
ESS5203.03 - Turbulence and Diffusion in the Atmospheric Boundary-Layer: Winter 2020 

 

Moments, Correlations, and Spectra 

See: Garrat, Section 2.1 and 3.5; and Kaimal and Finnigan, Chapter 2. 

Turbulence is described in terms of moments, correlations, and spectra. 

0) Units and converstions (frequencies, non-dimensionalization, Taylor’s hypothesis) 
 
Wavenumber (𝜅𝜅); Wavelength (𝜆𝜆); Frequency (𝑓𝑓); Normalized frequency (𝑛𝑛);  
𝜅𝜅 = 2𝜋𝜋

𝜆𝜆
= 𝑤𝑤

𝑢𝑢
= 2𝜋𝜋𝜋𝜋

𝑢𝑢
  𝑛𝑛 = 𝑓𝑓𝑓𝑓/𝑢𝑢  

Length scale (Λ); Time scale (𝒯𝒯) 
𝑥𝑥 = 𝑢𝑢 𝑡𝑡           Λ = 𝑢𝑢 𝒯𝒯 
 

1) Moments (mean, variance, co-variance). 
 
𝑠𝑠𝑛𝑛 = ∫ (𝑥𝑥 − 𝑐𝑐)𝑛𝑛𝑓𝑓(𝑥𝑥)𝑑𝑑𝑥𝑥 ∞

∞   

𝑠𝑠 = 1
𝑇𝑇 ∫ 𝑠𝑠 𝑑𝑑𝑡𝑡𝑇𝑇

0    or   𝑠𝑠 = 1
𝐿𝐿 ∫ 𝑠𝑠 𝑑𝑑𝑥𝑥𝐿𝐿

0     (note: 𝑠𝑠′ = 0) 

𝑠𝑠′2 = 1
𝑇𝑇 ∫ (𝑠𝑠′)2𝑑𝑑𝑡𝑡𝑇𝑇

0     or        𝑤𝑤′𝑠𝑠′ = 1
𝑇𝑇 ∫ 𝑤𝑤′𝑠𝑠′𝑑𝑑𝑡𝑡𝑇𝑇

0       
(Here 𝐿𝐿 and 𝑇𝑇 are spatial and temporal lengths of the measurement series.) 
 

2) Correlations (auto-, cross-).  Times and length scales. 
 

𝜌𝜌𝑠𝑠(𝜏𝜏) = 𝑠𝑠′(𝑡𝑡)𝑠𝑠′(𝑡𝑡+𝜏𝜏)

𝑠𝑠′2
  

𝜌𝜌𝑠𝑠(𝜏𝜏) =
1
𝑇𝑇∫ 𝑠𝑠′(𝑡𝑡)𝑠𝑠′(𝑡𝑡+𝜏𝜏)𝑑𝑑𝑡𝑡𝑇𝑇

0

𝑠𝑠′2
   and   𝜌𝜌𝑤𝑤𝑠𝑠(𝜏𝜏) =

1
𝑇𝑇∫ 𝑤𝑤′(𝑡𝑡)𝑠𝑠′(𝑡𝑡+𝜏𝜏)𝑑𝑑𝑡𝑡𝑇𝑇

0

𝑤𝑤′𝑠𝑠′
  

𝒯𝒯 = ∫ 𝜌𝜌𝑠𝑠(𝜏𝜏)𝑑𝑑𝜏𝜏∞
0        (Here 𝒯𝒯 is time scale with corresponding length scale Λ = 𝑢𝑢 𝒯𝒯.) 

  
3) Spectra (Energy or Power, One-dimensional).  Fourier transforms. 

 

𝑅𝑅 �  
𝑠𝑠′2 = ∫ Φss(𝑓𝑓) 𝑑𝑑𝑓𝑓∞

0

𝑤𝑤′𝑠𝑠′ = ∫ Φws(𝑓𝑓) 𝑑𝑑𝑓𝑓∞
0

  

𝐸𝐸(𝜅𝜅) = ∫ 𝑅𝑅(𝑥𝑥) exp(−𝑖𝑖 𝜅𝜅 𝑥𝑥)𝑑𝑑𝑥𝑥∞
−∞    

𝑅𝑅(𝑥𝑥) = ∫ 𝐸𝐸(𝜅𝜅) exp(𝑖𝑖 𝜅𝜅 𝑥𝑥)𝑑𝑑𝜅𝜅∞
−∞   



4) Discussion of the energy spectra of turbulence (Fig 2.1 in both texts). 
 
Synoptic and Mesoscale ⇒ Spectral Gap ⇒ Energy Containing Range ⇒ Inertial Subrange ⇒ 
Dissipation Range. 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


