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Abstract

Forty years ago, Goethals and Seidel showed that if the adjacency
algebra of a strongly regular graph X contains a Hadamard matrix
then X is of Latin square type or of negative Latin square type [8].
We extend their result to complex Hadamard matrices and find only
three additional families of parameters for which the strongly regular
graphs have complex Hadamard matrices in their adjacency algebras.

We see that there are only three distance regular covers of complete
graphs that give complex Hadamard matrices.

1 Introduction

An n x n complex matrix W is type II if

Z Wi(a,x) _ {n ifa=0, )

o 0 otherwise.
We say W' is type II equivalent to W if W/ = MW N for some invertible
monomial matrices M and N.

Type II matrices were introduced by Sylvester as inverse orthogonal
matrices in [13]. In [11], Jones defined spin models to be matrices that
satisfy three types of conditions corresponding to the three Reidemeister
moves on link diagrams. Spin models give link invariants. For example, the
Potts model is the n X n matrix

—u3T +u (T = 1),

where (u?2+u~2)? = n and J is the matrix of all ones, and it gives evaluations
of Jones polynomial. Condition (1) corresponds to the second Reidemeister
move, hence the term type II matrices.



A connection to combinatorics comes in Nomura’s construction of asso-
ciation schemes from type II matrices. Further, type II matrices arise from
various interesting combinatorial objects [2].

If all entries of an n x n type II matrix W has absolute value 1, then (1)
is equivalent to

WW' =nl.

In this case, W is a complex Hadamard matrix. Two complex Hadamard
matrices are equivalent if they are type II equivalent.

Apart from being a generalization of (real) Hadamard matrices, complex
Hadamard matrices have applications in quantum information theory, op-
erator theory and combinatorics, see [14], [15] and [16]. We are motivated
to construct infinite families of complex Hadamard matrices, and to classify
the complex Hadamard matrices of small sizes.

An mn x mn complex Hadamard matrix is of Dita-type if it is equivalent
to a complex Hadamard matrix of the form

U(l,l)Vl U(1,2)V2 U(l,n)Vn
Uue,n)vi U(2,2)Va ... U2,n)V,
Umn,H)Vi Un,2)Va ... U(n,n)V,

for some n x n complex Hadamard matrix U and m x m complex Hadamard
matrices Vi,...,V,, see [5]. This construction is a special case of the gener-
alized tensor product of type II matrices (Uy,...,U,)® (V1,...,V,) defined
by Hosoya and Suzuki [9]. Dita’s construction gives most of the parametric
families of complex Hadamard matrices in the catalogue of small complex
Hadamard matrices [16]. To compile the catalogue, it is useful to know if a
complex Hadamard matrix if of Dita-type.

Goethals and Seidel determined the parameters of strongly regular graphs
that contain (real) Hadamard matrices in their adjacency algebras - they are
of Latin square type and of negative Latin square type. In this paper, we
show that there are only three more families of parameters for which the
strongly regular graphs give complex Hadamard matrices. The Seidel ma-
trices of these graphs are either regular two-graphs or the neighbourhoods
of regular two-graphs. The situation is different for for distance regular cov-
ers of complete graphs. There are only finitely many such graphs that give
complex Hadamard matrices.



2 Nomura Algebra

Let W be an n x n type II matrix. For a,b =1,...,n, define vector Y, ; by

Yop(x) = forz=1,...,n. (2)

The Nomura algebra of W is the set
Nw ={M : Y, is an eigenvector of M, for a,b=1,...,n}.

If follows immediately that Ay contains I. The type II condition (1) of W
implies J € Ny . So the dimension of Ny is at least two. Jaeger et al. [10]
showed that Ny is a commutative matrix algebra that is also closed under
the entrywise product and transpose. Any algebra that satisfies all these
conditions has a basis of 0l-matrices A = {Ag, A1, ..., Ay} satisfying

1. Ag=1.

2. Y4 A=

3. AT e A fori=0,...,d

4. A;A;j lies in the span of A, for ¢,7 =0,...,d.
5. A;Aj = AjA; fori,j=0,...,d.

We call A an association scheme with d classes and the span of A the Bose-
Mesner algebraof A. Whend =1, A = {I, J—1} and we say its Bose-Mesner

algebra is trivial. When d = 2 and A; is symmetric, A = {I, A(X), A(X)}
for some strongly regular graph X.

2.1 Theorem. [10] If W is a type II matrix then Ny is the Bose-Mesner
algebra of an association scheme. O

Here is a result about the Nomura algebras of equivalent type II matrices.

2.2 Theorem. [10] Suppose Wy = PyDiW DyP,, where D; and Dy are
invertible diagonal matrices, and P, and P, are permutation matrices. Then

Nw, = PLNwPL.



We see that the dimension of Ay is an invariant for equivalent complex
Hadamard matrices. In particular, we have this following observation [1].

2.3 Proposition. Let W be a complex Hadamard matrix. If Ny is trivial
then W is not of Dita-type. O

A type II matrix W with two distinct entries a and b, where a # +b, is a
linear combination of J and the incidence matrix of a symmetric design [2].
Szollési [15] showed that the Hadamard designs and the Menon designs are
the only ones that give complex Hadamard matrices. We know that Ny, is
trivial if the symmetric design has at least four points [2].

2.4 Proposition. Suppose W is a complex Hadamard matrix of the form
(t—1)N+J, where N is the incidence matrix of a symmetric (n, k, \)-design.
If n > 3 and t # —1, then W is not of Dita-type. O

Suppose C is a generalized conference matrix with minimal polynomial
22 — Bz — (n —1). When t satisfies t + ¢t~ + 3 = 0, tI + C is a type 11
matrix. If follows that |¢| = 1 if and only if 5 € R and |3| < 2. Observe that
a symmetric generalized conference matrix is a regular two-graph. Sankey
[12] showed that for a regular two-graph C, the type II matrix ¢tI + C has
trivial Nomura algebra if § # £2.

2.5 Proposition. Let C' be a regular two-graph with minimal polynomial
22— Bz—(n—1). If|f] < 2 and t+t~! + 3 = 0 then the complex Hadamard
matrix tI + C' is not of Dita-type. O

3 Strongly Regular Graphs

A strongly regular graph with parameters (v, k, a, c) is a k-regular graph X,
that is not complete, in which every pair of adjacent vertices have a common
neighbours and every pair of distinct non-adjacent vertices have ¢ common
neighbours.

The adjacency matrix of X, A(X), satisfies

A(X)? = (a—)AX) — (k — )T =cJ.

Observe that A(X) is the incidence matrix of a symmetric (v, k, ¢)-design
when a —c = 0.



Since X is k-regular, k is an eigenvalue of A(X) with eigenvector 1. Let
6 and 7 be the other two eigenvalues of A(X). The eigenvectors of A(X)
for # and 7 are orthogonal to 1, hence 6 and 7 are the roots of

2 —(a—c)z—(k—c)=0.

We conclude that 87 = ¢ — k is non-zero when ¢ < k, that is when X is
not isomorphic to the complement of mKj, 1, for some integer m > 2. If
X is not isomorphic to mKj,1 nor its complement then, without loss of
generality, we have k > 0 > 0 > 7. Further, if X is not a conference graph
then 6 and 7 are integers, see [6].

Note that X is a strongly regular graph with parameters (v,v — k —
L,bv—2—2k+c,v—2k+a) and A(X) = J — I — A(X) has eigenvalues
(v—k—-1),(-1—7) and (-1 —0).

From the quadratic above, we see that

c = k+0r,

a = k+60r+60+7, and

; (k—0)(k—T1)
kE+0r

The multiplicity of § and 7 are

—1 k
mp= W VTHE 4 =

(v—1)0+k
T—0 '

0—T1

respectively. The integrality of my and m., impose a necessary condition on
(v, k,a,c) for the existence of the strongly regular graph [6].
We list all type II matrices in the Bose-Mesner algebra of X.

3.1 Theorem. [2] Let X be a strongly regular graph with v > 4 vertices,
valency k, and eigenvalues k, 8 and 7, where 8 > 0 > 7. Suppose

W =1+ zA(X)+ yA(X).
Then W is a type-II matrix if and only if one of the following holds
(a) y=2=3(2— v+ Vo2 —4v) and W is the Potts model.

(b) z=1%(2—vEVv2—4v) andy = (1+zk)/(z +k), and X is isomorphic
to mKyq for some m > 1.



(c) x =1 and

v+ 21+ 0)(1+7) £ /02 +40(1 +0)(1+7)
214 0)(1+7) ’

y:

and A(X) is the incidence matrix of a symmetric (v,v —k — 1, \)-design
where \=v—k—1+ (14 0)(1+1)).

(d) x =—1 and

v 4202424 /(v —4)(v — 46?)
B 214+ 6)(1+7) ’

and A(X) is the incidence matrix of a symmetric (v, k, k + 07)-design.

(e) x + x~1 is a zero of the quadratic

—072% + az + B+ 207 (3)
with
a=vl0+T1+1)+(0+71),
B=v+v(l+0+7)*—20%—207 — 277
and

Ora’ — @ +7+1) =20 =21 — 1]a* — (v +20 + 27 + 70)x — 1
(2=1)(1+6)(1+7) '

’y:
O

In the first two cases, |z| # 1 for v > 4. In case (c), A(X) is the incidence
matrix of a symmetric design, hence (=1 — 6) + (=1 — 7) = 0. In Case (d),
A(X) is the incidence matrix of a symmetric design, so § +7 = 0. We have
the following lemma for the all cases.

3.2 Lemma. Suppose X is a strongly regular graph with v > 4 vertices
that is not isomorphic to mKj41 nor mKy1. Suppose v > 2k.
Let (x,y) be a solution given by Theorem 3.1. If |x| = 1 then

047 e{-2,-1,0}.



Proof. Theorem 3.1 (e) is the only case we need to consider.
Let A = a? +407(8 + 207). Solving the quadratic in (3) gives

1_zexvA

T —20T1

If [z =1thenz+2 ' =2+F € Rand -2 < z+ 2! < 2. We assume
A > 0 in this proof.
If 6+ 7> 1, then

a4 407 + VA v +T4+1)+ (0 4+7) 407 + VA
20+ 14407 + VA
Ak 4+07) +1+VA

0.

VoIV

It follows that
—a—+A _
—20T1
Note that 6 > 0, so the expression

((a +407) — \/Z) ((a +407) + \/Z> = —407(v — 4)(6 +7)% > 0.

We conclude that o + 467 — VA > 0 and

—a+\/Z
— <

—2.
—20T1

Thus z + 271 < —2 and |z| # 1.
Suppose § +7 < —3. Consider o — 407 = (0 +7)(v + 0 + 7) + v — 407.
Sincev+60+7=v+a—c>0, we have

a—401 —VA < —3(w+0+47)+0v— 407
Substituting 8 + 7 =a — c and 07 = ¢ — k gives
o — 401 — VA < —2(v —2k) — ¢ — 3a < 0.

It follows that
—o + \/Z S

2.
—20T1

Now the expression

((a —461) — \/Z> ((a —407) + \/Z> = —407v(0 + 7 +2)% > 0.
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We see that a — 407 + VA < 0, so

—a—+VA

> 2.
—201

Therefore z +x =1 > 2 and || # 1. O

3.3 Theorem. Let X be a strongly regular graph with v > 4 vertices,
valency k, and eigenvalues k, 0 and T where § > 0 > 7. Let

W =1+2A(X) +yA(X)

where (z,y) is a solution from Theorem 3.1. B
The W is a complex Hadamard matrix if and only if X or X has one of
the following parameters:

i (462,20% —0,0% — 0,6 — 9)

i (40%,20% 4 0,0% +0,6% +0)

v

(
(

iii (402 — 1,202,602, 0?)
(402 + 40 4+ 1,202 +20,02 + 0 — 1,0 + 0).
(

v (40% +460 +2,20% +0,0% — 1,0%)

Proof. Observe that § + 7 = 0 if and only if (-1 —7) 4+ (-1 —60) = —2. By
Lemma 3.2, it is sufficient to consider only the strongly regular graphs with
O+7=0o0rf+7=-1.

When 6 + 7 = 0, the quadratic in (3) gives

=-2 or 1:+3:71:(_L202).

92

x—i—afl

The former gives = —1, and Theorem 3.1 (d) gives

—v+20%+2+/(v—4)(v—462)
2(1 — 62) '

Note that when v < 462, y ¢ R and |y| = 1.

Setting y = 1, we get (02 —1)(v—46%) =0. If 0 = —7 = 1 thenv = k+1
and X is complete. We conclude that y = 1 if and only if v = 402. On the
other hand, setting y = —1 gives (v — 4)(1 — #?) = 0 which never occurs.
We see that |y| = 1 if and only if v < 462.



When
which is real, we have |z + 27! < 2 if and only if v < 46%. Thus |z| = 1
when v < 462,
Simplifying
(k—0)(k+0)
k— 62
gives [k — (202 — 0)][k — (20? + 6)] < 0. Then we have

< 462

v =

202 — 0 < k < 26% + 0.

The integrality of mg = 2(v — 1 — %) implies 0|k. Hence k can be 26% — 0,
202 or 202 + 0, which give parameter set in (i), (iii) and (ii), respectively.
Now (i) and (ii) are parameter sets for Latin-square graphs Ly(20) and
negative Latin-square graphs N Ly(20), respectively. As expected from [8],
Theomem (3.1) gives only Hadamard matrices. For parameter set (iii), we

get
- 202 — 3 + /462 — 5i )
r=-1 an =
Y 2002 1)
or
—260% +1+ V462 — 1i
xTr =
262
and by Theorem 3.1 (e)
1 Orx —1 1
_ -1 _g —(w—2z—-2) =1.
Y x—m1<(1+9)(1+7)(“$ to) =2 )
In all cases, |z| = |y| = 1.
We now consider § +7 = —1. If X is a conference graph then we get the
parameter set (iv) and
rmy = 1+4/(20 4 1)(20 + 3)i 5)
200+1)

or

pmy o —1i\/(292;1)(29—1)¢. (©)

It follows that |z| = |y| = 1.
We assume 6 is a positive integer. Theorem 3.1 (e) gives

Ll —1++/(20 +1)* — 400(0 + 1)
e = 2000 + 1)




which is real if and only if

20 +1)* 5 1
<2 L 440+ 2 4 —————
VS 90+ 1) LTIy
We see that eV (bagal
v:( —O)(k+0+ )§402+49+2.

k—0(0+1)

After simplification, this inequality becomes (k—26%—60)(k—202—30—1) < 0.
Hence we have 202 + 60 < k < 20% + 360 + 1.
Now write k = 202 4+ 0 + h for some integer 0 < h < 20 4+ 1. Then

(20% + h) (202 + 20 + 1 + h) 5 h(h —20 —1)
= =402 4+ 404+ 2+ ——
v 02+ h TSt T

For v € Z, either h = 0, h = 20 + 1, or (6% + h)|(h(h — 20 — 1)). If
h(h — 20 — 1) # 0 then the last condition implies |62 + h| < |h(h — 20 — 1)|.
Now the inequality

0%+ h| — |h(h—20 —1)| = (0> + h) + h(h —20 — 1) = (6 —h)* <0

holds if and only if h = 6.

When h = 0 and k = 202 + 20, we get parameter set (iv) and X is a
conference graph. When h = 20 + 1, X has parameter set (v). When h = 0,
X has parameter set (v). In this case, (3) gives v+z =1 = 0or —071(1+6)7L.
We have

r==+i and y=az"",

or
—14/4602(0+1)2 -1 d 1 —lFV4020+1)2 -1
= 1 = =
2000+ 1) e Y= 2000+ 1)
In all cases, |z| = |y| = 1. O

We remark on the parameter sets that give complex Hadamard matrices
with non-real entries.

1. Let X be a strongly regular graph with parameters (40%2—1,260% 6% 6%).
The symplectic graph Sp(2r), for » > 1, is an infinity family of graphs
with these parameters [6]. Graphs of these parameters also arise from
Steiner system S(2,6,202 — 0).
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Let S(X)=J — 1 —2A(X) be the Seidel matrix of X. Then

T
T_ 0 1
1 S(X)
is a regular two-graph with minimal polynomial z2 + 2z — (462 — 1).
It is a generalized conference matrix with § = —2 and T'+ [ is a

Hadamard matrix. The solution in (4) is the same as the one given by
Theorem 4.1 of [15].

We see in Proposition 5.2 that the complex Hadamard matrices ob-

tained from these graphs, for § > 2, are not of Dita-type.

. Let X be a strongly regular graph with parameters
(40% + 460 +1,20% +20,0% +60 — 1,0 +0).
The Paley graphs have parameters of this form. Graphs of these pa-

rameters also arise from orthogonal arrays OA(0 + 1,20 + 1).

Let S(X) be the Seidel matrix of X. Then

T
T 0 1
1 S(X)
is a regular two-graph with minimal polynomial 22 — (26 + 1)2. Thus

T is a conference matrix and the solutions in (5) and (6) are the same
as the one given by Theorem 3.1 of [15].

When 62 + 60 > 2, Ny is trivial [3]. By Proposition 2.3 the complex

Hadamard matrices obtained from these graphs are not of Dita-type.

. Let X be a strongly regular graph with parameter set
(407 440 +2,20% 4+ 0,60% — 1,6).

A construction of these graph when 260 + 1 is prime power can be
found in [4]. Graphs of these parameters also arise from Steiner system
S(2,0 +1,20% +20 4 1).

The Seidel matrix of X is a regular two-graph, hence a generalized
conference matrix with § = 0. The complex Hadamard matrices with
r = y~! = 4i were constructed by Turyn in [17]. From Proposi-
tion 2.5, these complex Hadamard matrices are not of Dita-type.

11



When
14+ 2 2_15 — 2 2_14
. V4020 +1)2 — 1 N 1F \/4602(0 + 1) 117
2000+ 1) 2000+ 1)

we see in Proposition 5.3 that I +zA(X)+yA(X) is not of Diti-type.

4 Covers of Complete Graphs

A graph X of diameter d is antipodal if the relation ”at distance 0 or d” is an
equivalence relation. We are interested in the distance regular graphs with
diameter three that are antipodal. These are the distance regular covers of
complete graphs. There are three parameters (n,r, cy) associated with each
of these graphs where n is the number of equivalence classes; r is the size of
each equivalence classes; and every pair of vertices at distance two have co
common neighbours. The intersection numbers of X depend on n, r and co,
in particular, a; =n —2 — (r — 1)cs.

Let X be an antipodal distance-regular graph of diameter three of pa-
rameters (n,r,ce). The adjacency matrix of X has four eigenvalues:

24+4(n—-1 — /02 +4(n—1
n—1, =1, 6= 5—;—(n >, and 7':5 (5—;—(71 ),

where 6 = n — 2 — reo.

4.1 Lemma. [7] If 6 =0 then § = —7 = \/n — 1. Otherwise, § and T are
integers. O

From Theorem 9.1 and its proof in [2], we see that

4.2 Lemma. [2] For i = 1,2,3, let A; be the i-th distance matrix of an
antipodal distance regular graph of diameter three with parameters (n,r, cs).
Then

W =1+ xA1 +yAs+ zA3

is type II if and only if the following system of equations have a solution:
1 (r—=1) (r—1)

(1—:1:—(7"—1)y—|—(7’—1)z)(1—3c ” + . ):m’, (7)
(1+9w—9y—z)(1+§—§—%):m’, (8)
(1+71:—Ty—z)(1+%—§—%)—m’ 9)

12



To get complex Hadamard matrices, we add the condition |z| = |y| = |z| = 1.

4.3 Lemma. If the system of equations in Lemma 4.2 has a solution satis-
fying |z| = |y| = |2| = 1 then n < 16.
Proof. Assume |z| = |y| = |z| = 1. Then for a € {z,y,2, {, %, 2}, we have
a+aleRand |a+at <2

Expanding the right-hand side of Equation (7) gives

nr = 2+2(T—1)2—(:U+i)—(r—l)(y+§)+(r—1)(z+%)
N Y S NS
i I A B (RS ISC IR

< 42 (10)

Similarly, Equations (8) and (9) yield

1 1 T z z
= 242046 il -y — 2+ -0+ +0(E+ 2
nr + 207 + (fc+x) (y+y) (z+z) (x+y) (x+z)+ (y+z)
< 4(1+0)? (11)
and
nro= 2422 a4 D)yt -t — 2 1S E e Y 4 Y
N x 4 Y z r oy T z
< 24272 27— 27424272 - 27— 27
= 401 —71)?, (12)
respectively.
When § > 2, the expression
n?—16(1-7)2 = n2—4(6-2)2—4(%+4(n—1)) +8(6 —2)\/02 +4(n — 1)
> n?—4(6 -2)2 —4(6%>+4(n—1)) +8(5 —2)0
= n(n—16).

If n > 17 then n? > 16(1 — 7)?, it follows from (12) that n > 4r.

When § = 1, we have 7 = 1_V§"_3 and

nr <4(1 —7)% =4n — 2+ 2V4n — 3 < 4n + 4/n.

When n > 17, r < |4 + %J =4 and (10) does not hold.

13



When § =0, § = —7 = v/n — 1. Adding both sides of Equations (8) and
(9) gives

1 Yy T
2nr =4n — 2 —-)—2(n—1)(=+—) < 8n.
nr=dn=2(z+ ) = 2n - (L + ) <8n

Hence r < 4 and (10) does not hold for n > 17.
When § = —1, we have § = =tvin=3 V24”_3 and

nr < 4(1+4 60)% = 4n — 24 2V/4n — 3.

Using the same argument for § = 1, we see that if n > 17 then nr < 4(1+6)2
implies n > 4r.
When § < —2, the expression

n? —16(1+0)> = n?—86% — 160 — 16n — 8(6 +2)1/02 +4(n — 1)
> n?—16n —85% — 160 — 8(6 + 2)(—9)
= n(n—16).
If n > 17 then n? > 16(1 + )2, but (11) gives n > 4r.

We conclude that when n > 17, (10), (11) and (12) do not hold simulta-
neously. O

4.4 Theorem. There are only finitely many antipodal distance-regular graphs
of diameter three where the span of {I, Ay, Ag, A3} contains a complex
Hadamard matrix.

Proof. Since a; > 0, we have (r — 1)ca < n — 2. Therefore, there are only
finitely many parameter sets (n,r, cy) where n < 16. O

Computations in Maple revealed only three graphs that give complex
Hadamard matrices:

1. The cycle on six vertices: its parameters are (3,2,1) and

—1++31i
2 )

We get the matrix Fg in [16].

Yy = z =21, x=yz.

2. The cube: its parameters are (4,2,2) and x = +i, y = —1 and z = —=.
We get the complex Hadamard matrix

1 i\®
i1

14



3. The line graph of the Petersen graph: its parameters are (5,3,1) and

_ TEVI5

z ) Y 3 z ;
5++V114

x:T, y=-—1, z=uz; or
—1+vV1514 1

CC:T, y=x -, z=1

Computation in Maple showed that Ny is trivial for all (z,y) given
here. By Proposition 2.3, none of these matrices is of Dita-type.

5 Computation

Let X be a strongly regular graph that has parameters in Cases (c¢) and
(e) of Theorem 3.1. We show that the complex Hadamard matrix in the
adjacency algebra of X is not of Dita-type.

We adapt the computation in [3] to these strongly regular graphs. The
following is Lemma 3.1 of [3] which was phrased for conference graphs but
the statement applies to all strongly regular graphs.

5.1 Lemma. Let X be a strongly regular graph on v > 5 vertices with
degree k > 2. Let W = I + 2A(X) + yA(X) be a complex Hadamard
matrix. If the Hermitian product < Y, g,Y, o > is non-zero for all adjacent
vertices o and (3 and for all v # «, 3, then Ny is trivial. |

Let «, 8 and ~ be vertices of a strongly regular graph X with parameters
(v,k,a,c). For z € {a,a}, zg € {3,3} and z, € {7,7}, we define Ty 4z,
to be the set of vertices that are adjacent (not adjacent) to x, if z, = v (2, =
v, respectively), for v = «,3,v. For instance Iy, is the set of common
neighbours of «, 8 and v while I' g5 is the set of common neighbours of «
and (§ that are not adjacent to v. Now the vertex set of X is partitioned
into

{Oz, 0, 'y} U Fag,y U F@[;ﬁ/ U FO&B”{ U Fag:y U PO!B;/ U F@[ﬁ U P@B’Y U P@B’Y'

Let W =T + 2A(X) + yA(X) be a complex Hadamard matrix. From (2),
we have




It is easy to verify that

(1 if u € Tagy Ul 455
zy~t  ifu €Ty U Loy
Yos(w)Yya(u)=qa7ly ifu€Tagy UT45,
z2y? ifue Cagy
2?y~? ifue Lops

Hence the Hermitian product

1 W (B, a)?
<Yop,Yya > W@ B W(a) ~ W@ "
W(y,a)?

_ _ —1
W + |Fag7 U F@ﬁ;{| + |Fo{ﬁ,y U Fa5;/|xy +
2

Papy UT a5, 2y + Tapyla2y? + T 54|27y 2
In the following computation, we let o and § be adjacent vertices in X.

1. We first consider the case where ~ is adjacent to both o and 3. Then
W(a, B) = W(a,y) = W(B,v) = z. We use I';, to denote the set of
neighbours of v in X. Then we get

I'a = TapyUT,5,UTaps UL, 55 U{B3,7}
s = TapyUTasyUlapy Ulspy U{a, 7}
I'y = TapgyUTap, UT 5, UT 5, U{a, B}
FanNTs = TapyUTaps U{v}
FanNTy = TapyUl,5,U{B}
FgNly = TapyUTasy U{a}
V(X) = TapyUTapyUT 5, Ulapsy UT 455 UT a3 Uls5, Ul 55, U {a, 8,7}

Now we translate the above to the following system of equations.

k :|Faﬁv| +|Fozﬁ’~{| + |F055;/|+|Faﬁ'7/| +2
k =Tap~y| + [Tapy| + [Tapsl + Taps| +2
k :|Faﬁv| + |Féﬁv|+|raﬁw| +|Faéw| +2
a =Tapy| + Caps] +1
a :|Faﬁw| +|Fa57| +1
a :|Faﬁw| + |F6¢ﬂw| +1

v =|Tagy| + [Tapy|+Tagy| + Tapy |+ Loy + Tass|+Tagy| + 1 Tapyl+3.
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Solving this system of equations, we get

Tapy| = m,

Pagyl = [Fapyl =ITapsl =a—1-m,

|Fa/@;/| = |F&ﬂ§| = |F5¢B’Y| =k—2a+m, and
Tapyl = v—3k+3a—m,

for some integer m. Using Equation (13), we have

< Yo Yya > (14)
= 272422+ (v-3k+3a)+2(a—1—mzy ' +2(k —2a+m)z "y
+(a—1—m)z 2?4+ (k — 2a + m)z?y 2
2. Suppose 7 is adjacent to a but not to S which gives

W(a,8) =W(a,y) =z and W(B,7)=y.

We get
k =[Tap| +Tapy| +Tas5|+Taps ] +2
k =|Tapy| + |Tapy + Caps] + |Taps +1
k :|Faﬁw| + |F&ﬂw|+|raﬁw| +|Fan| +1
a =|Tapy| + [Papyl
a =|Tapy] +|Faﬁw|
¢ =|Tapy| + |Tapy| +1

v :|Faﬁv| + |Féﬁv|+|raﬁw| + |F055;/|+|Faﬁ'7/| + |F&B‘/|+|F&Bw| + |F6¢BW|+3'

Solving this system of equations yields

|Fozﬁ'y| = m,

Lagy| = c—=1-m

|Faﬁfy| = |F045’7| =a—-m,

Loyl = k—2a—2+m

Tapyl = Tap,l=k—a—c+m, and
Tapsl = v—3k+2a+c—m,

for some integer m. Using Equation (13), we have
<Yo3,Yya > (15)
= 224+ 20% (v =3k +2a+¢) +2(a—m)zy?

12k —a—c+m)z ly+(c—1—m)a2y® + (k — 2a — 2+ m)x?y 2
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3. Suppose v is adjacent to 8 but not to a which gives

W(O‘7B) = W(ﬂ,’)/) =z and W(Oé,’y) =Y.

We get
k =|Tap| +Lapy| + [Taps|+Taps +1
k =[Capy| + [Tapy| + [Fap] + [Taps] +2
k =Tapy| + [Tapy|+Taspyl +Tas, +1
a=[Tap| + [Tap]
c :lraﬁ” +|Faﬁ7| +1

a =|Tagy| + [Tapy|

v :|Faﬁv| + |Féﬁv|+|raﬁw| + |Faﬁ‘/|+|ra[ﬁ| + |F@B‘/|+|Faéw| + |Fa[ﬁ|+3~

Solving this system of equations gives

‘Faﬁ“f’ =
‘F@ﬁv’ =
Tapy| =
‘Faﬁﬁ’ -

Taps| =

‘F&Bﬁ’

m?
Tagy| = a—m,
c—1—m,
ICay
k—2a—24m, and
v—3k+2a+c—m,

|=k—a—c+m,

for some integer m. Using Equation (13), we have

< Yaﬂ,Y%a >

(16)

= o'y T+t +(v-3k+2a+c)+ (atc—1-2m)ay”"

+(2k—3a—c—242m)z "y + (a —m)z 2> + (k — a — c+ m)zy~

2

4. Suppose 7 is not adjacent to o nor to 3 which gives W («, ) = = and
Wia,v) = W(B,7) =y. We get

k :|Faﬁv| +|1—‘¢)¢B~{| + |F055;/|+|FQE*/| +1

k =Tap~y| + [Tapy|

k :|Faﬁv| + |Féﬁv|+|FaB7|
a =|Tapy|

¢ =[Fapsy| +[lagl
¢ =[Capy| + [Tapy|

+ |Taps| + |Taps| +1
+|Fo’zﬁw|
+ [Fap]

v =|Tagy| + [Tapy|+Tagy| + Tapy|+Tapy| + Tass|+Tagy| + [ Tapyl+3.
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Solving this system of equations, we get

|Faﬂw| = m,

’F(jfﬁ"/‘ - ‘Faﬁfy’ =c—m,

Tagyl = a—m,

Tassl = Taml=k—a—c—1+m,
Tag,| = k—2c+m, and

Tapyl = v=38k+a+2c—1-m,

for some integer m. Using Equation (13), we have
<Yop, Yya > (17)
= oy vyttt (w=3k+2a+c—1)+ (a+c—2m)ay!
+(2k —a—3c—14+2m)z ly+ (c—m)z 2y + (k—a—c—1+m)z?y >
5.2 Proposition. Let X be a strongly regular graph with parameters
(46% — 1,26%,0%,6%), for 6 > 2.
Let W = I + zA(X) + yA(X) where

202 —3+ /462 -5 i
2062 — 1)

r=-1 and y=

or
—202 +14+462 -1
xr=
262
Then Ny is trivial. Consequently, W is not of Dita-type.

and y=1.

Proof. Suppose

202 —3+ /402 -5
2(0% — 1) '

r=—-1 and y=

Using Equation (15), the real part of <Y, g,Y, o > is

—(46% — 5)(6% — 3)
2(602 —1)2

Using Equations (14), (16) and (17), the real part of <Y, g,Y, o > is

— (462 - 5)
2(02 — 1)
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for all the other vertex v in V(X)\{c, f}. If 0 > 2 then < Y, 3, Yy 4 ># 0
for all v # «, 8. By Lemma 5.1, Ny is trivial.

Suppose
—20% + 14+ V402 — 1
xr=
262
Using Equations (14), (15), (16) and (17), the real part of < Yy, g,Y, o > is

and y=1.

—(46% — 1)
262

which is non-zero for v # «a, 3 and for # > 1. By Lemma 5.1, Ny is trivial.
O

5.3 Proposition. Let X be a strongly regular graph with parameters
(46% 4 40 + 2,26% 40,67 — 1,60).

Let W = I + zA(X) + yA(X) where

-1, /402(0+1)2 -1
N 2000+ 1)

1 —1F 420+ 1)2 -1
N 2000+ 1)

and y==x

Then Ny is trivial. Consequently, W is not of Dita-type.

Proof. If v is adjacent to both « and (3 then, by Equation (14), the real part
of <Y,3,Yyq > is

— (0240 +1)(20% +20 +1)(20% + 20 — 1)
203(1 + 6)3 '
If 7 is adjacent to a but not to § then by Equation (15), the real part of
<Yyp,Yqya >1is
—(20% +20 —1)(20% + 20 + 1)(0* +26° — 0 — 1)
204(1+60)*

If v is not adjacent to a then by Equations (16) and (17), the real part of
<VYop Yo > is
(20% + 260 — 1)(26% + 20 + 1)
202(1 + 60)2
We have <Y, 3,Y, o ># 0, for v # o, § and for § > 1. By Lemma 5.1, Ny
is trivial. O

20



References

1]

2]

[12]

[13]

CHAN, A. Nomura algebra of dita-type complex Hadamard matrices.
in preparation.

CHAN, A., AND GoDSIL, C. Type II matrices and combinatorial struc-
tures. Combinatorica 30, 1 (2010), 1-24.

CHAN, A., AND HosovA, R. Type-II matrices attached to conference
graphs. J. Algebraic Combin. 20, 3 (2004), 341-351.

DELSARTE, P., AND GOETHALS, J.-M. Alternating bilinear forms over
GF(q). J. Combinatorial Theory Ser. A 19 (1975), 26-50.

DITA, P. Some results on the parametrization of complex Hadamard
matrices. J. Phys. A 87, 20 (2004), 5355-5374.

GobsiL, C., AND ROYLE, G. Algebraic graph theory, vol. 207 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, 2001.

GobpsiL, C. D., AND HENSEL, A. D. Distance regular covers of the
complete graph. J. Combin. Theory Ser. B 56, 2 (1992), 205-238.

GOETHALS, J.-M., AND SEIDEL, J. J. Strongly regular graphs derived
from combinatorial designs. Canad. J. Math. 22 (1970), 597-614.

Hosovya, R., AND Suzuki, H. Type II matrices and their Bose-Mesner
algebras. J. Algebraic Combin. 17, 1 (2003), 19-37.

JAEGER, F., MATSUMOTO, M., AND NOMURA, K. Bose-Mesner alge-
bras related to type II matrices and spin models. J. Algebraic Combin.

8,1 (1998), 39-72.

JONES, V. F. R. On knot invariants related to some statistical me-
chanical models. Pacific J. Math. 157, 2 (1989), 311-334.

SANKEY, A. D. Type II matrices in weighted Bose-Mesner algebras of
ranks 2 and 3. J. Algebraic Combin. 32, 1 (2010), 133-153.

SYLVESTER, J. J. Thoughts on inverse orthogonal matrices, simultane-
ous sign-successions, and tessellated pavements two or more colors, with
applications to newton’s rule, ornamental tile-work, and the theory of
numbers. Phil. Mag. 34 (1867), 461-475.

21



[14] SzOLLOsI, F. Parametrizing complex Hadamard matrices. European
J. Combin. 29, 5 (2008), 1219-1234.

[15] SzOLLOsI, F. Exotic complex Hadamard matrices. Cryptogr. Commun.
2, 2 (2010), 187-198.

[16] TADEJ, W., AND ZYCczKOWSKI, K. A concise guide to complex
Hadamard matrices. Open Syst. Inf. Dyn. 13, 2 (2006), 133—-177.

[17] TuryN, R. J. Complex Hadamard matrices. In Combinatorial Struc-
tures and their Applications (Proc. Calgary Internat. Conf., Calgary,
Alta., 1969). Gordon and Breach, New York, 1970, pp. 435-437.

22



