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ABSTRACT: Macroscopic approach to studying kinetics at
equilibrium (MASKE) facilitates measurements of rate constants of formation (kþ) and dissociation (k-) of aﬃnity
complexes in the state of chemical equilibrium. MASKE relies
on “informational nonequilibrium” created by a nonuniform
initial spatial distribution of a label on one of the reactants. In
general, ﬁnding kþ and k- by MASKE requires ﬁtting
experimental label-propagation patterns;dependencies of
label concentrations on a coordinate or time;with the
simulated label-propagation patterns. Here we introduce a
simple ﬁtting-free approach for ﬁnding the rate constants in
the case of slow equilibration. Slow equilibration means that
the characteristic equilibration time of the labeled reactant
and labeled complex, teq, is much greater than the characteristic separation time of the labeled reactant and labeled complex, tsep. We
developed the mathematics for this approach by solving the diﬀerential equations of mass transfer using the assumption of slow
equilibration. The approach was then tested and its accuracy was studied by applying it to label-propagation patterns created with the
earlier-developed exact solution of the mass-transfer equations. The results proved that the approximate solution was correct. They
also showed that kþ and k- can be found with this ﬁtting-free approach with a relative error less than 20% if tsep < 0.6teq. The practical
limitations of our slow-equilibration approximation are discussed.

ﬃnity interactions are highly selective multibond interactions of biological molecules with a formation of stable
noncovalent complexes.1,2 Such interactions play a key role in
regulation of cellular processes, for example, gene expression,
DNA replications, signal transduction, etc.3-7 Understanding
the molecular mechanisms of these biological processes requires
the knowledge of kinetics and thermodynamics of the involved
aﬃnity interactions. For the purpose of studying kinetics and
thermodynamics, the binding of molecules A and B with a
formation of complex C can be written as a simple chemical
equation:

A

kþ

AþBaC
k-

Kd ¼ k - =k þ

ð1Þ

where kþ and k- are rate constants of complex formation and
dissociation, respectively, and Kd is the equilibrium dissociation
constant. The goal of kinetic and thermodynamic studies is
essentially to ﬁnd kþ, k-, and Kd. Note that since the three
constants are interlinked ﬁnding either two is suﬃcient for
calculating a third one.
We recently introduced macroscopic approach to studying
kinetics at equilibrium (MASKE) that allows ﬁnding kþ, k-, and
Kd in the state of chemical equilibrium.8 The essence of MASKE
is the following. First, two equilibrium mixtures, nonlabeled and
labeled, are prepared by mixing B with nonlabeled A and labeled
A (A*), respectively:
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where * is a detectable label which does not signiﬁcantly aﬀect kþ
and k-. Second, a one-dimensional (long and narrow) reactor is
ﬁlled with the nonlabeled mixture along all its length except for a
part, which is ﬁlled with the labeled mixture (Figure 1). Third, a
diﬀerential mobility of A with respect to C is then introduced
along the reactor in a way that the label does not signiﬁcantly
change the velocities of labeled A and C. The one-dimensional
reactor is connected at its ends to two large reservoirs with the
nonlabeled mixture to ensure there is a continuous supply of the
reaction components in the reactor. The MASKE setup allows
for the chemical equilibrium between A þ A*, B, and C þ C* to
be maintained through the whole reactor length at all times. As a
result of the equilibrium, concentrations of A þ A*, B, and C þ
C* do not change with time or spatial coordinate. Label
propagation through the reactor will depend on how fast A*
and C* equilibrate with respect to the rate of their separation.
The equilibration and separation processes for A* and C* are
characterized by corresponding characteristic equilibration time,
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Figure 1. Schematic representation of the MASKE setup in its initial
condition with a single zone of the labeled equilibrium mixture (blue)
surrounded by the nonlabeled equilibrium mixture.

teq, and characteristic separation time, tsep. The label-propagation
pattern qualitatively depends on how the value of teq relates to
that of tsep. Finally, the values of kþ and k- are found from either
a spatial or a temporal label-propagation pattern. The spatial
pattern is a label concentration versus the coordinate at a ﬁxed
time. The temporal pattern is a label concentration versus time at
a ﬁxed coordinate.
All other methods of ﬁnding rate constants are based on
studying kinetics under conditions when the chemical equilibrium is either perturbed or impossible due to the microscopic
nature of a system.9-15 Heterogeneous perturbed-equilibrium
methods, such as surface plasmon resonance, utilize reactant A
immobilized on a solid substrate and reactant B in solution
contacting the surface.9 The chemical equilibrium is perturbed by
changing the solution in contact with the surface from that of B to
the pure buﬀer or vise versa. Heterogeneous methods often suﬀer
from nonspeciﬁc binding of B to the surface and from changes in
the aﬃnity between A and B caused by the immobilization.
Homogeneous perturbed-equilibrium methods include several
kinetic capillary electrophoresis methods that perturb the chemical
equilibrium by means of manipulating concentration gradients of A,
B, and C in solution through the introduction of their diﬀerential
mobilities.10-12 Concentration nonuniformity can result in molecules acquiring diﬀerent conformations/structures in diﬀerent parts
of the reactor, for example, due to their aggregation. This may
obscure the determination of kþ and k-. Besides, the analysis of
chemical kinetics for homogeneous nonequilibrium reactions usually requires somewhat “nontransparent” numerical procedures.
Microscopic kinetic methods track concentration ﬂuctuations
in a volume suﬃciently small for the equilibrium not to be
attainable due to a small number of molecules in this volume. The
examples of such methods are ﬂuorescence correlation spectroscopy, nanopore amperometry, and some setups of ﬂuorescence
resonance energy transfer.13-15 The small number of molecules
makes impossible the use of informative detection methods such
as mass spectrometry. Besides, “microscopic” methods are
usually more complicated than macroscopic ones.
Two conceptually diﬀerent approaches exist for “extracting”
values of kþ and k- from the label-propagation patterns in
MASKE. The ﬁrst approach is “classical” pattern-based. In this
approach, a simulated label-propagation pattern is built by
solving diﬀerential equations of mass transfer for the label. The
simulated pattern is then ﬁtted into the experimental pattern
through nonlinear regression by varying kþ and k- until the best
ﬁt is found. The values of kþ and k- that correspond to the best
ﬁt are considered to be the sought ones. The second approach is
parameter-based; it relies on obtaining from the experimental
label-propagation pattern a small number of numerical parameters
that are then utilized to calculate kþ and k- using relatively
simple algebraic equations. Label-propagation patterns in
MASKE can be classiﬁed into three categories: (i) single zone
of the label for fast equilibration (teq , tsep), (ii) two separated

Figure 2. Three types of label-propagation patterns depending on
ratios between the characteristic separation and equilibration times,
tsep/teq: (A) a single zone during all time, (B) two separate zones shortly
after introducing an initial zone of the label, and (C) two overlapping
zones.

zones of the label for slow equilibration (teq . tsep), and (iii) two
overlapping zones of the label for same-order equilibration and
separation (teq ∼ tsep) (Figure 2, see also deﬁnitions 5 for teq and
tsep). We use a term “bridge” for the overlapping part of the
zones. Numerical parameters, such as zone heights, zone widths,
zone’s travel time to a detector, and total label amounts in the
zones can be used to characterize label-propagation patterns. In
the original MASKE work, a parameter-based method for ﬁnding
k- and Kd was developed for the case of fast equilibration: teq ,
tsep. It is based on measuring widths and travel time of the label
zone as a function of concentration of B. The method was shown
to be accurate in ﬁnding k- and Kd to 10% even for a relatively
weak inequality of teq < 3tsep.
The goal of this work was to develop a parameter-based
method for ﬁnding kþ and k- in MASKE in case of slow
equilibration. To achieve this, we solved diﬀerential equations
of mass transfer for the label in the approximation of slow
equilibration: teq . tsep. The result was algebraic equations for
kþ and k- which include only the parameters obtained from the
temporal label-propagation patterns. These parameters are total
label amounts, A*tot(t) and C*tot(t), or maximum label concentrations, A*h(t) and C*h(t), in the separated zones moving with
migration velocities of compounds A* and C*, respectively. To
obtain the required parameters, we propose an experimental
design for MASKE with a single point detector (such as one in
capillary electrophoresis). Two MASKE experiments should
be performed under similar conditions with the only diﬀerence
being the length of the reactor from the initial position of the
labeled equilibrium mixture to the detector. We tested the
proposed approach using simulated temporal propagation patterns obtained with the exact solution of MASKE equations.8
The use of the simulated label-propagation patterns also allowed
us to study the accuracy of the determination of kþ and k- by the
slow-equilibration approximation. The results showed that the
values of kþ and k- do not signiﬁcantly diﬀer (see Figure 4) from
the real ones if tsep < 0.6teq. The slow equilibration approximation
of MASKE will be applicable to the interactions of larger
biomolecules, which are often characterized by slow binding
and slow dissociation. The next challenge in the development of
simpliﬁed mathematics for MASKE will be the development of a
parameter-based method for the intermediate case of teq ∼ tsep,
when a considerable zone overlap is present.

’ RESULTS AND DISCUSSION
Approximate Solution of Mass-Transfer Equations. We
consider the following theoretical setup of MASKE (see Figure 1).
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A one-dimensional infinite reactor is coaxial with the x-coordinate.
In such a reactor, in general, concentration gradients and mass
transport are possible only along the x-axis (a long capillary is a
practical example of such a reactor). A reversible binary reaction of
a reactant A with a reactant B forming an affinity complex C, with
rate constants of forward and reverse processes of kþ and k-,
respectively, is in the state of chemical equilibrium. In MASKE,
mass transfer of A* and C* is considered in case of negligible
diffusion and described by the following equations:
ð∂t þ vA ∂x ÞA ¼ - k þ AB þ k - C
ð4Þ
ð∂t þ vC ∂x ÞC ¼ k þ AB - k - C
where ∂x and ∂t are partial derivations by spatial coordinate and
time, respectively; A* and C* can be considered as linear
concentrations of A* and C*, respectively (i.e., amounts of A*
and C* per unit length of the reactor); B is a volume concentration of B; and vA and vC are the velocities of A* and C*. In
constraints of MASKE, A* and C* change with time and
coordinate, whereas B = const no matter what the relation
between B and A is.8 B stays constant because MASKE assumes
that migration velocities of A and B and the rate constants kþ and
k- are not affected by the label. This assumption will usually be
valid if the size of the label is much smaller than those of A and B.
All obtained results will be valid in a more general case of B =
const. The latter can be achieved, for example, when B is present
in a large access to A and C. If B = const, the exact MASKE
solution used below in error estimates will hold true. Furthermore, if B = const, basic eqs 4 and final expressions 11 and 13 for
rate constants will not depend on the migration velocities of
unlabeled A and C. Therefore, the methods developed below are
valid regardless of whether or not the labeling affects the migration
velocities of A and C as long as B remains constant. The
requirement that labeling does not affect kþ and k- is still valid.
After introducing A* and C* in the reactor as an initial zone of
spatial width W, the later spatial and temporal distributions of A*
and C* are deﬁned by two competing processes that are
described by eqs 4. The ﬁrst process is the movement of A*
and C* with diﬀerent velocities (we assume for deﬁnitiveness that
vC > vA > 0) that results in their separation. The second process is
the forward and reverse reactions 3 between A*, B, and C* that lead
to equilibration between A* and C*. The characteristic times of
separation and equilibration, tsep and teq, respectively, are given by8
W
1
, teq ¼
tsep ¼
ð5Þ
jvC - vA j
kþ B þ kHere, we deﬁne tsep using the full width W (along the capillary) of the
initial zone rather than the half-width W/2 as in ref 8. Deﬁnition 5 for
tsep based on full width W corresponds to an upper estimate for tsep. If
the concentration proﬁle in the initial zone is modeled by the Gaussian
distribution, then W is deﬁned as a distance between points where the
total concentration of A* and C* is equal to 1% of its maximum value.
If tsep , teq, an approximate solution of eqs 4 can be obtained. In
this case, the characteristic times tþ and t- of the forward and reverse
chemical reactions are much greater than the separation time:

separation, C* can be present in the zone of A* only as a result of
the forward reaction 3 for the labeled compounds. Similarly, A*
can be present in the zone of C* only as a result of the reverse
reaction 3 for the labeled compounds. However, products of such
reactions are removed from the corresponding zones in a “short”
time trem ∼ tsep, and therefore, trem , tþ and trem , t-. As a
result, we have C* , A* in the zone of A* and A* , C* in the zone
of C* at all times t . tsep. Since C* is depleted in the zone of A*,
the term k-C* in the ﬁrst eq 4 is small and can be omitted.
However, we must keep the term -kþA*B in the ﬁrst eq 4 at t .
tsep since in this case t may be comparable with the characteristic
time tþ of the forward reaction, and A* is obviously not depleted
in the zone of A*. Similarly, A* is depleted in the zone of C* and
we can omit the term kþA*B in the second eq 4 but we must keep
the term k-C* in this equation at t . tsep. After such simpliﬁcations, eqs 4 can be readily solved. They give the following
distributions of A* and C* in the zones of A* and C*, respectively:
A ¼ aðx - vA tÞ expð - k þ BtÞ,
C ¼ cðx - vC tÞ expð - k - tÞ

Here, a*(x) and c*(x) are distributions of concentrations A* and
C* in the initial zone of the labeled equilibrium mixture at t = 0.
Note that expressions 7 can also be derived directly from the
general solution of MASKE that was obtained previously in the
Supporting Information for ref 8. It is obvious from expressions 7
that the zones of A* and C* move with velocities vA and vC,
respectively. The widths of these zones have the order of W, and
expressions 7 become not valid near the boundaries of the zones.
The total amounts of the compounds A* and C*
Z
Z
ð8Þ
Atot ¼ A dx, Ctot ¼ C dx
in these zones are exponentially decreasing with time:
Atot ¼ atot expð - k þ BtÞ,
Ctot ¼ ctot expð - k - tÞ

Relations 9 and 10 allow the rate constants of the forward and
reverse reaction 1 to be determined in a parameter-based approach if
total amounts of compounds A*tot and C*tot in the zones of A* and C*
are measured at some time t > 0. Importantly, this can be done even if
the total amounts of compounds a*tot and c*tot in the initial zone are
unknown. In this case, one should ﬁnd values of A*tot at two diﬀerent
times tA1 and tA2 and also ﬁnd values of C*tot at two (other) times tC1
and tC2 (Figure 3). The substitution of these data in eq 9 leads to a
system of simple equations that yield the following expressions for the
rate constants of reaction 1:

ð6Þ

Therefore, the eﬀect of the chemical reaction on a change in the
concentrations A* and C* in eqs 4 is negligible at t ∼ tsep, and
initial zones of A* and C* will be separated at t . tsep. After the

ð9Þ

Here, a*tot and c*tot are total amounts of the corresponding compounds in the initial zone at t = 0. They are deﬁned by relations
Z
Z



a tot ¼ a dx, c tot ¼ c dx
ð10Þ

t þ  ðk þ BÞ - 1 > teq .tsep ,
t -  ðk - Þ - 1 > teq .tsep

ð7Þ

kþ ¼

1
Atot ðtA1 Þ
ln
,
BðtA2 - tA1 Þ Atot ðtA2 Þ

k- ¼

1
Ctot ðtC1 Þ
ln 
tC2 - tC1 C tot ðtC2 Þ

ð11Þ

An alternative method of ﬁnding kþ and k- can be based on
measuring the heights of peaks, A*h and C*h, at two diﬀerent
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Figure 3. Examples of simulated temporal label-propagation patterns in the presence of noise (2% of the background). Peaks appear at diﬀerent times
for diﬀerent travel distances x1 and x2 from the initial label zone to a detector. With increasing time, the peak heights and areas decrease, and the distance
between the peaks increases.

times rather than the areas of peaks (the peak heights correspond
to maximum concentrations of corresponding components in
their zones). Indeed, relations 7 yield the following dependencies
of the peak heights on time:
Ah ¼ ah expð - k þ BtÞ,

in the following way:
Af ðxdet , tÞ
,
Aðxdet , tÞ ¼ χA
t A QA
Cðxdet , tÞ ¼ χC

Ch ¼ ch expð - k - tÞ ð12Þ

where a*h and c*h are the heights of the initial peaks of A* and C*
(maximum concentrations in the initial zone). Substitution of
A*h and C*h measured at tA1, tA2 and tC1, tC2, respectively
(Figure 3), transforms eq 12 into a system of equations that
can be readily solved with respect to kþ and k-. As a result, we
obtain expressions that are similar to eq 11:
kþ ¼

1
Ah ðtA1 Þ
ln 
,
BðtA2 - tA1 Þ A h ðtA2 Þ

k- ¼

1
Ch ðtC1 Þ
ln 
tC2 - tC1 C h ðtC2 Þ

Cf ðxdet , tÞ
t C QC

ð14Þ

Here χA and χC are the proportionality coefficients, which
depend on fluorophores and detectors used for A* and C*, tA
and tC are residence times of A* and C* in the detectors, QA and
QC are absolute quantum yields of A* and C*. In a typical case, a
single fluorophore and a single detector are used for both A* and
C* resulting in χA = χC = χ. It is worth noting that the ratio of the
residence times is much easier to determine than individual
residence times since
tA =tC ¼ vC =vA ¼ tMA =tMC

ð13Þ

The method of ﬁnding kþ and k- based on the peak heights
allows the veriﬁcation of the kþ and k- values determined
from the peak areas. This method can also be useful if the peak
areas are poorly deﬁned (due to uncertainty in boundary
positions) and do not produce reliable values of kþ and k-.
However, ﬁnding kþ and k- from the peak heights depends
entirely on measurements at only a few speciﬁc moments of
time corresponding to the peak heights. In general, such a
method is more prone to errors than the one based on peak
areas.
Relations between Concentrations and Signals. All above
equations use concentrations or total amount of compound
A* and C*, whereas the experimental traces of MASKE, such
as electropherograms, operate with a signal (optical, electrochemical, etc.). It is instructive to consider the relations
between the concentrations and signals using an example of
fluorescence detection. If fluorescence detection is used
with a detector placed at some point xdet, temporal dependencies
of A* and C* at that point are related to fluorescence signals Af and Cf

ð15Þ

where tMA and tMC are migration times of the peaks of A* and C*,
respectively, to the detector. The latter ratio is easily measured.
Taking into account eq 15, we can present relations 14 in a more
practical form:
Aðxdet , tÞ ¼ RAf ðxdet , tÞ,
Cðxdet , tÞ ¼

RtMA
Cf ðxdet , tÞ
jtMC

ð16Þ

Here R = χ/tAQA can be treated as a calibration coefficient
identical for both A* and C*, and j = QC/QA is a relative quantum
yield that is measured much easier than absolute quantum
yields.16,17 It should also be noted that the heights of peaks of
concentrations A* and C* are practically equal to the heights of
peaks of the total label in zones of A* and C*, respectively, since
C* , A* in the zone of A* and A* , C* in the zone of C*. As a
result, values of A*h and C*h that appear in eq 13 can be determined
based on fluorescence signals (A þ C)f of the sum of A* and C*:
Ah ðtAj Þ ¼ RðA þ CÞf ðxdet , tAj Þ
tAj ¼
1384

xdet
j
vA

,

j ¼ 1, 2

at
ð17Þ
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RtMA
ðA þ CÞf ðxdet , tCj Þ at
jtMC
xdet
j
vC

j ¼ 1, 2

,

ð18Þ

Obviously, the concentrations of A* and C* in the reactor can be
determined accurately based on fluorescence signals only if those
concentrations do not change significantly by reactions 3 while the
compounds remain in the detector. Hence, we assume that
k þ BtA , 1, k - tC , 1
ð19Þ
and therefore the exponential functions in eq 7 do not change
significantly during residence times of A* and C* in the detector.
In this case, the total amounts of A* and C* that appear in eq 11
are related to ﬂuorescence signals in the following way:
Z
Atot ðtAj Þ ¼ vA R Af ðxdet
j , tÞ dt at
tAj ¼

xdet
j
vA

,

vC RtMA
Ctot ðtCj Þ ¼
jtMC
tCj ¼

xdet
j
vC

,

j ¼ 1, 2

ð20Þ

Z
Cf ðxdet
j , tÞ dt

j ¼ 1, 2

at
ð21Þ

and xdet
are spatial coordinates of two diﬀerent
Here xdet
1
2
positions of the detector; tA1 and tA2 are time intervals that are
required for the concentration peak of A* to reach the detector
positions; similarly, tC1 and tC2 are time intervals that are
required for the concentration peak of C* to reach the detector
positions. We assume that A* and C* are introduced at x = 0.
Integrals on the right-hand sides of eqs 20 and 21 represent areas
of peaks of measurable signals. Again, values of A*tot and C*tot are
practically equal to total label amounts in the corresponding
zones since in each zone only the compound after which the zone
is named is not depleted. As a result, A*tot and C*tot can be
determined directly from the experimental MASKE trace corresponding to the sum of A* and C* meaning that integrands in
eqs 20 and 21 can be replaced with values of the sum (A þ C)f
that represent measurable signals.
Generally speaking parameters R, j, and tMA/tMC that appear
in eqs 17, 18, 20, and 21 can aﬀect expressions 11 and 13 for kþ
and k-. However, these expressions depend on parameters R, j,
and tMA/tMC only through the ratios R1/R2, j1/j2, and (tMA/
tMC)1/(tMA/tMC)2 where subscripts 1 and 2 are assigned to the
corresponding values of the parameters for two diﬀerent positions of the detector. If the values of parameters R, j, and tMA/
tMC for the two positions are identical, which is typically true, all
above ratios become equal to 1. In this case, parameters R, j, and
tMA/tMC do not aﬀect expressions for kþ and k-.
Test of Applicability of the Approximation Method of
Rate Constants Determination. To study accuracy of finding
kþ and k- based on expressions 11 and 13 derived from the
approximate solution 7 we need temporal label-propagation
patterns for various known values of kþ and k-. The best way
to produce such patterns is to simulate them using the exact
MASKE solution for eqs 4.8 We have developed a program that

Figure 4. Relative errors δþ and δ- in the determination of kþ and k-.
Blue lines and red lines correspond to methods based on relations 11 for
peak areas and 13 for peak heights, respectively. Simulation without
noise is shown by the solid lines, whereas simulation with an added noise
is depicted by the broken lines.

allows one to change basic parameters (kþ, k-, vA, vC, B, and W)
and to add noise to the simulated electropherograms. Then such
simulated electropherograms can be used to back-calculate kþ
and k- based on expressions 11 or 13. Since the true values of kþ
and k- are known in this case, corresponding relative errors δþ
and δ- (an absolute value of the ratio between the deviation from
the true value and the true value) are easy to determine. The
results are presented in Figure 4 that shows dependencies of δþ
and δ- on the dimensionless parameter tsep/teq for two alternative methods of calculation of kþ and k- using peak areas and
peak heights.
The following examples of simulation include values of kþ and
k- typical for biomolecular interactions and reactor length
typical for separation methods.8 For a reactor length of 30-40
cm, the methods give the best results in an interval of tsep/teq
values that is presented in Figure 4. This fact can be explained as
follows. The smallest value of tsep/teq = 0.008 is achieved, for
example, at Bkþ = k- = 10-4 s-1, W = 1.2 cm and vC - vA = 0.03
cm/s. In this case, the arguments of the exponential functions in
eq 7 are of the order of 10-2 for a 30-40 cm long reactor and
vC ∼ 0.1 cm/s. A further decrease in tsep/teq, let’s say, to 10-3, at
the same W will correspond to a decrease in kþ and k- (or to an
increase in vC and vA) and will lead to values of those arguments
of the order of 10-3. As a result, changes in the peaks will become
too small to detect them in a 30-40 cm long reactor without a
signiﬁcant increase in errors. In this case, calculation of kþ and kbased on eq 11 or eq 13 will require the use of a longer reactor. To
study reactions with smaller values of kþ and k- one can also
decrease vC and vA. The decrease will allow keeping the value of
tsep/teq in the interval shown in Figure 4.
An opposite situation with the peaks (too big changes) takes
place for larger values of tsep/teq within the interval of tsep/teq
presented in Figure 4. For example, a value of tsep/teq = 0.6 is
1385
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achieved at Bkþ = k- = 10-2 s-1, W = 1.2 cm and vC - vA = 0.04
cm/s. In this case, the arguments of the exponential functions in
eq 7 are of the order of 1 for a 30-40 cm long reactor and vC ∼
0.1 cm/s. As a result, the heights of the peaks become comparable
with the bridge height and even smaller than the latter (as
demonstrated in Figure 2C). This makes calculations of the peak
areas ambiguous and prone to large errors. (Interestingly, ﬁnding
kþ and k- based on measurements of the peak heights remain
possible with errors ∼10% until the peaks disappear.) In this
case, a shorter reactor should be used to determine kþ and kbased on eq 11 or eq 13, which, in turn, will require a decrease in
the spatial width W of the initial zone. To study reactions with
Bkþ > 10-2 s-1 and k- > 10-2 s-1, one can also increase vC and
vA so that the values of tsep/teq remain in the interval presented in
Figure 4.
Using these examples we can estimate the eﬀect of diﬀusion
that was neglected in basic eqs 4. The increase in the peak width
δW due to diﬀusion is determined by the following relations:18
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
δW ¼ Dτ ¼ DL=v
ðτ  L=vÞ
ð22Þ
where D is the diﬀusion coeﬃcient, τ is the characteristic time
required for a peak to reach the detector, L is the distance from
the injection end to the detector, v is the velocity of peak
propagation. The diﬀusion coeﬃcient can be estimated for large
biomolecules (e.g., proteins, oligonucleotides) as D ∼ 10-6 cm2/
s.19,20 Diﬀusion is negligible if


δW
L
vL
¼ pﬃﬃﬃﬃﬃ , 1
Pe 
ð23Þ
W
D
W Pe
were Pe is the Peclet number. We have Pe ∼ 106 and δW/W ∼
10-2 at v ∼ 0.1 cm/s, W ∼ 1 cm, and L ∼ 30 cm. Therefore, the
contribution of diﬀusion into δþ and δ- is relatively small
(∼1%).
Though the interval of tsep/teq shown in Figure 4 may seem to
be small (0.008 ÷ 0.6), the corresponding intervals of kþ and kcan be signiﬁcantly larger. The reason for this is that tsep/teq
depends not only on kþ and k- but also on vC, vA, and W. By
changing the latter parameters one can apply the developed
method to larger intervals of kþ and k- while keeping tsep/teq
within the limits shown in Figure 4. For example, the 10-fold
decrease of vC and vA at the lower end of the tsep/teq interval (as
mentioned above) would allow the determination of Bkþ and kwithin an interval of 10-5 ÷ 10-2 s-1. The subsequent 10-fold
increase of vC and vA at the upper end of the tsep/teq interval
would result in further expansion of intervals of Bkþ and k- up to
10-5 ÷ 10-1 s-1. Besides, the interval of tsep/teq shown in Figure 4
can be expanded by using longer and/or shorter capillary reactors.
It would be useful to study the eﬀect of the choice of peak
boundaries on relative errors δþ and δ- found from calculations
of the peak areas. In the simplest case, the peak widths could be
deﬁned as the initial zone width W rather than determined from
the analysis of peak shape. As a result, the widths of both peaks
will remain constant, whereas the peak heights A*h and C*h
decrease at variable rates -BkþA*h and -k-C*h, respectively,
that depend on the values of the peak heights. To study the pure
eﬀect of the peak boundaries, the simulation without noise is
preferable. Figure 5 shows the eﬀect of inaccuracy in the
determination of peak boundaries caused by the rough estimate of
the peak width being W or 2W. Such an estimate aﬀects δþ more than
δ- though the order of magnitude of both δþ and δ- does not
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Figure 5. Relative errors δþ and δ- for the method based on the peak
areas if the peak widths equal to W (magenta lines) and 2W (green
lines). Blue lines depict the same δþ and δ- as in Figure 4.

change. The peak boundaries should not include signiﬁcant portions
of the bridge as it would result in a large increase of both δþ and δ-.

’ CONCLUDING REMARKS
In this work, we introduced the second parameter-based method
of ﬁnding kþ and k- in MASKE which works under the approximation of slow equilibration: tsep/teq , 1. The parameters used in the
method are (i) areas or heights of the peaks of A* and C* which
migrate with velocities vA and vC, respectively, and (ii) travel times of
the peaks to the detector. To exclude the need to know the initial
distribution of A* and C* in the reactor, we suggest the use of reactors
of two diﬀerent lengths. The latter will make the method applicable to
practical separation techniques, such as capillary electrophoresis. We
tested the accuracy of the method by applying it to label-propagation
patterns simulated with exact solution of MASKE equations.8 We
found that the method’s accuracy was better than 20% for tsep/teq <
0.6 except for very small values of Bkþ and k- of the order of 10-4
s-1. This result was also a useful cross-validation of the method
presented here and the exact solution of MASKE. We foresee that this
uncomplicated method will be attractive to MASKE users due to its
directness.
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