < 1. Now consider

F (U, 0) = {Π− µS},

G(U, V ) = AV − Ĝ(U, V ),

A =



βH − (µ+ dUH + α1) κ1βH 0

α1 −(µ+ dAH + ρ2) ν1

0 ρ2 −(µ+ ν1)


. (14)

Ĝ(U, V ) =



Ĝ1(U, V )

Ĝ2(U, V )

Ĝ3(U, V )


=



βH

(
1− S

NH

)
(UH + κ1AH)

0

0


. (15)

We have the conditions in 13 satisfied since Ĝ1(U, V ) ≥ 0 and Ĝ2(U, V ) =235

Ĝ3(U, V ) = 0 ⇒ Ĝ(U, V ) ≥ 0. And therefore we can conclude that E0H is

globally asymptotically stable for ReH < 1. QED.

4.4. Endemic equilibrium points

We can solve equation (6) in terms of the force of infection λH = βH
(UH + κ1AH)

NH
to find the conditions for the existence of an equilibrium, and for which HIV is240

endemic in a population.

Equating the right-hand side of equations (6) to zero, solving, substituting

and writing in terms of the basic reproduction number ReH gives the endemic
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equilibrium point in terms of ReH as E∗H = (S∗, U∗H , A∗H , T ∗H), where

S∗ =
ΠΣ

µΣ + (ReH − 1)
, (16)

U∗H =
Π(ReH − 1)

(µ+ dUH + α1)(µΣ + (ReH − 1))
, (17)

A∗H =
α1Π(µ+ ν1)(ReH − 1)

(µ+ dUH + α1)(µ(µ+ dAH + ρ2) + ν1(µ+ dAH))(µΣ + (ReH − 1))
,(18)

T ∗H =
α1ρ2Π(ReH − 1)

(µ+ dUH + α1)(µ(µ+ dAH + ρ2) + ν1(µ+ dAH))(µΣ + (ReH − 1))
,(19)

λ∗H =
(ReH − 1)

Σ
, and Σ denotes the mean infective period given by

Σ =
1

(µ+ dUH + α1)

(
1 +

α1(µ+ ν1)

((µ+ ν1)(µ+ dAH) + µρ2)
+

α1ρ2

((µ+ ν1)(µ+ dAH) + µρ2)

)
.

The endemic equilibrium point E∗H must be positive since the model in (6)245

also keeps track of human population. We have from Equations (16) - (19) that

when ReH > 1, E∗H is positive and HIV is able to attack the population. That

is ReH > 1 shows the possibility of HIV to prevail in the community where

there is no syphilis infection.

We can summarize the uniqueness of the endemic equilibrium in Lemma 7.250

Lemma 7. The endemic equilibrium E∗H of model (6) exists and is unique if

and only if ReH > 1.

Proof. It is enough to show that the components of E∗H are positive only if

ReH > 1. We have the numerator and denominator of U∗H in Equation (17) to be

positive only when ReH > 1. Therefore, both the numerator and denominator255

of U∗H are non-zero and positive when ReH > 1. The same follows for S∗, A∗H

and T ∗H . QED.
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4.5. Global stability of the endemic equilibrium for HIV-only model

For the special case of when there is no HIV-related death (i.e dUH = dAH =

0), the model in (6) becomes260

dS

dt
= Π− (µ+ λH)S,

dUH
dt

= λHS − (µ+ α1)UH ,

dAH
dt

= α1UH + ν1TH − (µ+ ρ2)AH , (20)

dTH
dt

= ρ2AH − (µ+ ν1)TH .

The new model (20) has a similar unique endemic equilibrium as model (6), but

with dUH = dAH = 0.

Let ΞH0 =
{

(S,UH , AH , TH) ∈ Ξh : UH = AH = TH = 0
}

and ReH0 = ReH |dUH=dAH=0.

We claim Lemma 8.

Lemma 8. The endemic equilibrium of HIV-only model 20 is globally asymp-265

totically stable in ΞH \ ΞH0 whenever ReH0 > 1.

Using a regular perturbation argument together with Liapunov function the-

ory as was done in [8], it is easy to show the proof of (8) for the case of when

dUH ≥ 0, dAH ≥ 0 but small.

In summary, the HIV-only model in (3) has a globally asymptotically stable270

disease-free equilibrium whenever ReH < 1, and a unique endemic equilibrium

whenever ReH > 1. This unique endemic equilibrium is globally asymptotically

stable whenever ReH0 > 1 (the case of dUH = dAH = 0).

4.6. Sensitivity analysis of ReH

Firstly, we investigate the effect of treating HIV on the dynamics of HIV

by the elasticity of ReH with respect to ρ2. From Equation (9), we use the

approach in [11, 9, 15] to compute the elasticity ([13]) of ReH with respect to

ρ2 as:

ρ2

ReH
∂ReH
∂ρ2

= − α1κ1µρ2(µ+ ν1)(
(µ+ ν1)(µ+ dAH) + µρ2

)(
(µ+ ν1)(µ+ α1κ1 + dAH) + µρ2

) .
(21)
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Equation (21) is used to measure the impact of a change in ρ2 on a proportional275

change in ReH . Equation 21 suggests that an increase in the rate of treatment

of HIV always lead to decrease of ReH , indicating a positive impact on the

control of HIV infection in the community.

Figure 3a shows the effect of increasing treatment of HIV in the community.

The figure predicts that even though increasing the number of cases treated280

can positively impact HIV epidemics by reducing the reproduction number, but

elimination may only be achieved with aggressive treatment (i.e ρ2 = 50 means

treat all diagnosed cases every week). Note that based on Equation (10), no

matter how high we increase ρ2, BU will not be affected, which indicates that

elimination of HIV requires more than increasing the number of cases treated,285

and may never be achieved by increasing ρ2 if BU > 1.

Secondly, we investigate the effect of testing HIV on the dynamics of HIV

by the elasticity of ReH with respect to α1. From Equation (9), we use the

approach in [11, 9, 15] to compute the elasticity ([13]) of ReH with respect to

α1 as:

α1

ReH
∂ReH
∂α1

=
α1κ1(µ+ ν1)(µ+ dUH)− α1

(
(µ+ ν1)(µ+ dAH) + µρ2

)
(µ+ dUH + α1)

(
(µ+ ν1)(µ+ α1κ1 + dAH) + µρ2

) . (22)

Equation (22) is used to measure the impact of a change in α1 on a proportional

change in ReH . Equation (22) suggests that an increase in the rate of testing

HIV will have a positive impact in decreasing ReH and reducing HIV burden

only if the numerator of Equation (22) is negative, i.e. if

κ1(µ+ ν1)(µ+ dUH)−
(

(µ+ ν1)(µ+ dAH) + µρ2

)
< 0

Figure 3b shows the effect of increasing testing of HIV in the community. The

figure predicts that increasing the number of cases tested could positively impact

HIV epidemic by reducing the reproduction number, but elimination will never

be achieved with testing alone. Note that based on Equation (10), no matter290

how high we increase α1, there will always be an asymptote of BA for α1 →∞.

This indicates that elimination of HIV requires more than increasing the number
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of cases tested, and may never be achieved by increasing α1 if the asymptote of

BA > 1.

Thirdly, we investigate the effect of the rate of treatment failure on the

dynamics of HIV by the elasticity of ReH with respect to ν1. We compute the

elasticity ([13]) of ReH with respect to ν1 as:

ν1

ReH
∂ReH
∂ν1

=
α1κ1ν1µρ2(

(µ+ ν1)(µ+ α1κ1 + dAH) + µρ2

)(
(µ+ ν1)(µ+ dAH) + µρ2

)
(23)

Equation (23) is used to measure the impact of a change in ν1 on a proportional295

change in ReH . Equation (23) suggests that a decrease in the rate of treatment

failure always lead to a decrease of ReH , indicating a positive impact on the

control of HIV in the community.
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Figure 3: Impact of increasing testing rate α1, treatment rate ρ2 and rate of treatment failure

ν1 on HIV reproduction number ReH , with all parameters as in Table 2 except for βH = 0.4.

The red line shows when ReH = 1.

Figure 3c shows the effect of treatment failure on the dynamics of HIV

in the community. This Figure predicts that increasing the rate of treatment300

failure (time retained on treatment) could negatively impact HIV epidemics by

increasing the reproduction number and possibly increasing HIV epidemics.
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5. Analysis of the HIV-syphilis model

Having analyzed the two sub-models, we have the full HIV-syphilis model as

in (2). From the equation of N that denotes the total population as in Equation

(1), it follows that

dN

dt
= Π− µN − dUHUH − dAHAH − dUSHUSH − dASHASH ≤ Π− µN, (24)

and (24) implies that lim
t→∞

supN(t) ≤ Π

µ
. Therefore the dynamics of sys-

tem (2) will be studied based on biological consideration in the region Ξ =305 {
(S, IS , UH , AH , TH , USH , ASH , TSH) ∈ R8

+ : N ≤ Π
µ

}
, which is easy to show

as being positively invariant with respect to the model. Similarly, we can con-

sider model (2) to be epidemiologically and mathematically well posed with all

variables and parameters being positive for all time series as in [20].

5.1. Disease free equilibrium point (DFE) of the full HIV-syphilis model310

We have the disease free equilibrium when IS = UH = AH = TH = USH =

ASH = TSH = 0 in model (2). This gives

E0 = (S0, I0S , U0H , A0H , T0H , U0SH , A0SH , T0SH) =

(
Π

µ
, 0, 0, 0, 0, 0, 0, 0

)
.

5.2. Effective reproduction Number Re

We have the effective reproduction number for the full model to be Re .

Using the next generation method in [20, 42], we can show that the effective

reproduction number for the full HIV-syphilis model (2) is given by

Re = max

{
βS

(µ+ σ1)
,

βH ((µ+ ν1)(µ+ α1κ1 + dAH) + µρ2)

(µ+ dUH + α1) ((µ+ ν1)(µ+ dAH) + µρ2)

}
, (25)

We can establish the local stability of the disease free equilibrium (E0) using

Lemma 9 which follows from [20] and Theorem 2 of [42].

Lemma 9. The DFE E0 of model (2) is locally asymptotically stable (LAS) if

Re < 1 and unstable otherwise.315
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Biological interpretation of Re < 1(ReS < 1 & ReH < 1) means that we can

eliminate both diseases from the population if the initial sizes of the population

are in the attraction region Ξ.

In the section below, we show that the elimination of HIV and syphilis

epidemics is independent on the initial sizes of the populations by showing the320

global stability of the DFE E0.

5.3. Global stability of the disease-free of the full HIV-syphilis model

We claim the result in Lemma 10 from Lemmas 2 and 6.

Lemma 10. The DFE E0 of model (2) is globally asymptotically stable if Re <

1 and unstable otherwise.325

5.4. Endemic equilibrium point of the full HIV-syphilis model

The computation of the endemic equilibrium of the full HIV-syphilis model

is analytically complicated, and therefore the endemic equilibria of model (2)

corresponds to;

1. E1 = (S1, IS1, 0, 0, 0, 0, 0, 0), the HIV free equilibrium, where330

E1 =

(
Π

µReS
,

Π(ReS − 1)

µReS
, 0, 0, 0, 0, 0, 0

)
, (26)

This exists when ReS > 1. The analysis of the equilibria E1 is similar to

the endemic equilibria E∗S in equation (4).

2. E2 = (S2, 0, UH2, AH2, TH2, 0, 0, 0), the syphilis free equilibrium, where

S2 =
ΠΣ

µΣ + (ReH − 1)
,

UH2 =
Π(ReH − 1)

(µ+ dUH + α1)(µΣ + (ReH − 1))
,

AH2 =
α1Π(µ+ ν1)(ReH − 1)

(µ+ dUH + α1)(µ(µ+ dAH + ρ2) + ν1(µ+ dAH))(µΣ + (ReH − 1))
,(27)

TH2 =
α1ρ2Π(ReH − 1)

(µ+ dUH + α1)(µ(µ+ dAH + ρ2) + ν1(µ+ dAH))(µΣ + (ReH − 1))
,

This exists when ReH > 1. The analysis of the equilibria E2 is similar to

the endemic equilibria E∗H in equations (16), (17), (18) and (19).335
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3. E3 = (S3, IS3, UH3, AH3, TH3, USH3, ASH3, TSH3), the HIV-syphilis co-

interaction equilibrium.

We summarize the existence of the disease free equilibrium points in the follow-

ing theorem:

Theorem 11. The system of equations (2) has the following disease free equi-340

librium points:

1. E0S which exist when ReS < 1.

2. E0H which exist when ReH < 1.

3. E0 which exists when ReS < 1 and ReH < 1, i.e. Re < 1.

We similarly summarize the existence of the endemic equilibrium points in the345

following theorem:

Theorem 12. The system of equations in (2) has the following endemic equi-

librium points:

1. E∗S or E1 which exist when ReS > 1.

2. E∗H or E2 which exist when ReH > 1.350

3. E3 which exists when ReS > 1 and ReH > 1, i.e. Re > 1. A detailed ex-

planation of E3 will be given in our numerical simulations. These endemic

equilibria will be explored and justified using numerical simulations. Our

numerical simulations will also explore epidemiological scenarios when

(a) ReH > 1 and ReS < 1,355

(b) ReH < 1 and ReS > 1.

6. Numerical simulations of the full model

In order to illustrate the results of the preceding analysis, the full HIV-

syphilis model (2) is numerically simulated using R programming language and

ggplot2 [43, 45]. Unfortunately, we are unable to calibrate the model to data360

as a result of the complexity of our model and unavailability of data on HIV-

syphilis co-interaction, but we make assumptions of parameters for illustrative
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purposes. Hence the shape of the figures or time of epidemic take-off in our

simulations may change if the model is fitted or calibrated to the data of a

particular region. We suggest that this theoretical study be seen as a guide for365

future research and data collection.

Initial conditions used are:

(S(0), IS(0), UH(0), AH(0), TH(0), USH(0), ASH(0), TSH(0)) = (5500, 6, 7, 5, 3, 4, 3, 2)

(28)

which indicate the presence of both diseases in the community,

(S(0), IS(0), UH(0), AH(0), TH(0), USH(0), ASH(0), TSH(0)) = (5500, 0, 7, 5, 3, 0, 0, 0)

(29)

which indicate the presence of only HIV infection in the community, and

(S(0), IS(0), UH(0), AH(0), TH(0), USH(0), ASH(0), TSH(0)) = (5500, 6, 0, 0, 0, 0, 0, 0),

(30)

which indicate the presence of only syphilis infection in the community. Param-

eters in Table (2) are also used, except otherwise stated.

Table 2: Model parameters and their interpretations.

Symbol Parameter Value(yr−1) Source

Π Recruitment rate estimated from N ≤ Π/µ 100

µ Natural mortality rate 0.017 corresponds to the

life expectancy of 58.8 years

0.017 [17]

dUH death rate due to unaware HIV infection in mono-

infected individuals

0.094 [39]

dAH death rate due to aware HIV infection in mono-

infected individuals

0.094 [39]

dUSH death rate due to unaware HIV infection in co-

infected individuals

0.094 [39]

dASH death rate due to aware HIV infection in co-

infected individuals

0.094 [39]
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βS Transmission rate for syphilis infection. This is

the product of the probability of syphilis trans-

mission from one contact between individuals in S

and in other syphilis infected compartments (IS ,

USH , ASH , TSH), and the number of contacts per

year per individual

Variable

βH Transmission rate for HIV infection. This is the

product of the probability of HIV transmission

from one contact between individuals in S and in

other HIV infectious compartments (UH , USH ,

AH , ASH), and the number of contacts per year

per individual

Variable

σ1 Testing and treatment rate of syphilis among

mono-infected males in the class IS . The value

4year−1 means the average time for diagnosis and

treatment is 1/σ1 = 1/4 year = 3 months.

4 [31]

σ2, σ3, σ4 Testing and treatment rate of syphilis among HIV

infected males in classes USH , ASH , TSH respec-

tively. The value 4year−1 means the average time

for diagnosis and treatment is 1/σ4 = 1/4 year

= 3 months.

4, 4, 4 [31]

ρ2 Treatment initiation rate of HIV. The value

2.5year−1 means the time from HIV diagnosis to

treatment initiation among mono-infected males

in the class AH is 1/ρ2 = 1/2.5 year = 4.8

months.

2.5 Assumed

ρ1 Treatment initiation rate of HIV. The value

2.5year−1 means the time from HIV diagnosis to

treatment initiation among co-infected males in

the class ASH is 1/ρ1 = 1/2.5 year = 4.8 months.

2.5 Assumed
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ν1, ν2 Rate of treatment failure for mono and coinfected

individuals in classes TH and TSH respectively.

The value 0.9375year−1 means the time retained

on HIV treatment for mono-infected and coin-

fected males is 1/νi = 1/0.9375 year = 12.8

months for i = 1, 2. That is, HIV infected males

on treatment spend at least 12.8 months before

going off treatment

0.9375, 0.9375 [44]

η1, η2, η3 Modification parameters accounting for the

higher risk of syphilis acquisition for people living

with HIV in classes UH , AH , TH respectively

2.237, 2.237, 2.237 [25]

γ Modification parameters accounting for the

higher risk of HIV acquisition for people living

with syphilis in the class IS

2.5 [6, 21, 23,

24, 32]

φ1, φ2, φ3 Modification parameters accounting for the

higher risk of syphilis transmission for coin-

fected individuals in classes USH , ASH , TSH re-

spectively, compared with individuals monoin-

fected with syphilis in the class IS

2.867, 2.867, 2.867 [29]

κ1 Modification parameter accounting for the risk of

HIV transmission for individuals mono-infected

with HIV and aware (AH), compared with in-

dividuals mono-infected with HIV and unaware

(UH). We assume that the risk of transmitting

HIV among UH is not significantly different from

AH

1.0 Assumed

κ2, κ3 Modification parameters accounting for the

higher risk of HIV transmission for individuals

coinfected with HIV (USH , ASH), compared with

individuals monoinfected with HIV (UH)

2, 2 [3, 32]
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α1 Progression (testing) rate for individuals mono

infected with HIV in the class UH . The value

0.5year−1 means the time from HIV infection to

diagnosis is 1/α1 = 1/0.5 year = 2 years.

0.5 [41]

Figure 4 shows the HIV and syphilis epidemics with initial condition (28) and

parameters in Table (2). If the reproduction number is less than unity (ReH =370

0.139 < 1,ReS = 0.025 < 1,Re = 0.139 < 1) due to smaller transmission

rates of HIV and syphilis (βH = 0.02, βS = 0.1), the number of individuals

living with HIV and/or syphilis decreases and converges to the asymptotically

stable disease-free equilibrium (Figure 4a). Biologically, both diseases go to

extinction and the epidemics of HIV and syphilis die out in the community. In375

contrast, if the transmission rates are larger (βH = 0.4, βS = 5.0) and Re > 1

(ReH = 2.780 > 1,ReS = 1.245 > 1,Re = 2.780 > 1), the number of infected

individuals converges to the HIV-syphilis endemic equilibrium (Figure 4b). This

biologically means that the epidemics of both HIV and syphilis persist in the

community. The simulations are consistent with Lemma 9 and Theorem 12.380

Furthermore, Figure 5 shows the HIV and syphilis epidemics with initial

condition (28). If the reproduction number of syphilis is greater than unity

(ReH = 0.139 < 1,ReS = 1.245 > 1,Re = 1.245 > 1) due to a larger transmis-

sion rate of syphilis (βH = 0.02, βS = 0.5), then the reproduction number of

the co-infection system is greater than unity. The number of individuals mono-385

infected and co-infected with HIV persists for a long time and then decreases

slowly to zero because of the long life time of people living with HIV (Figures

5A and 5B). The number of individuals mono-infected with syphilis increases

(Figure 5C) and then becomes stable after about 6 years (the zoomed-in plot of

IS in Figure 5C) to converge to the asymptotically stable syphilis endemic equi-390

librium showing one possibility of Theorem 12, (3b). This biologically means

that with our choice of parameters and over a long period of time, a community

with smaller transmission rate of HIV and larger transmission rate of syphilis

will experience syphilis epidemics, while the epidemic of HIV will die out. In
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this case, the maximum reproduction number of the HIV-syphilis full model will395

be the reproduction number of the syphilis sub-model.

Figure 6 similarly shows the HIV and syphilis epidemics with initial condition

(28). If the reproduction number of HIV is greater than unity (ReH = 2.780 >

1,ReS = 0.025 < 1,Re = 2.780 > 1) due to a larger transmission rate of

HIV (βH = 0.4, βS = 0.1), then the reproduction number of the co-infection400

system is greater than unity . The number of individuals mono-infected and co-

infected with syphilis decrease to zero (Figures 6B and 6C) in less than 2 years

(the zoomed-in plot of IS in Figure 6C) since syphilis is curable. The number of

individuals mono-infected with HIV infection first increase to a maximum value

and then decrease to converge to the asymptotically HIV endemic equilibrium405

(Figures 6A) showing one possibility of Theorem 12, (3a). This biologically

means that with our choice of parameters, a community with larger transmission

rate of HIV and smaller transmission rate of syphilis will experience the HIV

epidemic, while the syphilis epidemic will die out. In this case, the maximum

reproduction number of the HIV-syphilis full model will be the reproduction410

number of HIV sub-model.
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Figure 4: Number of HIV infected individuals (green) and syphilis infected individuals (red)

based on initial condition (28) and parameters in Table 2, with different transmission rates

and reproduction number: βH = 0.02, βS = 0.1,Re = 0.139 (left); βH = 0.4, βS = 5.0,Re =

2.780 (right).

Figure 7 shows the impact of the presence of one disease on the other in
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a community where either one or both diseases persist at the initial stage of

the epidemic. Figure 7a shows the number of individuals living with HIV using

initial conditions (28) (blue line) and (29)) (red line). It is worth noting that415

the steady state in blue line is about 5% higher than the one in red line, which

indicates that, for the same community, the presence of syphilis infection is likely

to enhance the HIV prevalence in comparison to no syphilis infection and efforts

towards eradicating syphilis infection may in turn decrease HIV prevalence.

Figure 7b shows the number of individuals living with syphilis using initial420

conditions (28) (blue line) and (30)) (red line). Similarly, it is worth noting

that the steady state in blue line is about 30% higher than the one in red line,

which indicates that, for the same community, the presence of HIV infection

is likely to enhance the syphilis prevalence in comparison to no HIV infection

and efforts aim at decreasing or eradicating HIV infection will in turn decrease425

syphilis prevalence.
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Figure 5: Using the initial condition in (28) with βH = 0.02 and βS = 5.0, the figure shows

dynamics of HIV mono-infected individuals (UH + AH + TH) (A), co-infected individuals

(USH +ASH + TSH) (B), and syphilis mono-infected individuals (IS) (C).
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Figure 6: Using the initial condition in (28) with βH = 0.4 and βS = 0.1, the figure shows

dynamics of HIV mono-infected individuals (UH + AH + TH) (A), co-infected individuals

(USH +ASH + TSH) (B), and syphilis mono-infected individuals (IS) (C).

0

1000

2000

3000

4000

0 40 80 120

Time (years)

H
IV

 i
n

fe
c

te
d

 P
o

p
u

la
ti

o
n

(a) Population of HIV positive individ-

uals

0

1000

2000

3000

4000

0 40 80 120

Time (years)

S
y

p
h

il
is

 i
n

fe
c

te
d

 P
o

p
u

la
ti

o
n

(b) Population of syphilis positive in-
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Figure 7: Prevalence of HIV and syphilis with βH = 0.4 and βS = 5.0 (ReH = 2.780 >

1,ReS = 1.245 > 1,Re = 2.780 > 1). (a) Figure 7a shows the prevalence of HIV with

syphilis at the initial stage of the epidemic (initial condition (28), blue dashed line) and

without syphilis (initial condition (29), red solid line). (b) Figure 7b shows the prevalence of

syphilis infection with HIV at the initial stage of the epidemic (initial condition (28), blue

dashed line) and without HIV (initial condition (30), red solid line).
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7. Discussion and conclusion

We presented a mathematical model that rigorously analysed the co-interaction

of HIV and syphilis infections in the presence of treatment of both diseases.

We carried out the stability analysis of disease-free and endemic equilibra, and430

showed that

(a) disease-free equilibra for sub-models and the full model were locally and

asymptotically stable whenever their respective reproduction numbers are

less than unity.

(b) endemic equilibra for sub-models and the full model were locally and asymp-435

totically stable whenever their respective reproduction numbers are greater

than unity.

(c) increasing testing and treatment rate of mono-infected individuals with

syphilis may bring the reproduction number of syphilis below unity, and

thereby eradicating the disease among mono-infected individuals in the com-440

munity.

(d) increasing the testing rate, treatment rate and reducing the rate of treat-

ment failure for mono-infected individuals impact HIV epidemic by lowering

the reproduction number of HIV, but may not be able to eradicate the dis-

ease in the community.445

Despite the limitations of assuming homogeneous mixing populations and us-

ing parameter values from published articles, our results and analyses of the

reproduction number indicated that

(a) HIV infection increases syphilis prevalence and vice versa.

(b) we could bring the reproduction number of syphilis below unity if syphilis450

is tested and treated more, but testing and treating cases of HIV alone may

not be sufficient to bring down the prevalence of HIV as this may depend on

some other factors, for example, some parameters in Equation (10) (lower

HIV-related death, increase time retained on treatment and so on).
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Great attention have not been given to the negative effect of the co-interaction455

of HIV and syphilis globally, and there are not many mathematical models

that considered synergistic interactions with treatment of both diseases among

gbMSM population. Even though our approach is similar to those considered

in the literature [18, 11, 9, 12, 30, 40, 31, 5] in terms of the joint dynamics of

both diseases, but treatment of both HIV and syphilis infections among gbMSM460

population is an essential difference that none of those studies examined. Our

model can be extended to include general population, and can also be stratified

into different age group or risk level.
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