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The traditional paradigm of Markowitz—Sharpe diversification stipulates the partition of wealth among the
universe of all available investments. For an investor with constant relative risk aversion (CRRA) preferences,
the optimal constantly rebalanced allocation is invariant in the dimension of time. In this paper the implications
of reshuffling an investor’s entire wealth among asset classes according to the stochastic outcome of a Bernoulli
(zero or one) random variable is examined. In other words, at any point in time the investor is in only one,
albeit random, asset class. The Bernoulli random variables can be constructed so that the investor obtains the
exact same level of expected wealth as the ‘constantly rebalanced’ strategy. Over time, by the law of large
numbers, this portfolio becomes randomly diversified. Technically, the probability density function (pdf) of the
‘constantly rebalanced” strategy in continuous time is derived using a new proof that does not require Ito’s
lemma. The pdf of the randomized Bemoulli strategy (RBS) in continuous time is then derived and contrasted
with the pdf arising from ‘constantly rebalanced’ diversification. It is shown that the two pdfs have the same
probabilistic functioned form, namely, the log normal distribution, albeit with different parameter values.
Although both strategies share the same expected value, the variance and skewness of the Bernoulli strategy is
greater than its continuously rebalanced counterpart. Investors with mean-variance or CRRA utility will avoid
randomization. However, those with a partially convex utility function or a preference for skewness are likely to
select this strategy. As a by-product, an analytic expression is provided for the market timing penalty of a
strategic asset allocator whose decisions are based on pure noise. Also provided is an application to the pricing
of a second generation exotic option where the payoff function depends on the stochastic combination of two
underlying assets.
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1. Introduction

Every student of investment theory is taught don't put all your eggs in one basket. This
conventional wisdom can be traced back to Talmudic literature but was given a sound mathematical
foundation by Markowitz (1952) in the context of mean-variance portfolio construction. In its
normative incarnation, prudent diversification implies partitioning wealth across the universe of
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available investment assets in order to maximize expected returns per unit of financial risk. The
actual percentage allocated to any specific asset is a functton of the investment’s statistical
parameters and the investor’s attitude towards risk as embodied by a von Neuman-Morgenstern
utility function. Indeed, under standard assumptions, economic theory dictates that the optimal
constant relative risk aversion (CRRA) utility maximizing asset allocation is independent of the
investor’s planning horizon and should be maintained at a constant fixed rebalanced proportion over
time.

Samuelson (1969) and Merton (1971) showed that investors exhibiting standard isoelastic
preferences will allocate a fixed proportion of their wealth to a risky asset (versus a safe asset)
regardless of the investment horizon under consideration. In fact, Samuelson used these results to
argue convincingly that under the standard geometric Brownian motion assumptions for security
market dynamics, there is no theoretical justification for the well-known phrase: businessman risk.
Thus, for example, a typical normative approach to asset allocation is to advise a highly risk averse
(conservative) investor to place 80% of his or her wealth in low-risk assets and the remaining 20% in
high-risk assets. Likewise, those who are less risk averse are advised to place 60% in low-risk assets
and 40% in high-risk assets, and so on. Regardless, of the actual numbers the financial economist will
argue that these ratios should be strictly maintained over time, notwithstanding any other exogenous
factors. The argument being that this fixed allocation is the ‘best’ among all possible choices because
it results in the greatest expected utility.

We, on the other hand, investigate the exact opposite behaviour. Namely, what are the implications
of using the law of large numbers to diversify risk? In other words, we will quantify the
ramifications of pure random diversification.

In the last few decades, the electrical engineering community has developed innovative statistical
algorithms to solve complex decision theory problems via randomized preference criteria. Under this
approach, originating with the work by von Neuman—Morgenstern in the mathematical theory of
games, an individual faced with a repetitive selection problem may find it optimal to behave randomly.
There are dilemmas that are best solved by simply flipping a coin. This counterintuitive phenomena
has found widespread and fruitful applications in many diverse areas of applied mathematics and
engineering control theory but has yet to be coherently applied in the area of financial markets and
portfolio selection. In this paper we intend to demonstrate that suitably constructed randomized
decision rules can produce long-term investment results that are quite similar to, albeit riskier than,
classical methods.

For example, under suitable technical restrictions, the above-mentioned risk averse investor, may
consider the following trivial sequential investment strategy: at the beginning of each trading period
the investor should generate a binary (zero or one) random number from a distribution with
parameters 0.8 and 0.2, respectively. If the observed realization is the number zero (which occurs
with 0.8 probability) the investor should put all of his or her wealth into the low-risk investment. If,
on the other hand, the observed realization is the number one (which occurs with 0.2 probability) the
investor should put all of his or her wealth into the high-risk investment. Basically, the investor will
toss a biased coin in order to determine the optimal asset allocation, Over time, the law of large
numbers guarantees that the investor will (almost surely) be 80% in the low-risk asset and 20% in
the high risk asset. We refer to this as randomized diversification: in the long run, the portfolio
becomes diversified.

Here is an example in which each row represents the return from one (monthly) period:
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Asset X Asset ¥ 30/70 mix 30/70 coin toss Bernoulli
—4.9% —4.1% —4.4% Heads —4.9%
+2.0% +3.3% +2.9% Tails +3.3%
+1.7% +5.1% +4.1% Tails +5.1%
—8.2% +5.3% +1.2% Tails +5.3%
—4.7% —0.1% -1.5% Heads —4.7%
—5.8% +5.8% +2.3% Tails +5.8%
+4.7% —0.9% +0.8% Tails —0.9%
—0.7% +7.0% +4.7% Heads -0.7%
+3.2% —4.2% -2.0% Tails —4.2%
—0.2% +2.3% +1.6% Heads —0.2%

Consequently, the total (compound) return from asset X is —12.9%, from asset Y is +20.4%, from the
30/70 mix is +9.7% and from the Bernoulli randomized strategy is +19.7%. In this particular case, the
Bemnoulli strategy produced a return that is better than the 30/70 diversified portfolio. Of course, the
small sample size prevents us from using the example for anything more than a simple illustration,
Indeed, it is quite possible that another realization will preduce returns with the exact opposite result.
Consequently, the main objective of this paper is to investigate the probabilistic implications of using a
Bernoulli randomized strategy, repearediy. )

Our main conclusion is that although the functional form (and expected value) of the randomized
Bernoulli strategy is identical (in continuous time) to that of the classically diversified portfolio, its
variance is larger. Thus, indeed, although randomization may be used as a substitute for asset
diversification, it is an inherently riskier strategy. This fact was observed by Dybvig (1938).
Our approach is similar in spirit to the strictlty deterministic work of Jammernegg (1988). He
investipates sequential binary investment decisions as a one-armed-bandit problem in a Bayesian
stop—loss strategy framework. We, on the other hand, introduce randomness as part of the decision
criteria.

Samuelson (1990) and Dybvig (1988) demonstrated that the above mentioned strategy will result
in lower expected (risk averse) utility compared to an equivalent buy-and-hold strategy owing to the
excess variance. However, once again, his result applies only to investors with constant relative risk
aversion (CRRA) utility. Gollier (1996) proved that any decision maker exhibiting second-degree
stochastic dominance would shun a binary strategy. However, investors that have a preference for
skewness may prefer the larger variance of the randomized strategy, even though the expected values
are the same.

As an additional by-product, we are able to provide an analytic expression for the market timing
penalty of a strategic asset allocator whose decisions are based on pure noise. This result is similar
in spirit to the work by Butler et al. (1995) in that they derive the mean and variance of the
distribution of returns for the market timer who does not possess timing skills. We go one step
further in that we are able to derive the actual statistical distribution of such a strategy which can
then be used to risk-adjust any market timers ex-post performance.

For example, after observing the market timers investment return, we can compute the probability
of observing such a performance under the null hypothesis of a randomized Bernoulli strategy. If the
hypothesis is rejected, one can conclude that the market timer has intrinsic skill. Otherwise, we
attribute it to chance.
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The remainder of this paper is organized as follows. In Section 2 we formally introduce the
concept of a randomized Bernoulli strategy in discrete time, contrast it with the classical portfolio
allocation and then shift the discussion to continuous time. Section 3 provides a derivation of the
density function of the continuously rebalanced static portfolio which can be directly compared with
its randomized equivalent.! In Section 4 we derive the density function of the randomized strategy
and prove that it is lognormal. Section 5 describes some implications of the randomized strategy and
Section 6 will conclude the paper.

2. Notation and general framework

In this section we describe the mechanics of constructing a randomized portfolio in the pedagogically
attractive discrete time. Once the main intuition has been acquired, we shift the discussion to the more
convenient (and elegant) continuous time.

First some notation and mathematical facts. B(m, p} denotes the Binomial Distribution. B(p)
denotes the Bemoulli distribution. LN(y, 02) denotes the lognormal distribution and N(u, 0?)
denotes the normal distribution. The expected value of the binomial distribution: E[B(m, p)] = mp.
The second moment of the binomial distribution: E[(B(m, p))*] = mp. The expected value of
the normal distribution: E[N(, 0%)] = u. The second moment of the normal distribution:
E[(N(x, 6%))*] = (u* + 0?). The expected value of the lognormal distribution: E[LN(x, 0%)] =
exp(# + Jo?). The second moment of the lognormal distribution: E[(LN(, 0?)y*] = exp(2u + 202).

We begin our analysis of randomized strategies by selecting (only) two risky assets. The
discussion can be generalized to any number of assets, but the main intuition remains the same. The
dynamics of the asset classes are as follows.

X ~ LN(g,, 02) is the one-plus tate of return (one period wealth relative) from the first asset
class. Y ~ LN(y " 2) is the one-plus rate of return (one period wealth relative) from the second
asset class.> For equlhbnum reasons i, > u, implies that o, >0 ,.> For simplicity we assume an
investor with an initial wealth of one dollar.

Now, we define the random variable

Ry = Q(B;(p)x,- +(1 - B(p)Y)

to be the wealth relative, at time period m, from the randomized portfolio. It constitutes the product
of the random sum of two independent random variables. The sequence of independent Bernoulli
random variables is independent of the wealth relatives. At the start of each period, all wealth is

"As a byprgduct we produce an altenative proof to the weil-known fact that the continuously rebalanced portfolio of
lognormal random variables is lognormal.

2 Throughout this paper, we have assumed that the asset returns were uncorrelated. This assumption is without loss of
generality and does not affect our results. If there is non-zero correlation, then it is easy to derive the corvection to the
parameters as stated in our theorems. Correlation, however, does play a profound part in the results of Markowitz.

3In theory, &, can be zero to create one risk-free and one risky asset.
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invested in either asset X or asset Y. At the end of the period the asset is sold. For the sake of
comparison, we define

Sm = g(px,- +(1 - pY)

to be the wealth relative, at period m, from the classical fixed portfolio. The key distinction between R,
and S, is that B;(p) is substituted for p.

Fact1. The conditional distribution,

R,|B(m, p) = b ~ LN(bg; + (m — bu,, b’ + (m — b)o?)

Even though the ‘fixed’ weighted average of two lognormal random variables is nof lognormal,
the ‘random’ weighted average of two lognormal random variables is lognormal, conditional on
knowing the outcomes of the Bernoulli tosses. The intuition for this can be acquired by recalling
that the product of lognormal random variables is itsetf lognormal. Thus, for example, if B4, p) =2
one possible construction (realization) of R4 is X, Y>Y;X,y. Another possible construction of R, is
Y, Y2XuXy, etc. Either way, Ry is a product of lognormal variables,

Fact2. E[R,]= E[Sn].

Proof. By independence,

E[R,] = E|{[[B«2)X: + (1 - B(p))Y:) | = [ ] EIBA2)X; + (1 - B(p))Y))]
=1 i=1

=[] EloX: + (1 - p)Y0)} = E[Sn)
i=1

Fact3. varfR,]> var[S,]

Proof. Let EX;=p;, EX: =0?+u}, EY;=uy, and EY? =03+ 4}. Since, by construction
EfR,] = E[8,], it is only required to show that the second moment of R,, is greater than the second
moment of S,,. First note that,

E[BAP)X; + (1 — B{p)Y:Y'] = E[BAp)’X?] + E[(1 — BAp))*Y?] + 2E[Bi(p)(1 ~ B p))X,Y/]
= pE[X!1+ (1 - p)E[Y?]
= p(d + o) + (1 - p)3 + 03)

Also,
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E[(pX; + (1 — p)Y)'] = pPPEIX2] + (1 — pYE[Y?] + 2p(1 — p)E[X;]E[Y]
= Pl + 0D + (1 - pYd +03) + 2p(1 — plures

= p*a? + (1 - pYol + (pur + (1 — phus)?

Hence,

E[Bdp)X; + (1 - B{p)Y:P) - E[(pXi + (1 — p)YP’] = p(1 — p)o? + 62 + (1 — u2)?) >0
It then follows that

E[R,] = E|[[B«p)X: + (1 - B(p)Y.)?
=1
= [1 El®4p)X: + (1 - Bi(p)Y:)]
i=1

> ElpX: + (1 - p)¥)*] = E[S2]
i=1

I=

|

The expected return from the randomized strategy is equal to the expected return from the
constantly rebalanced strategy. The variance from the randomized strategy is greater than the
variance of the constantly rebalanced strategy. Thus, in the context of the efficient frontier, the
randomized strategy is mean-variance inefficient. However, we must be very careful not to conclude
that the static strategy stochastically dominates the randomized strategy. One must remember that the
two strategies (in discrete time) do not share the same statistical distribution and hence cannot be
compared via dominance. Indeed, it is only an individual with quadratic utility (function of the first
two moments) that will shun the dynamic strategy based on mean and variance alone. A rational
economic agent with preferences that depend on more than just the first two moments, perhaps
valuing skewness, will be faced with a non-trivial decision.

3. Derivation of constant rebalanced portfolio wealth in continuous time

In this (and the next) section we formulate all portfolio strategies in discrete time and take limits to
continuous time. From this point onward we will use the notation

X; ~ LN(u,/n, 6/ n)
Y; ~ LN(u,/n, 02 /n)

for the individual assets. It is implicitly understood that these random variables are functions of 7. The
main quantity of interest is the random variable:

81 = [Iex: + (1 - pY)
i=1
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which represents the (limiting) distribution of the rate of return of the static portfolio over one time
period. More generally, we can define

Tn
Sz = [JeXi + (1 - pY)

=1

as the (limiting) distribution of the total return of the static portfolio over the period T.

The following theorem is an alternative proof to the well-known fact, see for example Rubinstein
(1991), that constantly rebalanced portfolios of lognormal assets are themselves lognormal. In
contrast to the Rubinstein (1991) methodology, our proof requires no knowledge of stochastic
processes or lto’s Lemma.

Theorem 1. As n — oo

n
lim $; = lim J[(2X:+(1 - p)Y))
i=1

R—=00

p(1 — pXai+ o)
NLN(P.ux +(1 - puy + o Proy +(1 - pylo),

Proof. First consider the binomial expansion of

H

(PXi +(1 = PY)" = Z( ; )(px,-)f((l — PV

=0

= Z( " )pf(l - Xy

=AY

= /nY . . .
-y Z( .)pf(l — PIYY
=AY

= Y7 E[(X;/Y:)*|X;, Yi]; b~ B(n, p)
~ Y] EIXi/Y)° Xy, Y1 b~ N(np, np(1 — p))

{by the Demoivre—Laplace theorem (Feller 1968, p. 182) and

where the approximation becomes equality in the limit)

= Y] exp[nplog[X;/ Y] + (np(1 — p)/2)log’[X;/Y{]]

= XPY"P expl(np(l — p)/2)log*[X,/ Y]]
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Next, examine the product

» n i/n
[IwX:+ - pY) = (H(px,- +(1- p)Y;)")
j=1 =1

I
z:

X7y!" PH exp[ A=) 2x, /Y,]]

i=1
Note that

n
[1x7Y17? ~ LN(pus + (1 = Py, pP02 + (1 = p)o?)
i=1

and is, in fact, independent of n. Accordingly,
lim H(px +{1 - pY) = HxPY‘ ? lim H exp| B P ” ) log?[X;/ Y]
To complete the proof we need to show that
Jim ﬁ expl(p(1 — p)/2)10g’[X,/ Y]] = exp[p(1 — pNa: + 03)/2] in probability
To this end, we prove that

Z log [X,/Yi] — (0% + Oi) in probability

i=1

by observing the limiting form of the expected value and by noting that the variance and higher
moments go to zero. Alternatively, this last point can be verified by taking the limit of the characteristic
function. This completes the proof. O

As a corollary we conclude that

lim S = lim H(pX +(t = pY)

H—00

p(1 = p)T(o} +0?)
2

~LN(pTﬂx+(1 - )T, + ,PPTol+(1 —p)"‘Tai)

4. Continuous time randomized portfolios

We now investigate the random continuous time counterpart of the constantly rebalanced portfolio. We
assume an independent sequence of Bernoulli random variables {p;} ~ B,(p), with E[p;} = p. The
quantity of interest is the random variable:
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R = H(Pixi +(1 - p)Y;)
i1

which represents the (limiting) distribution of the rate of return of the Bernoulli random portfolio over
one time period. Alternatively, we can define

Tn
Ry = H(Pixi +(1 - p)Y))
i=1

as the (limiting) distribution of the total return of the Bernoulli portfolio over the period T The
following theorem, our main result, gives the limiting distribution of wealth for the Bernoulli portfolio.

Theorem 2

lim & = lim [J(p:Xi+ (1 = p)¥p) ~ IN(ppe + (1 = Pty pol +(1 = p)a’)
i=1

n—o0
in distribution.
Notice the distinction in the variance parameter. The continuously rebalanced portfolio, S from

Theorem 1, has the term p?62+ (1 — pz)oi, whereby the random portfolio has the larger term
poi+(l- p)ol.

Proof. The proof is constructed by observing the limiting form of the characteristic function of the log
wealth, ¢,(s).

n

¢a(s)=E [GXP [S log(p: X + (1 Pr')Yi)”

=1
= (Eexp[slog(p1 X1 + (1 — p1)¥1)])" independence
Eexp[slog(p X1 + (I — p1)11)] = pEexp[slog X1] + (1 — p)Eexp[slog Y1]
= pexplsu,/n+ szoi/(Zn)] + (1 - pyexplsu,/n+ szai(2n)]
Now observe that

log ¢n(s) = nlog(pexplspx/n+ s’0%/(2n)] + (1 — pexplsu,/n + s2a2/2m)])

which in the limit can be computed using L Hopitals rule.
lim log ¢ (5}
R—=00

- lim log(p explsu./n + 562 /(2n)) + (L ~ p)explsu,/n + s*a3 /(2m)])
e 1/n
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_ iy PEPLstx/m 4 5202 /(2m(sux + 526%/2) + (1 — p)explsu,/n+ s°0% [2m)(spy + 5202 /2)
= pexplsis/n + s262]2m] + (1 — p)explsu,/n + s202 [@n)]

2
hy
= s(pp + (1 = Plity) + 5 (po’ + (1 - p)os)
By the continuity of the logarithm
2
. 5
lim @u(s) = exp|s(ptx + (1 = P),) +5 (P07 + (1 = p)or))
which is the characteristic function of the random variable with distribution

N(ppz + (1 = Py, pol +(1 - p)o?)
G

From Theorems 1 and 2 we can compute and compare all the moments of the two portfolios.

Corollary 1. For any k = 1, we have that

k(k — )p(1 — pYo2 +0D)T
2

log E(R%) — log E(§%) =

It then follows that
E(Rr) = E(S7)
V(Ry)> V(S7)
E(RE)> E(SY)  Vk>1

Proof. Assume T = 1. Using the result from Theorem 1 and Theorem 2, the lognormal distribution
implies that the logarithm of the £t moment is

k(1 - p)o;+03) B

log E(S1) = kppts + k(1 — Py + 5 +

(PPl +(1 - pyod)

and

i2
log E(RY) = kpix + k(1 = p)uy + = (pol + (1 — p)o?)
The difference is then
k(k — 1)p(1 — p)oi +d?)
2

The extension to arbitrary T can be obtained by using the multiplicative property of the lognormal
distribution. |

log E(RY) — log E(St) =

>
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We conclude by stressing that although the expected returns from both strategies are identical, all
higher moments of the randomized strategy dominate the higher moments of the static strategy.

5. Implications

5.1 Utility maximization

It follows from Corollary 1 that an investor with mean-variance utility will shun the randomized
strategy. This is simply a manifestation of the fact that the randomized strategy is not growth-rate
optimal. In particular, we now examine the behaviour of an investor with decreasing absolute risk
aversion (DARA) and constant relative risk aversion (CRRA) utility of wealth.

Example: U(w) = In(w).

_-UW)
ARA === w

L —U"w)
RRA = w—= = 1

The optimization problem for the randomized strategy (using Theorem 2} is:

Uy = max E[U(Wr)] = max E[ln(W7)] = max{puay + (1 = p)u]

which implies that
P* _ L > py
0, < Hy

is an all-or-nothing strategy.

On the other hand, using classic asset allocation, the optimization problem for the constantly
rebalanced strategy (Theorem 1) is:

p(1 - p)oi+a?)

U§ = max E[U(Wr)] = max E[In(W7)] = max | pus + (L= Py +

2
which implies that
* _ Hx—Hy 1
P =r02"2

Substituting the optimal allocation into the logarithmic utility function results in a lower value for the
randomized Bernoulli strategy (U < U%). This result can be easily extended to all utility functions
exhibiting constant relative risk aversion. In contrast, individuals with utility functions that are partially
convex, such as in the classic Friedman and Savage (1948) model, may benefit from randomization due
to their risk-loving behaviour.






