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Optimal Asset Allocation Towards The End of the Life
Cycle: To Annuitize or Not to Annuitize?

Moshe Arye Milevsky

ABSTRACT

Most individuals must decide how much of their marketable wealth should be annuitized at
retirement. The natural alternative to annuitization is investing the wealth and withdrawing
the exact same consumption stream as the annuity would have provided. Of course, this
strategy risks under-funding retirement in the event of below average investment returns
with above average longevity. This paper develops the framework for a third alternative.
We propose a model in which retirees defer annuitization, via a "do-it-yourself” scheme,
until it is ne longer possible to beat the mortality-adjusted rate of return from a life annuity.
We make use of a unique Canadian database to calibrate the insurance loads and interest rate
parameters. We conclude that in the current environment, a sixty five year old femnale
(male) has a ninety percent (eighty-five percent) chance of beating the rate of return from a
life annuity, until age eighty.

INTRODUCTION

.. It is a well known fact that annuity contracts, other than in the form of
group insurance through pension systems, are extremely rare. Why this
should be so is a subject of considerable current interest. It is still ill-
understood. Adverse selection, causing an unfavorable payout, and the
fact that some utility may be derived from bequest are, presumably, an
important part of the answer...." Franco Modigliani, December 9, 1985 -
Nobel Prize acceptance speech in Stockholm, Sweden.'

Most individuals must decide how much, if any, of their wealth should be
annuitized near the time they retire. For many individuals a large portion of wealth
is forcefully annuitized; for example, pensions and govermnment social security. In
other cases they have discretion in the matter. In its most general form, purchasing
a life annuity involves paying a non-refundable lump sum to an insurance company
in exchange for a guaranteed constant life-long consumption stream that cannot be
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Society of Greater New York and two anonymous JRI reviewers for extensive comments on earlier
drafts of this paper. In addition the author would like to thank Sharon Kim, Sandy Bell and Pat Chiefalo
for excellent research assistance and Edna Diena for editorial advice.

'Reprinted in the American Economic Review, Modigliani (1986).
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outlived. The natural alternative to annuitizatien is investment amongst the various
asset classes, such as equity, fixed income and real estate, together with a fixed
periodic withdrawal equivalent to the consumption stream generated by the annuity.
This do-it-yourself strategy incurs the financial risk of under-funding retirement in
the event of long-run inferior investment returns in conjunction with unexpected
human longevity.

As Modigliani (1986), Friedman and Warshawsky (1990), Mirer (1994),
Poterba and Wise (1996) and many others have pointed out, very few people
consciously choose to annuitize their marketable (liquid or discretionary} wealth, as
evidenced by the comprehensive Health and Retirement Survey (HRS), conducted
in the United States.”> Only 1.57 percent of the HRS respondents reported annuity
income. Likewise, only 8.0 percent of HRS respondents with a defined contribution
pension plan selected an annuity payout. This phenomenon is especially puzzling
within the paradigm of the Ando and Modigliani (1963) Life Cycle Hypothesis
(LCH), under which individuals seek to smooth their lifetime consumption by
annuitizing wealth. What better way is there to "smooth” and "guarantee”
consumption for the rest of one's natural life? The most common answer is to
simply abandon the strict form of the life-cycle hypothesis and declare that
individuals have strong bequest motives, as Bernheim (1991), Hurd (1989) and
many others have suggested.

Another approach, which we prefer, is to argue that even when individuals
have negligible bequest motives, annuities are simply too expensive, as was
hypothesized by Warshawsky (1988) and Friedman and Warshawsky (1990). This
means that the implied rates of return from life annuities are much lower as a result
of transaction costs, or loads, than those available from other investment assets,
considering the life-long consumption guarantce which they provide. The
contribution of this paper is to give prescriptive advice in the face of these costs.
We suggest that most individuals should defer annuitization, via the do-it-yourself
scheme, until is no longer possible to beat the mortality adjusted rate of return from
the life annuity. We call this approach the "do-it-yourself-and-then-switch"
strategy.

Our methodology deviates from the traditional financial economic utility
maximizing approach to asset allocation by focusing on the probability of
consumption shortfall, as the measure of risk. The classic utility-based approach
would involve solving the following dynamic stochastic optimization problem:

max E[f e ?'U(C, )dt+e " BW, )] , )

€02}

where U (C,) denotes the instantaneous utility of consumption; p is the personal
discount rate for consumption; B(WT) denotes the utility of bequest; ¥ is the

discount rate for bequest; T is the stochastic time of death; @, is the amount of

*The HRS is an ongoing survey of 12,600 individuals between the ages of fifty-one and sixty-one in
1992.
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occurrence of shortfall from the target by placing an upper bound on its probability.
This idea has been applied to investments by Van Hariow (1991), and to personal
finance by Milevsky, Ho and Robinson (1997). The probability of financial regret
has been applied to (self) insurance by Brockett, Cox and Witt (1984).

Agenda

The remainder of this paper is organized as follows: The next section will briefly
review the academic literature on the demand for life annuities; we will then
provide a simple pedagogical model of annuity pricing where we review the main
insurance concepts and introduce the foundation for our shortfall methodology.
The following section will present the full-fledged stochastic simulation model in
which the dynamics of equity markets and interest rates are combined to arrive at a
probability of a successful deferral. The final section analyzes a Canadian annuity
time-series database to obtain estimates of (a) the insurance loads on life annuities
and (b} the internal rates of return (IRR) from life annuities, net of insurance loads.

LITERATURE REVIEW

Within the context of annuities (and life insurance), Yaari (1965) and Fischer
(1973) solve a somewhat simplified version of the utility maximizing equation (1)
and demonstrate that, in a perfect capital market, individvals with no utility of
bequest will annuitize all of their marketable wealth. Likewise, with a utility of
bequest, the optimal amount annuitized depends on the relative magnitude of the
many parameters mentioned above. It is quite important to note that in the setting
of imperfect capital markets, Yagi and Nishigaki (1993} have demonstrated that,
where annuities are constrained to be constant, investors do maintain some
marketable wealth, even without a bequest motive. (See Sinha [1986] for additional
research on the interaction between mortality rates, interest rates and the demand
for annuities within the classical utility framework.) Williams (1986) presents
some experimental evidence to argue that higher interest rates and longer life
expectancies would decrease the demand for annuities. Broverman (1986)
examines the statistical distribution of the internal rate of return from a life annuity.

On a related theme Cherin and Hutchins (1987) examine the rate of return from
universal life insurance and conclude that loading and expense charges make it
more profitable to buy term and invest the difference. Our results are similar in
spirit in that we suggest people consume term and then invest the difference, where
term {perhaps abused) is the consumption stream provided by the annuity.

Poterba and Wise (1996) and Mitchell, Poterba and Warshawsky (1997)
examine the market for annuities, both empirically and theoretically, using the
utility maximizing "wealth equivalence” approach. They conclude that even if
insurance loads are as high as thirty percent, for reasonable utility function
parameters, the individual is "better off” annuitizing.
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ANNUITY PRICING

In this section we briefly review annuity pricing, vis a vis the concept of "beating”
the mortality adjusted return from a life annuity. First we assume that individual
portfolio investment returns and interest rates are non-stochastic. Later, we add
randomness to our model, which can then be contrasted with the deterministic
results from this section. The first sub-section will focus on the discrete time case;
the second sub-section will look at continuous time. The authors believe that both
approaches are necessary, as the former will assist in acquiring the basic
pedagogical intuition, while the latter will introduce the platform and technology
for the stochastic model] presented in the next section.

Discrete Time

The basic market pricing definition of a one-dollar per year Fixed Immediate
Annuity (FIA) in discrete time, is:

=(1+L, )[2 (1:3) @)

where R denotes the (risk-free)® rate of interest, or internal rate of return, used by
the insurance company to discount cash flows; ;p, denotes the conditional

probability that an individual aged x will attain age (x+i), where it is understood
that ;p, =0for a large enough value of j; and L, denotes the insurance load
charged at issue age (x). The proportional insurance load, L_, incorporates all

expenses, taxes, commissions and distribution fees, and is multiplied by the pure
actvarial premium to arrive at a market price, «,. Mitchell, Poterba and

Warshawsky (1997) have provided strong evidence to suggest that L increases

with issue age.
Consistent with our main theme, the retiree may decide to defer purchasing the
life annuity at age (x), and instead invest the funds (a.), and purchase the exact

same one-dollar life annuity at age {x+1}. In order to afford the exact same life

annuity stream in one year, the annual investment return, K, earned by the retiree
must be such that;

a(l+K)-12a,,,. 3

In other words, the life annuity premium at age (x) invested at a rate K, minus

the one-dollar consumption at the end of the year, must be greater than, or equal to,
the market price of the annuity at age (x+1). Re-arranging equation (3) in terms of

*Some insurance companies discount cash flows, for pricing purposes, at a slightly higher corporate bond
rate; others use their cost of capital.
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the portfolio investment return K, the condition for beating the rate of return from
the annuity, over one year, is:

. 1
=G g @)
a a

X X

KzK

We refer to K* as the threshold annual investment return necessary for a

. T iP
successful deferral. In general, using the actuarial identity, ;py.p = arx £ we

nex
can re-write a,,, in terms of g, using equation (2), and then re-write the condition
for beating the rate of return on the annuity, using equation (4), as:

KZK.=1+R(1+L“, )_L,H_L 5)

1Px 1+Lx a,

Equation (5) is crucial to our main thesis. When the insurance loads, L, and L_,,,

in equation (5) are set equal to zero, the condition for beating the annuity is simply:
Kz K*(1+ R)/(;p,) - 1. Since the term (, p,) is strictly less than one, the
threshold return on investment K is greater than the rate R. The term (1 p, )'l is

referred to as "mortality credits”, because they enhance the return R. The lower
the probability of survival, the higher the mortality credits. In general, a higher

insurance load tends to reduce the threshold rate X' .7

Continuous Time

Using continuous compounding, the market price of a continuous one-dollar life
annuity for an individual at age (x), is:

a, =(1+ LX)J‘ e 't p,dt, (6)
0

where 7 denotes the continuously compounded internal rate of return; , p_is the
conditional probability that an individual aged (x) survives to age(x+f) and
L, denotes the insurance load charged at issue age (x)

®See the textbook by Bowers, Gerber, Hickman, Jones and Nesbit (1986}, Chapter 3, for details.
"Equation {5) also reveals that for a young enough individual (x) and a high enough insurance load L,

the investment return threshold K* could, in theory, be lower than ® . In this {peculiar) case, one can
beat the mortality adjusted return from the life annuity by simply investing in the exact same assets used
by the insurance company to discount cash flows.
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Following the actuarial literature and recent work on annuity pricing by Frees,
Carriere and Valdez (1996), we model mortality as a two-parameter Gompertz®
distribution in which the conditional survival probability is:

_ Bxp(e—m/b (l _ e(x+r)/b ))
1P = exp(e"”/b(l—e"/”)) - (7)

The parameter "m" is the mode and the parameter "b" is the scale measure of
the probability distribution.

Solving the integral in equation (6), with mortality defined by equation (7), we
obtain a closed form (tractable) expression for the price of the life annuity:

a, =(1+L, )be(x_'")'exp(e(x_'")/b )T‘(— br, b ), (8)

where T'(,) is the incomplete Gamma function.’

In our model, an individual with marketable wealth W, =w, at age x, can
choose to annuitize all of this wealth by purchasing ¢; = ;“’: lifetime consumption
units.

Alternatively, the individual can invest the Wy, =w in a portfolio, earning a
(continuously compounded) rate of return &, and consuming the exact same (life
annuity) amount cf , until the individual runs out of money at some future time t ,

which may be infinite. By construction, the investors’ wealth will obey the ordinary
differential equation,

3 )
0 for allt=t"

[W—T]e{St +2 forallt<t®
W, =

From a qualitative point of view, the constant multiplying the exponential
function in equation (9) will be negative whenever the annuity payment c, is
greater than the perpetuity consumption defined by wd . The "negativity" implies
that at some point in the future, the exponential term will overpower +c /5 and
W, will "hit" zero. Understandably, if the return § is high enough, in other words

. *
w>cy /8 , then t =oo , and one can consume forever. Solving for ¢ , in terms of

*One can "fit" the Gompertz distribution to the 1983 IAM table, the most comr.non.morla]ity table, to
within 0.25 percent deviation in probability of death. Arguably, this approximation is good enough for
our purposes, given the uncertainty we face in future investment returns and the analytic tractability of
the Gompentz function.

*The Incomplete Gamma function is defined to be: T{x.y) = [ Vg . and is available in most

mathematical software and spreadsheet packages.
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the investment return & in equation (9), and then substituting a, =w/ cy . we
obtain;

e |=@)'mfi-a,8] foralls< (@, J"!
(= . (10)
o, forall§2{a, )

Of particular interest is when & 2(a, )", the investor can safely beat the

annuity indefinitely. In contrast, when § < (a . !, "shortfall” is certain conditional
on being alive. The unconditional probability of consumption "shortfall” is the
probability of surviving to time ¢ , which, as per equation (7),is . p, .

Figure 1
Deterministic Evolution of Net Wealth
Consumption Equivalent to Annuity at 6%
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Figure | illustrates the dynamic evolution of net wealth, as per equation (9), using
four different values for the parameter & . For example, when w =$100,000 and as

= 12.459, the consumption rate cg; =;—:-’5— =$8,026 per annum. Consequently, if the
funds are invested at a rate 8 = 7%, then t* = 30, as per equation (10), and the

individual will run-out of funds in 30 years, Alternatively, when & =8.5%, the
individual will be able to consume forever, and a bit more.
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We have described the "buy-annuity” strategy and the "do-it-yourself” strategy.
We now move our attention to the "do-it-yourself-and-then-switch” strategy. The
main question of interest becomes, at what time § will the marketable wealth from

equation (9) be equal to c;a,,,, the price of a continued lifetime consumption

stream, ¢; ? This will be the point at which the individual should "switch” and
annuitize wealth. In other words, for the first few years the consumer can earn
more than the mortality adjusted return. Eventually, the "mortality credits” become
so large that it becomes worthwhile to annuitize.

Mathematically, we are searching for the (waiting peried) value of s, as an
implicit function of the investment return, & , that satisfies:

The Largest Value of : k}
0ssse . (11)
st Wg/axﬂ 2 Cxw

Equation (11) states that the individual "defers” annuitization until the last possible

moment, the point in time, s', at which the original consumption stream is no
longer affordable in the annwity market. Using equation (9) together with the

technical condition that s* < ¢, we can re-write equation (11) as:

The Largest Value of : {s}
o<s<t” . (12)
(o ‘/‘s'arn
5.1 2 W

Now, due to the monotonicity (increasing in s ) of ¢® and (decreasing in s ) of
a,,,  the optimization problem (12) can be solved to yield:

) %_.ln[%], fora116<(ax)_'l

s = ~a (13)
oo, forall 6 = (a, )"

Although the variable 5  appears on "both sides" of equation (13), solving for

s is quite easy with the use of a spreadsheet or symbolic computational language,
when the future annuity prices a__ . can be stated with certainty.

STOCHASTIC MODEL

In practice, the decision to postpone the purchase of a life annuity, and the implicit
formulation of the previous section, is hampered by three major sources of
uncertainty: (1) stochastic investment returns, (2) stochastic interest rates and (3)
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stochastic mortality rates.'® The stochastic investment return implies that the
evolution of (mon-annuitized) wealth does not obey the ordinary differential
equation stipulated in equation (9). Thus, we do not know with certainty whether
the investor will have enough money to purchase the exact same annuity in the
future. The stochastic interest rate means that the discount factor applicable in the
market and used by the insurance company to price annuities, fluctuates over time.
The price of the same exact annuity in 5, 10, 15 or 20 years is uncertain. Finally,
we do not know exactly what mortality table the insurance company will use when
pricing the annuity in 5, 10, 15 or 20 years.

The above mentioned randomness can only be dealt with by imposing an
exogenous structure on the ex-ante probability distribution governing financial
uncertainty. With such a model in place, we can look into the future and compute
the probability of being able to successfully defer annuitization. Of course, the
parameters of such a model are country specific. Consequently, we decided to
conduct our stochastic simulations using Canadian parameter estimates for
investment returns, mortality and interest rates.""

Stochastic Investment Returns

Stochastic investment returns imply that we cannot assume a constant § in the
evolution of wealth dynamics. We therefore model continuously compounded
investment returns, during any period in time, as normally distributed. This
assumption is standard in financial economics and can be traced back to Boyle
(1976) in the actuarial, risk and insurance literature. Consequently, in sharp
contrast to the deterministic equation (9), the investors' portfolic will obey a
Stochastic Differential Equation denoted by:

aW, = (uW, - c? )t +oW,dzt, Wy =w; (14)

where u is the growth rate of the portfolio (akin to  in the deterministic case); ¢

is the "volatility" of investment returns; and de is the Brownian Motion (white
noise) driving the uncertainty in investment returns, in other words:
Z," —z{; ~ N(O,Jt_ ) Equation (14) can be viewed as an Ordinary Differential
Equation (ODE) perturbed by a (random) noise term proportional to Wf, Indeed,

when the volatility term O is zero, equation (14) collapses to its ODE counterpart,
equation (9). The solution to equation (14) is:

W'l = e((ﬂ_";/z)’*ng)(w _ C:’J' e‘([l“azfz)“'“zf)ds ]. (15)

""We are grateful to an anonymous referee for pointing out the importance of the thind source of
uncertainty.

"“"This decision was made due to (a) the author's nationality and country of origin and (b} the availability
of Canadian annuity data, described in detail in the section "Analysis of Canadian Life Annuity Quotes.”



