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A Generalized Distance Transform: Theory and
Applications to Weather Analysis and Forecasting

Dominique Brunet and David Sills

Abstract—The distance transform (also known as distance
map or distance field) is a fundamental tool of mathematical
morphology. We introduce a Generalized Distance Transform
(GDT) that is smoother than the classical distance transform.
This transform can be used to define a generalized Hausdorff
metric that is shown to be more robust to noise while preserving
all metric properties. It is also shown to lead to smoother level
sets, allowing contour evolution without having to solve a Partial
Differential Equation (PDE). Two applications in weather anal-
ysis and forecasting demonstrate the usefulness of this proposed
GDT. Specifically, the dilation of sets according to the GDT allows
the simplification of numerical weather forecasts and analysis
into geometric objects, called MetObjects, and the generalized
Hausdorff distance can be used as a forecast verification metric.

Index Terms—Distance transform, Hausdorff distance, level-set
methods, meteorological applications, MetObject, object-based
distance, shape processing.

I. I NTRODUCTION

Mathematical morphology [1] has been proven to be a
useful tool for the analysis of remotely sensed images. Dilation
and erosion, the basic operations in mathematical morphology,
are used to modify the boundary of an object in a binary
image by adding or removing pixels from the object. A
distance transform (DT) can then be introduced to measure
the change in binary images as a function of the number
of dilations applied. The contour of the distance transform
of a binary image at an integer valuen is equivalent to
the boundary ofn successive dilations of the same binary
image. The distance transform generalizes the dilation operator
as a continuous dilation, made possible by choosing a real
value for the contouring operation. This can be thought of as
representing a curve evolution with a constant unit speed. If
we assign negative values for the distance transform of the
complement of the binary image, then the so-called signed
distance transform also generalizes the erosion operator.

The Hausdorff distance between two sets can be read-
ily computed from their distance transforms. Contrary to
contingency-based scores such as Probability of Detection
(POD), False Alarm Rate (FAR) and Threat Score (TS), the
Hausdorff distance depends on the magnitude of translation
between two sets even when the sets do not intersect.

Distance transforms find broad application in fluid dynam-
ics, industrial design, geoscience, medical imaging, image
processing and computer vision (see [2], [3]). Many different
algorithms use the distance transform in order to simplify
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binary images (e.g. skeletonization [4], grouping, noise reduc-
tion [5]). Also, the initialization of popular level set methods
(LSM) relies on a signed distance transform (see [2], [6]).
Furthermore, the ubiquitous Hausdorff distance is based on
the distance transform [7]. Finally, some shape matching and
morphing techniques rely on an implicit representation of
contours obtained from the distance transform [8], [9].

Distance transforms, morphological operations and Hauss-
dorf distance are also commonly used in the field of remote
sensing (see [10], [11]). For example, it has been used in
an image retrieval system [12], for image segmentation and
classification [13], [14], for image quality control [15] and for
validation of image segmentation algorithms [16].

One undesirable feature of the distance transform is that itis
not differentiable everywhere when applied on a non-convex
set. In fact, as seen in Fig. 1(a), kinks appear for points in
the ambient space which have two or more nearest points on
the set on which the distance transform is computed. In the
implementation of contour evolution using level set methods
this might have no negative impact, since smoothing occurs
anyway in the computation. However, for morphological op-
erations this will lead to a shape that is less smooth than the
original, something that is generally unwanted.

Another undesirable feature of the distance transform is
its lack of robustness in the treatment of outliers. This is
the direct cause of the same well-known weakness of the
Hausdorff distance. Some authors have attempted to modify
the Hausdorff distance to make it more robust to outliers, but
the metric property of the distance is generally lost in the
process [17], [18].

An exception is Baddeley’s Delta-metric [19] which natu-
rally extends the Hausdorff distance into a more robust metric
based on theLp-norm. However, we will show that even this
extension can be sensitive to outliers.

We propose a generalized distance transform (GDT) that
is smoother and more robust in the treatment of outliers (see
Fig. 1). This new distance transform replaces the minimum by
a generalized mean with a negative exponent. The impact of
this change is that all points in the set influence the value
of the distance transform at one location, but points closerto
this location will have more weight. This is in contrast with
the classic distance transform that allocates all the weight to
the nearest point. Combined with Baddeley’s Delta-metric,this
distance transform is shown to lead to a robust distance metric
for sets.

Definitions of the GDT and of the associated metric will be
carried on in Section II. Sections III and IV will respectively
study the smoothness of the distance transform and the ro-
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Fig. 1. Computation of the distance transform. The black diskswith white
boundaries are the set on which the distance transform is computed. A ’hot’
colour map indicates the distance from each pixel location. Green contours
at regular intervals are also shown for each distance transform. (a) The
classical distance transform. (b) The classical distance transform with a single
outlier. (c) The generalized distance transform. (d) The generalized distance
transform with a single outlier. Notice the difference in smoothness and the
different effect of the outlier between the classical and the generalized distance
transform.

bustness of the associated distance. Applications for computer-
aided weather forecasting will be demonstrated in Section V.
Concluding remarks will wrap up this paper in Section VI.
Details on the implementation of the GDT will be shown in
the Appendix.

II. T HEORY

A. Definitions and Properties

We introduce the (signed) distance transform and generalize
it. The distance transform of a setA ⊂ X is a function that
measures the distance between any pointx in the spaceX to
the nearest point of the setA.

Let X be set with associated metricd, e.g. the Euclidean
metric space. The Euclidean distance corresponds to the metric
induced by theL2-norm. Other possibilities for point-to-
point distances are the Manhattan (or city-block) distance
and chessboard distance which correspond to, respectively, L1

andL∞-induced metrics. The (classical) distance transform of
A ⊂ X at x ∈ X is

D(x,A) := inf
a∈A

d(x, a), (1)

where inf is the infinimum. If A is a closed subset ofX
(i.e. if it contains its own boundary), then the infinimum can
be replaced by a minimum.

The distance transform is zero forx ∈ A and increases mov-
ing farther away fromA. It is often convenient to introduce a

signed distance transform that takes negative values inside A:

φ(x) =

{

D(x,A) if x ∈ AC ,
−D(x,AC) if x ∈ A.

,

whereAC denotes the complement ofA. This gives an implicit
representation of a contour as the zero level set of a function
φ(x). Indeed,

φ(x) = 0 for x on the boundary ofA,

φ(x) < 0 for x in the interior ofA,

φ(x) > 0 for x ∈ AC .

We generalize the distance transform by changing the infi-
mum operator by a power mean. For discrete and finite sets
of positive real numbersY = (y1, . . . , yN ), the power mean
is defined as

Mq(Y ) =

(

1

N

N
∑

n=1

yqn

)1/q

(2)

for −∞ ≤ q ≤ ∞. The casesq = −∞, q = 0 andq = ∞ are
understood as their respective limits. Thus, we have

M−∞(Y ) = min
1≤n≤N

yn,

M∞(Y ) = max
1≤n≤N

yn,

M0(Y ) =
∏

1≤n≤N

y1/Nn ,

where
∏

represents the product operator. Also, ifyi = 0 for
some index andq < 0, then we set Mq(Y ) = 0 since it holds
true in the limiting caseyi → 0. Note that power means have
a monotonicity property:

Mp(Y ) ≤ Mq(Y ) for p ≤ q.

In practice, we considerX = Rn andA a closed subset of
X. For piecewise continuous functionsf : A → R+, the sum
in the power means can be replaced by a (Riemann) integral:

Mq(A) =

(

1

|A|

∫

A

(f(a))qda

)1/q

,

with |A| being the volume (or area) ofA. The generalized
distance transform is thus defined as

Dq(x,A) :=

(

1

|A|

∫

A

(d(x, a))qda

)1/q

for q < 0. (3)

We obtain the classic distance transform whenq = −∞. Note
we could also have used the more general Lebesgue integration
for the definition of the generalized distance transform, but for
the sake of clarity the Riemann integration is more amenable.
Specific details on the implementation of an efficient gener-
alized distance tranform on binary images are shown in the
Appendix.

We can interpret the parameterq as a control on the
influence of the contribution of each element ofA to the final
distance. Forq = −∞, only the closest point is considered,
whereas forq = ∞, only the farthest point is considered. The
influence of farther and closer points gradually changes forq
in between−∞ and∞. When q is small in magnitude, the
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influence of each point is roughly equal and we thus expect
a distance more robust to outliers. Notice that the smoothness
of the distance transform increases asq approaches0.

We are now ready to state some properties of the GDT.
Proposition 1 (Monotonicity property):

Dp(x,A) ≤ Dq(x,A) for p ≤ q. (4)

In particular,

D(x,A) < Dq(x,A) for q > −∞. (5)

Proposition 2 (Vanishing property):

Dq(x,A) = 0 ⇐⇒ x ∈ A. (6)

B. Metrics on Sets

Given the classic Euclidean distance transformD, the
Hausdorff distance between setsA andB is defined by

H(A,B) := max(sup
x∈A

D(x,A), sup
x∈B

D(x,B)), (7)

where sup is the supremum (it can be replaced by the
maximum if A and B are closed). The lack of robustness
of the Hausdorff metric is well-known. A single outlier can
completely throw off the value of the distance. Dubuisson
and Jain [17] attempted to make the Hausdorff distance more
robust by replacing the supremum and the maximum with an
average or with an order statistic. Although a slight gain in
robustness was observed experimentally, these modifications
destroy the metric properties of the distance.

An equivalent way to express the Hausdorff distance is via
the following formula:

H(A,B) = sup
x∈X

|D(x,A)−D(x,B)|. (8)

Baddeley [19] proposed to replace the supremum with aLp

norm. Letw be a concave(w(x + y) ≤ w(x) + w(y)) and
strictly increasing function at0 (w(x) = 0 if and only if
x = 0), then Baddeley’s Delta-metric is defined as

∆p
p(A,B) :=

∫

X

|w(D(x,A))− w(D(x,B))|pdx. (9)

This is still a metric and is slightly more robust than the
Hausdorff distance.

We generalize the Hausdorff distance and Baddeley’s Delta-
metric by replacing the classical distance transform with the
generalized distance transform:

∆p
p,q(A,B) :=

∫

X

|w(Dq(x,A))− w(Dq(x,B))|pdx. (10)

Theorem 1:∆p,q is a metric.
Proof. To show thatd := ∆p,q is also a metric, we need to

show the following three properties:

1) Identity of indiscernible:d(A,B) = 0 ⇐⇒ A = B.
2) Symmetry:d(A,B) = d(B,A).
3) Triangular inequality:d(A,B) + d(B,C) ≥ d(A,C).

Let f(x) := w(Dq(x,A)) and g(x) := w(Dq(x,B)). Note
that ∆p,q(A,B) = ‖f − g‖p. It is well known that theLp-
norm ‖f − g‖p induces a metric onLp-integrable functions.
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Fig. 2. Toy example with ellipses. Upper-left corner: Reference ellipse
centered at(20, 50) with height of 60 units and width of20 units. Case
#1: Same as reference ellipse, but translated20 units to the right. Case #2:
Same as reference ellipse, but translated60 units to the right. Case #3: Ellipse
centered at(60, 50) with height of20 units and width of60 units. Case #4:
Same as case #1, but with the addition of a disk of radius1 and centered at
(89, 50). Case #5: Same as case #1, but with the addition of6 disks of radius
1 centered, respectively, at(89, 1), (99, 1), (97, 50), (99, 50), (89, 99) and
(99, 99).

The symmetry and the triangular inequality thus follows
automatically. It remains to prove the identity of indiscernible.

If d(A,B) = 0, then ‖f − g‖p = 0, hence we have
f = g and w(Dq(x,A)) = w(Dq(x,B)). If x ∈ A, then
Dq(x,A) = 0 by the vanishing property (6). Sincew(x)
is strictly increasing at0, we also havew(Dq(x,A)) = 0.
Since f = g, it implies that w(Dq(x,B)) = 0 as well.
Once again, becausew(x) is strictly increasing at0, we also
haveDq(x,B) = 0. By the vanishing property (6), it implies
x ∈ B. Similarly, if x ∈ B, thenx ∈ A. We thus haveA = B.

On the other hand, ifA = B, thenf = g and‖f−g‖p = 0,
thusd(A,B) = 0. This completes the proof.

We illustrate the difference between the Hausdorff distance,
Baddeley’s Delta-metric and our proposed generalization by
computing the distances between a reference ellipse and
ellipses for five different cases given in Fig. 2. This example
is inspired by a similar experiment found in [20]. For com-
parison, we also include Jaccard’s distance:

J(A,B) = 1−
|A ∩B|

|A ∪B|
. (11)

Jaccard’s distance is a transformation of Jaccard’s index,also
known in meteorology as the Threat Score (TS) or the Critical
Success Index (CSI). Any other score based on a contingency
table will behave in a similar fashion.

Scores are summarized in Table I. We observe that Jaccard’s
distance is0 for all cases. This is easily explained by the
fact than none of ellipses in the five cases intersect with
the reference ellipse. That is, Jaccards’s distance and other
contingency-based scores cannot differentiate between a miss
and a near miss. The Hausdorff distance for Cases #2 and #3
is exactly the same as the magnitude of the translation of the
ellipses, which is a nice feature for this distance. However,
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TABLE I
COMPARISON OFJACCARD’ S, HAUSFORFF’ S AND BADDELEY ’ S

DISTANCES WITH THE PROPOSED DISTANCE FOR THE5 CASES FROM

FIG. 2.

Case Jaccard Hausdorff Baddeley Proposed
1 1.0 20.0 16.5 18.5
2 1.0 60.0 42.4 44.2
3 1.0 60.0 27.7 30.7
4 1.0 60.0 23.0 18.7
5 1.0 77.3 27.8 19.7

only the farthest pixel influences the distance, this is why the
scores are the same for Cases #2, #3 and #4 even though
Case #4 is more similar to Case #1 with only a single outlier.
Baddeley’s Delta-metric does better, with reasonable scores
for Cases #1-#4, although one could argue that it is slightly
over-sensitive for Case #4. However, when more outliers are
added as in Case #5, then Baddeley’s Delta-metric fails as the
distance for Case #5 is slightly greater than the one for Case#3
despite Case #5 being more similar to the reference ellipse.
The proposed generalization of Baddeley’s Delta-metric and
the Hausdorff distance gives the most intuitive result. The
distance is the smallest for Case #1 and increases only slightly
for Cases #4 and #5. Case #3 is second to last in the ranking
and Case #2 is the worst of the five.

III. SMOOTHNESS

A. Curvature of Level-sets

We want to analyze the smoothness of the level sets of
the generalized distance transform as a function of the pa-
rameterq. We consider the caseA1 = {(−1, 0), (1, 0)} in
R2 with the counting measure as a minimal example and
as a prototype for more general examples. For this case, the
generalized distance transform ofA1 is

φ(x, y) =

(

((x+ 1)2 + y2)q/2

2
+

((x− 1)2 + y2)q/2

2

)1/q

.

The smoothness of the generalized distance transform for
different q can be compared in Fig. 3. Note that in the case
q = −∞, i.e. for the classic Euclidean distance transform,
sharp ridges are present along{(x, y) ∈ R2|x = 0}, which is
the line at equal distance between the two points ofA1.

These qualitative results can be expressed quantitativelyby
computing the curvature of the level set curves. The curvature
of a curve defined implicitly from the level set functionφ is
given by

κ = ∇ ·
∇φ

|∇φ|
. (12)

Developing for the two-dimensional caseφ : R2 → R, we
obtain

κ =
φxx + φyy − 1

(φ2
x + φ2

y)
3/2

, (13)

whereφx andφy are the partial derivatives ofφ with respect
to, respectively, the first and the second component, andφxx

andφyy are second-order partial derivatives.
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Fig. 3. Smoothness of the (rescaled) generalized distance transform for
different values ofq. Note the increasing smoothness forq closer to0.

For our example, we have

κ(0, y) =
1

|y|

(

y2 + q

y2 + 1
− (y2 + 1)1/2

)

.

From this expression, it follows that along the line of equal
distance, the curvature is always negative, with a sharper
curvature forq decreasing towards−∞. Notice that for anyq,
there is a cusp at(x, y) = (0, 0). This can be explained by the
fact that this point is the location where the level-sets merge.
So even though the contours can be made generally smoother
with increasingq, there are situations for which sharpness is
inevitable. For example, when the boundary of the setA itself
is sharp, the level-sets around the boundary will have similar
sharpness.

B. Contour Evolution

The generalized distance transform can be used to smoothly
modify the shape of a setA. We can compare this proposed
method with two other traditional methods.

In mathematical morphology [1], [21], a set is modified
(dilated or eroded) by a structuring element. If the structuring
element is a ball (or disk) of radiusr, then morphological
dilation is equivalent to finding the contours of the Euclidean
distance transform at levelr.

In numerical analysis, an interface between two media –a
front– can be propagated according to the Eikonal equation

|∇φ(x, y)| = F (x, y)

subject toφ(x, y) = 0 on ∂A with F (x, y) > 0. The Fast
Marching Method (FMM) solves this equation efficiently [2].
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For the particular caseF (x, y) = 1, the solution of the
Eikonal equation is the signed distance transform. A front can
also evolve according to some other PDEs following level set
methods.

A contour evolution algorithm based on the GDT simply
combines the generalized distance transform with a contour-
ing algorithm. Given an initial setA of points, the signed
generalized distance transformφ(x) is then computed. Finally,
contours can be extracted withC(t) = {x : φ(x) = v(t)} with
v(t) > 0 for expanding contours andv(t) < 0 for contracting
contours.

In Figure 4, we compare different methods and parameters
for contour evolution starting from the triple sine exampleof
Sethian [2]. The contour evolution solves the equation

∂φ(x, t)

∂t
= (1− bκ)|∇φ(x, t)|, (14)

whereκ is the local curvature given in (12) andb is the speed
parameter. The LSM does not guarantee that the contour is
moving forward and in fact we can see that it crosses itself
for the casesb = 0.05 and b = 0.1. Only the caseb = 0
ensures a forward motion of the contours, but since this case
is equivalent to the classical distance transform, it also suffers
the same smoothness problem. The closer the parameterq is
to 0, the smoother the contours are.

IV. ROBUSTNESS

A. Analysis

Let A and B be two bounded sets for which we want
to compute their distance. The lack of robustness of the
Hausdorff distance to outliers is easily illustrated by adding a
single point outside eitherA or B. Baddeley [19] showed that
his proposed distance is more robust to outliers, but we can
devise the following simple counter-example to demonstrate a
case where it fails.

Let A be a set of unit area and letB = Bµ,λ be a
perturbed set obtained by adding a set of areaµ at a distanceλ
from A. For simplification, we assume that the perturbation is
concentrated into a point calledy and the setA is concentrated
at a pointa. We want to know if the distance is continuous
with respect toµ. That is, we want to check if the limit of
the distance betweenA andBµ,λ vanishes whenµ → 0. The
setting is illustrated in Fig. 5.

For the Hausdorff distance, we haveDA(y) = λ and
DB(x) = 0 for x ∈ A. It implies that h(A,B) = λ for
all µ > 0.

For Baddeley’s Delta-metric, we compute

∆p
p(A,B) =

(

1

|W |

∫

|D(w,B)−D(w,A)|pdw

)1/p

,

with

|D(w,B)−D(w,A)| = max(0, ‖y − w‖ − ‖a− w‖).

This does not depend onµ, which means that even for a
negligibly small area added toA, the distance∆p(A,B) will
always stay the same.
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(d) q = −20

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

(e) b = 0.05

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

(f) q = −8
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Fig. 4. Contour evolution comparison for LSM and GDT methods. First
column: LSM [22] with parameterb from (14). Second column: GDT with
parameterq from (3). Both methods can control the smoothness of the con-
tours with their parameters. However, notice the self-intersection of contours
whenb is larger. On the other hand, the GDT guarantees monotonicityof the
contours. The caseq = −∞ is equivalent tob = 0. A rescaling of the GDT
was used to adjust the speed of the contour evolution.
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λ

A

B

a y1 µ

Fig. 5. Illustration of the counter-example. The setA is concentrated around
the pointa and weights a unit mass. The setB is the union of the setA
and of an other set concentrated around the pointy and with a massµ. The
distance betweena andy is λ. Keeping the distanceλ constant, the massµ
is reduced to an infinitesimal value.

On the other hand, for the proposed metric

∆p,q(A,B) =

(

1

|W |

∫

|Dq(w,B)−Dq(w,A)|
pdw

)1/p

,

the distance vanishes asµ → 0 since

Dq(w,B) =
(‖a− w‖q + µ‖y − w‖q))1/q

1 + µ

and

Dq(w,A) = ‖a− w‖.

B. Synthetic Experiments

We want to empirically verify the theoretical result related
to the robustness of the generalized Hausdorff metric. In a
first experiment, we compare the distance between an image
of a binary disk and corrupted versions of it. Since different
distances can have different scales, we normalize them by
computing the skill score

SS =
d− dref

dmin − dref
= 1−

d

dref

with the distance to a random noise image as the reference
distancedref and the distance between two identical sets as
the minimal distancedmin = 0. Thus, a 100% skill score
corresponds to a distance close to zero between the original
image and its corrupted version whereas a skill score close
to zero means that the distance between the original and the
corrupted version of the disk is of the same order of magnitude
than the distance between the original disk and the random
noise image. A robust metric will give a gradually decreasing
skill for corrupted, but still recognizable images, whereas a
non-robust metric will not differentiate between random noise
and slightly corrupted images.

We define the original image as a disk of radius of ten
units centered in a 200 by 200 pixels grid. A noisy image is
generated by randomly setting half the pixels to white and the
other half to black. The original and the random image are
shown in Fig. 6.

original random

Fig. 6. Left: the original (uncorrupted) disk image. Right: arandom image
used to compute the reference distance. If the distance between the original
image and a corrupted version of it is similar to the distance between the
original image and the random image, we can thus conclude that the distance
is not robust to that corruption model.

2% 4% 6% 8% 10%

Fig. 7. Image corrupted by white Gaussian noise with different noise levels
(relative standard deviation of the Gaussian distributioncompared to the
dynamic range). At the 2% level, the image corruption is concentrated around
the disk, but for higher noise levels the corruption extendsfarther.

For the purpose of our noise corruption model, we assume
that the original image was obtained by thresholding a Gaus-
sian kernel

f(x, y) = exp

(

−
1

2

(x− 100)2 + (y − 100)2

102

)

at the levelC = exp(−1/2). In the first corruption model
we add white Gaussian noise to the Gaussian kernel with
standard deviation (noise level) between0 and 0.1 and then
we threshold back the resulting image atC = exp(−1/2).
Figure 7 illustrates the kind of image corruption obtained with
this simulation procedure.

In the second corruption model, we randomly flip the
pixels from either black to white or from white to black. We
randomly select a permutation order of the image pixels and
gradually flip up to 25% of the pixels of the original image.
Figure 8 shows the some images obtained by this corruption
model.

We then computed the distance between the original image
and the corrupted images and derived the skill scores for the
Hausdorff distance, the Baddeley distance and the proposed
generalized Hausdorff distance. We repeated the experiment
20 times in order to take into account the variability of the
distance in function of the sample drawn. Results are shown
in Fig. 9.

For the Gaussian noise corruption model, this variability is
the greatest between 2% and 4%. This can be explained by

1% 4% 9% 16% 25%

Fig. 8. Image corrupted by salt-and-pepper noise with different noise levels
(percentage of flipped pixels). The corruption is non-localfor any noise level.
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Fig. 9. Comparison of the robustness to noise for the Hausdorff distance
(blue), the Baddeley distance (red) and the proposed distance (green). (a)
White Gaussian noise. (b) Salt-and-pepper noise. For the Gaussian noise,
the three distances are robust up to 2% levels, but then both the Hausdorff
distance and the Baddeley distance exhibit a sharp decreaseof skill even
though the corrupted images are still recognizable. On the other hand, the
proposed distance shows a more graceful degradation in skillas the noise
level increases. For the salt-and-pepper noise, the Hausdorff distance loses all
skill even for a single switched pixel. Baddeley’s Delta-metric does not do
much better. Only the proposed distance retains skill at all levels of noise.

the fact that at this noise level, the corrupted image may or
may not have outliers far away from the disk. For the salt-and-
pepper noise model, the way the experiment is done guarantees
an increasing distance and a decreasing skill score as the
noise level increases. The Baddeley distance and the proposed
generalized Hausdorff distance are consistent for all samples,
whereas the Hausdorff distance shows more variation but has
generally a lower skill score than the Baddeley distance. For
clarity, we only showed the skill score for the first sequence
of samples.

In a second experiment, we computed the distance between
the original disk image and a translated image in the presence
of salt-and-pepper noise, as shown in Fig. 10. For a horizontal
translation of up to 50 units, we computed the Hausdorff
distance, Baddeley distance and the proposed distance for four
levels of noise: no noise, 0.01%, 0.1% and 1%. Results are
compared in Fig. 11. The Hausdorff distance computes the ex-
act magnitude of a translation in the absence of noise, whereas
both Baddeley’s Delta-metric and the proposed generalization
underestimate the magnitude of the translation by the same
factor. However, for the lowest level of noise, the proposed
distance is insensitive to noise, whereas the Baddeley distance
can slightly differentiate between small and large translations.
The Hausdorff distance is totally incapable of differentiating
between different translations even with the presence of the
slightest noise.

V. A PPLICATIONS

Here we present real-world applications of the techniques
developed in this paper related to weather analysis and fore-
casting, this being the specific application in which we are
interested. However, we expect that the techniques presented
are general enough that several other applications in computer
vision and image processing are possible, and in particular
applications using remotely sensed data.

A. Object-based Weather Forecasting and Analysis

Weather forecasting is a complex process with multiple
layers [23]. Observations are collected periodically withpoint

Fig. 10. Disk images translated and corrupted by salt-and-pepper noise.
First row: no translation. Second row: translation of 25 units. Third row:
translation of 50 units. First column: no noise. Second column: 0.01% noise.
Third column: 0.1% noise. Fourth column: 1% noise.
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Fig. 11. Comparison of the robustness to noise for (a) the Hausdorff
distance (blue), (b) the Baddeley distance (red) and (c) theproposed distance
(green). For each distance measure, four levels of salt-and-pepper noise were
compared: no noise (full line), 0.01% noise (dashed line), 0.1% noise (dash-
dotted line) and 1% noise (dotted line). The Hausdorff distance could not
differentiate between the original and the translated images in the presence
of noise. Baddeley’s Delta-metric only weakly differentiated between images.
Only the proposed distance robustly estimated the translation magnitude in
the presence of noise.

sensors or by remote sensing. These observations are assim-
ilated together to obtain an estimate of the current state of
the atmosphere. This serves as the initial conditions for a
numerical model describing the known physics of the atmo-
sphere as a system of partial differential equations, called
Numerical Weather Prediction (NWP). This system is solved
by a computer that generates periodic output for a specified
number of days (called model ’guidance’).

Traditionally, forecasts and warnings are provided for a few
key locations at specified ’issue’ times. Increasingly, there is
a desire to move away from this forecasting method to an on-
demand forecast for any location at any time. Although NWP
model guidance exhibits this spatial and temporal resolution,
it often needs to be modified by the forecaster based on other
information (e.g., recent observations, known model biases,
conceptual models, guidance from other NWP models). Given
the high dimensionality of the data, it is necessary to reduce
resolution in order to facilitate forecaster modificationsin both
space and time.
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The object-based approach [24] is a paradigm that allows
an intuitive simplification by representing important meteoro-
logical features as lines, areas and tracks (called MetObjects).

MetObjects automatically derived from NWP model guid-
ance or observational analyses can serve as a ’first guess’ that
forecasters modify if/when necessary. Object-based verifica-
tion approaches [25] are also desired. Both are discussed in
the following sections.

B. First-Guess MetObjects

It is anticipated that the generation and use of first-guess
MetObjects (FGMOs) will reduce the workload of the fore-
caster. While ’best data’ FGMOs would capture the essence
of the NWP model guidance at a relatively high resolution,
’best form’ FGMOs will further simplify the NWP model
guidance to allow for forecaster modification when necessary,
comprising a smaller set of lower-resolution objects that are
much easier to manipulate.

In addition, we want a simplified vector representation that
will allow an interface with a Geographic Information System
(GIS) and enable automated delivery of the weather forecast.

For this paper, we generate an example of FGMOs from
lightning observations obtained from the Southern Ontario
Lightning Mapping Array (SOLMA) [26]. We compare these
MetObjects with FGMOs derived from a lightning diagnostic
implemented in an experimental version of the Canadian High-
Resolution Deterministic Prediction System (HRDPS) [27].

Lightning Mapping Arrays (LMAs) [28] are networks of
ground stations that detect very high-frequency (VHF) signals
generated by lightning sources. Using the Global Position-
ing System (GPS) and time-of-arrival techniques, lightning
sources are located in three spatial dimensions at high time
resolution. It is thus a ground-based remote sensing applica-
tion. The SOLMA has 14 such stations in its network.

The Canadian HRDPS numerical model with the lightning
diagnostic of McCaul et al. [29] was run experimentally over
southern Ontario during Summer 2015. It consists of three
cascading grids having horizontal grid spacing of 2.5 km, 1
km and 250 m.

We study the August 2nd, 2015 case, a day of severe
weather in southern Ontario with two successive lines of
storms that generated a total of four tornadoes.

For the SOLMA, we mapped sources that were detected by
at least 8 ground antennas over a period of one hour (between
22 and 23 UTC) and computed the source density on the
HRDPS 1024 × 1024 grid. Typically, tens to thousands of
sources represent a single lightning flash. We then estimated
the lightning flash extent by considering all grid cells with
at least one source. The authors noticed that over the period
of interest the HRDPS tended to generate considerably more
deep, moist convection than observed. For this reason, only
grid cells having at least eight (8) model lighting flashes
over the same 1-hour period were considered. Original and
thresholded data are shown in Fig. 12(a-d).

Using the distance transform, we then applied a dilation
of 40 pixels radius (10km) to both the SOLMA and HRDPS
thresholded data. We also dilated the data using the GDT with

q = −2, a radius of influence ofr = 100 grid cells and a
threshold ofc = 1000. Results can be compared in Fig. 12(e-
h).

The generation of FGMOs makes interpretation of the light-
ning forecasts and observations straightforward. The HRDPS
forecast predicts thunderstorm activity mainly in one diagonal
with more activity on the left side and on the top right corner
of the map. It also predicts some more lightning activity on
the right hand side and weak lightning activity towards the top
left corner. On the other hand, the observed lightning tellsa
much simpler story. The main storm activity was concentrated
along Lake Ontario (middle right side of the image), with some
scattered thunderstorms on the top-left of the map. Both types
of dilation allows a similar interpretation of the forecastand
of the observations.

However, the dilation using the classical distance transform
introduces ’cartoon cloud’ artifacts, whereas the GDT-based
dilation is smoother. Notice also the small ’speckles’ generated
by the GDT-based dilation on lower left part of Fig. 12(h).
They are due to the presence of noise in the LMA data.
Because of the robustness of the GDT, they are not overly
dilated as it is the case for the classical DT Fig. 12(f). A post-
processing step could be applied to remove these small areas
so the human forecaster does not have to manipulate them.

C. Forecast Verification

Forecast verification aims to assess the quality of a weather
forecast by comparing the forecast with either observations
or numerical model analyses. Verification scores can then be
computed to quantify the closeness between observations and
forecast. Traditional verification scores, such as critical success
index (CSI), probability of detection (POD) and probability of
false detection (POFD) do a point-by-point comparison using
contingency tables (see [30], chapter 7). For high-resolution
numerical models, it has been observed that these scores do
not convey well the quality of forecast due to the ’double
penalty’ problem (see e.g. [31]). Several alternatives have
been proposed in the literature [25], with Hausdorff distance
and Baddeley’s Delta-metric [32] categorized as two kinds of
location measures.

We want to compare scores from the Hausdorff distance,
Baddeley’s Delta-metric and our proposed metric with sub-
jective (forecaster) rankings for a certain forecast. Thisis
a meta-verification problem. A full subjective experiment
would involve collecting the Mean Opinion Score of several
forecasters for several cases and goes beyond the scope of this
article.

As an example, consider a case of cloud coverage veri-
fication on May 26th, 2015 over French Guiana and other
parts of South America. This dataset is part of the Cayenne
campaign for the high ice water content research project [33].
The Canadian numerical weather model [34] was initialized at
0:00 UTC and run over a limited area using 10-km horizontal
grid spacing. The true cloud coverage weather element [35]
was then extracted. We also took the GOES-13 cloud coverage
product [36] and cropped it so that all grid points fall within
the limited area model domain. We then reprojected the model
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Fig. 12. Generation of First-guess areas for thunderstorm MetObjects. (a) Original thunderstorm forecast. (b) Original lightning observations. (c) Thresholded
forecast at 8 flashes per grid cell. (d) Thresholded lightning data at 1 source per grid cell. (e) Dilation of the thresholded forecast data according to the
distance transform. (f) Dilation of the thresholded lightning data according to the distance transform. (g) Dilation of the thresholded forecast data according
to the GDT. (h) Dilation of the thresholded forecast data according to the GDT.
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data to the satellite imagery grid using bilinear interpolation
and applied a threshold at 10% for the true cloud coverage
weather element to obtain a binary image. We consider the
model outputs between 9:15 and 20:45 UTC and compare
them with the satellite cloud coverage product as well as with
a persistence forecast consisting of the 9:15 UTC satellite
observation.

For each time step of 30 minutes, we computed the Haus-
dorff distance, Baddeley’s Delta-metric (withp = 2) and
our proposed metric between model prediction and satellite
observation as well as between the persistence forecast and
the current satellite observation (see Fig. 13).

The parameters we used for the computation of our pro-
posed metric werep = 2, q = −2, r = 100 and c = 1000
(see (10) and Appendix for details). This choice is arbitrary,
but we found it is convenient for computation. Also, by taking
a value ofq close to0, we put less weights on the outliers.

As the three scores have the properties of a metric, they
are all zero at 9:15 when comparing the persistence forecast
against itself. The three metrics differ on when they indicate
that the model prediction is better than the persistence forecast.
According to Hausdorff distance, the persistence forecastis
better only for the first hour, then the persistence forecastand
the model forecast cross-over several times between 10:15 and
16:15, and the model forecast ends up with a lower Hausdorff
distance afterwards. For Baddeley’s Delta-metric the first
cross-over occurs around 16:45, then the model prediction
has lower distance until 19:45, and finally the persistence
forecast and the model forecast have similar Baddeley’s Delta-
metric between 19:45 and 20:45. For the proposed distance
the persistence forecast has consistently a smaller distance
for the 12 hours studied. In Fig. 14, we compare visually
the persistence forecast with the numerical prediction at four
different times. Four all the cases, the persistence forecast at
9:15 UTC looks subjectively better than the model output from
the 0:00 UTC run. It thus means that of the three verification
measure, the proposed metric is the one that better correlates
with subjective judgement for that particular example.

Note that the proposed distance is smoother as a function
of lead time, whereas Hausdorff and Baddeley distances have
greater variability. Smoothnees is a desired property insofar it
is intuitively expected that the forecast quality will gradually
degrade as a function of the lead time, something that is
generally observed when estimating the predictability of a
forecast method [37]. However, smoothness is not a necessary
condition for a good distance measure since the smoothness
also depends on the forecasting method and on the variability
of the predictability of the observed phenomenon. Never-
theless, we hypothesize that the lack of smoothness of the
Hausdorff and Baddeley distances might be caused by their
lack of robustness to outliers.

The distance metric derived from the Generalized Distance
Transform could also be used for comparing the similarity
between MetObjects, particularly those defined by contours.
Since the distance transform is mathematically defined for
sets, this could in theory include the comparison of lines
and clouds of points as well. Moreover, certain object-based
techniques such as MODE [38] sometimes use the geometric

distance between matched objects as one of the features to be
compared.

VI. CONCLUSION

We introduced a modification of the classical distance
transform that is smoother and that leads to a more robust
distance between binary images.

The proposed Generalized Distance Transform and its as-
sociated generalized Hausdorff metric are prime candidates to
replace their classical counterparts in numerous applications.
We focused on two simple ones: the dilation of sets for weather
analysis and forecasting, and the computation of spatial dis-
tance between dichotomous forecasts and observations.

As the proposed techniques are general, they are also
readily applicable for processing aerial remote sensing data.
For example, we can use the GDT to obtain an envelope of
cloud cover as measured by satellite imagery. Also, we can
compute a generalized distance between forecasts and satellite
observations for weather-related products such as cloud cover
and cloud-top temperature for the purpose of verification.
Two other possible applications in geophysics could be the
analysis of high-resolution topography data from LiDAR [39]
and comparing or processing curves of meandering rivers from
satellite images. In both these applications the smoothness of
the transform and its dependence to the local curvature of the
curves are desirable properties.

A trade-off that needs to be taken into account is the com-
putational speed of the proposed GDT. Empirical experiments
indicate that the computational speed is about one order of
magnitude slower for the GDT compared to the classical
distance transform, but this of course depends on the specific
implementation of the algorithms.

The potential applications were only briefly explored. For
first guesses, other smoothing methods could also be consid-
ered, possibly in combination, and a full calibration and valida-
tion experiment is planned as future work. For the object-based
verification, a subjective experiment is also planned so that
the proposed metric can be correlated with subjective scores.
Finally, combining the FGMO techniques with the generalized
Hausdorff distance could lead to a new kind of MetObject-
based verification method.

APPENDIX A
COMPUTATIONAL METHODS

A. Local Estimate

The computation of the GDT involves a summation over
all the points of the setA for each point inX. A direct
implementation could then take up toO(N2) operations for a
grid of N = NxNy pixels. In general, we are only interested
in the points ofX that are close to the boundary ofA. Indeed,
for Baddeley’s Delta-Metric a constantc can be set up as the
maximum distance transform.

A more efficient estimate only takes the points inX than are
less than a radiusr fromA. That is to say that the value of each
point is only affected locally within a radius of influence. This
way, we can implement the GDT as a convolution. Indeed, let

IA(x) =

{

1 if x ∈ A,
0 otherwise,



11

9:
15

9:
45

10
:1

5

10
:4

5

11
:1

5

11
:4

5

12
:1

5

12
:4

5

13
:1

5

13
:4

5

14
:1

5

14
:4

5

15
:1

5

15
:4

5

16
:1

5

16
:4

5

17
:1

5

17
:4

5

18
:1

5

18
:4

5

19
:1

5

19
:4

5

20
:1

5

20
:4

5
0

20

40

60

80

100

120
H

a
u
s
d
o
rf

f 
d
is

ta
n
c
e

Model

Persistence

Hausdorff distance

9:
15
9:

45

10
:1

5

10
:4

5

11
:1

5

11
:4

5

12
:1

5

12
:4

5

13
:1

5

13
:4

5

14
:1

5

14
:4

5

15
:1

5

15
:4

5

16
:1

5

16
:4

5

17
:1

5

17
:4

5

18
:1

5

18
:4

5

19
:1

5

19
:4

5

20
:1

5

20
:4

5
0

2

4

6

8

10

B
a
d
d
e
le

y
's

 D
e
lt

a
-m

e
tr

ic

Model

Persistence

Baddeley’s Delta-metric

9:
15
9:

45

10
:1

5

10
:4

5

11
:1

5

11
:4

5

12
:1

5

12
:4

5

13
:1

5

13
:4

5

14
:1

5

14
:4

5

15
:1

5

15
:4

5

16
:1

5

16
:4

5

17
:1

5

17
:4

5

18
:1

5

18
:4

5

19
:1

5

19
:4

5

20
:1

5

20
:4

5
0

50

100

150

200

250

300

350

P
ro

p
o
s
e
d
 d

is
ta

n
c
e

Model

Persistence

Proposed metric

Fig. 13. Comparison of the distance between numerical prediction and satellite observation versus the distance between apersistence forecast and the same
satellite observation according to three different verification measures: Hausdorff distance, Baddeley’s Delta-metric and our proposed metric based on the
Generalized Distance Transform.

be the characteristic function ofA. We define the following
convolution kernel:

g(x) =

{

‖x‖q if 0 < ‖x‖ ≤ r,
0 otherwise.

(15)

The centre of the kernel is set to zero to avoid any division
by zero whenx ∈ A. We then have

Dq(x,A) =

(

1

|A|

∫

A

dq(x, a)da

)1/q

=

(

1

|A|

∫

X

IA(y)d
q(x, y)dy

)1/q

=

(

1

|A|
(IA ∗ g)(x)

)1/q

. (16)

We then computew(Dq(x,A), c) with

w(y, c) =

{

y if y < c,
c otherwise.

These computations are valid for allx such that 0 <
D(x,A) ≤ r. Otherwise, we will have(IA ∗ g)(x) = 0
andDq(x,A) will grow to infinity when taking the negative
exponent. We thus handle the special casesD(x,A) = 0 and
D(x,A) > r separately. IfD(x,A) = 0, then x ∈ A and
we can directly setDq(x,A) = 0. If D(x,A) > r, then
by the monotonicity property (5), the GDT is also greater
than r. It means that truncating the convolution kernel at
‖x‖ = r will not affect the computation ofw(Dq(x,A), c)
only if c ≤ r. In practice, we could havec > r, so an
approximation ofw(Dq(x,A), c) needs to be done. We thus
setw(Dq(x,A), c) = c wheneverD(x,A) > r.

To summarize, the steps for the computation of the GDT
are as follows:

1) By default, setr = 50, c = 100 andq = −2.
2) Compute the convolution filterg following (15).
3) Compute the distance transformDq(x,A) with (16).
4) Computew(Dq(x,A), c), separating in three cases:

w(Dq(x,A), c) =







0 if D(x,A) = 0,
min(Dq(x,A), c) if 0 < D(x,A) ≤ r,
c if D(x,A) > r.
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Fig. 14. Comparison of the persistence forecast from 9:15 (first column, same image repeated) and the numerical prediction (third column) with the cloud
coverage product derived from GOES-13 satellite imagery at different times on May 26th, 2015 over French Guiana and other parts of South America. First
row: at 10:45. Second row: at 13:45. Third row: at 16:45. Fourth row: at 19:45. The persistence forecast from 9:15UTC looks subjectively better than the
model forecast for all the four cases.
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