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Boltzmann distribution

in a nutshell

We assume that atoms and molecules with a constant internal energy ε can only

exist in certain states of energy εj. Conventionally we order the states from low

to high energy, so that ε1 ≤ ε2 ≤ ε3 ≤ ε4 . . .. An atom in a bound state “j” has

εj < 0 and does not dissociate to ion + electron(s); a molecule in a bound state

“j” has εj < 0 and does not dissociate to atoms or to molecular ion + electron(s).

One of the main results of quantum mechanics (QM) is that the energies of

bound states are discrete: if εj 6= εj+1 and εj+1 < 0 then, in general, (εj+1 − εj)
is not infinitely small. Fifty years earlier (in 1877) Boltzmann had anticipated

that result and proposed that the εj’s of molecules could form a discrete set.

He studied the statistical properties of collections of molecules. If N molecules

collectively have internal energy E

E =
N∑
k=1

ek

and each molecule’s energy ek is one of the possible εj’s, we see that there are

many combinations of ek that can add up to a given E. Each combination is

a microstate of the N -molecule system. Suppose, for instance, that N = 3,

E = −10, and ε1 = −5, ε2 = −4, ε3 = −3, ε4 = −2, ε5 = −1. We have these

possibilities for {e1, e2, e3}: {-5,-4,-1}, {-5,-1,-4}, . . . , {-5,-3,-2}, {-5,-2,-3},
{-3,-5,-2}, . . . , {-4,-4,-2}, {-4,-2,-4}, {-2,-2,-4}, {-4,-3,-3}, . . . Microstates like

{-5,-4,-1} and {-5,-1,-4} are indistinguishable because the 3 molecules are iden-

tical. A collection of equivalent microstates like {-5,-4,-1}, {-5,-1,-4}, {-1,-5,-4},
{-1,-4,-5}, {-4,-5,-1}, {-4,-1,-5} is called a configuration. We could call it the

“541” configuration. The number of microstates in a configuration is called the

weight of the configuration and it is represented by W . So we have W541 = 6,

W442 = 3. If the energy was −9, one possible configuration would be {-3,-3,-3}
and the weight of that configuration would be W333 = 1.

Boltzmann saw that it was possible for energy level j of a molecule to corres-

pond to gj distinct states, where gj is called the degeneracy of energy level j.

Nowadays, with the insight of QM, we know that degeneracies are common. For
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instance, the n = 1 energy level of the H atom is doubly degenerate (g1 = 2)

because the 1s electron can have spin up or spin down; the n = 2 energy level

of the H atom has degeneracy g2 = 8 because there are 4 orbitals (2s, 2px,

2py, 2pz) and the electron can have spin up or spin down, 4 × 2 = 8. Taking

degeneracy into account, there are even more combinations of molecular states

that add up to a given E. To continue with the earlier our example, suppose

g1 = g3 = g4 = g5 = 1, and g2 = 3. If we represent the 3 different states

having energy ε2 = −4 by −4(1),−4(2), and −4(3), then we have these possible

microstates: {-5,-4(1),-1}, {-5,-4(2) ,-1}, {-5,-4(3) ,-1}, {-5,-1,-4(1) }, {-5,-1,-4(2)

}, . . . , That would give a 3-fold increase in the weight of configuration 541,

W541 = 18.

Boltzmann assumed that, for a given N and E, all microstates with energies

ek that add up to E are equally probable. He also assumed that N is large. (N

is on the order of ≈ 1011 even if we have only one nanogram of a compound with

a high molecular weight!) He worked out the consequences of that model. The

main results are summarized below.

Unless N is small, there will be a one configuration whose W is much larger

than all other W ’s put together: it is called the dominant configuration and its

W is represented by Wmax. The collective properties of the N molecules are

essentially those of the dominant configuration. In particular W ≈ Wmax to a

very good approximation, and the equation is practically exact except for small

clusters (N / 10000).

The entropy, which is defined in thermodynamics as

S =

∫ T

0

dqrev
T

dT (1)

turns out to be equal to the logarithm of the number of microstates:

S = kB lnW (2)

This is a remarkable result! (That equation is inscribed on Boltzmann’s tomb-

stone).

The inverse temperature, β = 1/kBT , shows up in many equations of sta-

tistical mechanics. The probability of a molecule being in energy level j is
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proportional to gje
−βεj . So, in a large collection of molecules at temperature

T (β = 1/kBT ), the ratio of the number of molecules in energy levels i and j is

Ni

Nj
=

gi
gj
e−β(εi−εj) (3)

The partition function, q, also plays a key role in statistical mechanics. For a

single molecule it is

q =
∑
k

gke
−βεk (4)

At very low T (large β), q ≈ g1 and is often equal to 1. The partition function,

q, increases with temperature. It shows up in many thermodynamic relations,

for instance,

E = NkBT
2
(
d(ln q)

dT

)
(5)

S = E/T + kBN ln q (6)

The calculation of a property in bulk matter (gas, liquid, or solid) often follows

a general procedure that looks like this:

1. solve S̈ equation to get molecular energies εj.

2. if only a few states contribute significantly to q, take weighted averages over

those few states to get average molecular properties. (The weight for state

j is e−βεj .)

3. if many levels contribute to q (energy levels are closely spaced), one can

sometimes approximate q with a “classical expression”; other times com-

puter programs are used to calculate q.

4. with q and relations like equations (5) and (6), one can calculate bulk pro-

perties.


