Efﬁwu»w—s oamd edqen veators

FDY o W’h’\.x, M) —\}; l‘y o ‘C{.\ﬁ_@\/ﬂcﬁr ‘)-ﬁ H llp-
MP 2P  (awd T#3)

i Gwn
whave. X 5 o salar. Thea Qs 29 u\jﬂVO\LUC-D‘F M-__

=
o,

F\'Miwr eNginvalves:  pant o Sl Ve (M- —'ﬂ—) v =

Ro a2 %m lneay aﬂge,bm,, e ih'mﬁl'p a Mabrx AGXI"S;S
only £ St (A)F O

S

< -
T dek (M-Ad)#0, th, v=(M-24) 0=0.
So we Y‘%);‘ra

Aok (M_ > ﬂ) =6 Cohamokyts-}\‘r_ “3‘6”) )

go_\‘_"f- :{’(«\;, Hnasraettrishe ecb..;a.!;’c;\ o 0(::_{"‘—\:"\ A . Fov am
)\l ’dimﬁ\fﬂtg- Veefoyr Sfmw_—)
dshiret vatis=—===X e tg enva lves. )

F\‘y\i;r\% ‘H'w. ;vacci’t_)rst :be each &'W\{alue_ ,_;.A ,,lpﬁa(n?rﬁ)
- Solve MT;: AV 4o obtain &‘wvedorf Ve There wi'l]
be N @t‘j,&hve:)“"f-‘} Some. of hich ,Magf_/nue +he Same.
e gunvalve .

Hove anll be at most /"/ -



ﬁ.il
F A V FD D | = QI 2 )
E\(amplg : ‘M &gbm \J‘a.‘»&} A{ Cﬁmmﬂ Y ( Tt

Edgen valves: O=ddet (M~ li)-dw(a -g_,\)
:—(f-—k)(—a*l)“#sle—e}—é»:(’,\ﬁ)(l—ay
So A= ond A=-3 are fhe cienvaloes.
Eigomvecters  Solve (M=AA)V =0 for cach A .
case of N\ =2
ere- (3 ()= Cane 12 (2

BN -
QV-;r_—.—.L-}V‘g_ = —25-_> S l 7._ /

Case of A=-%: N ,
_ Hvoe +2Vg \ [ ©
(M—}:ﬂ-)ff): (: f)(vy)"(n\:_:v:):(o)

C Luradvyso f 5 3
Vot = = Vig o2 —
QV::-PVg =0 '> - & = V (

The normalized eegunvekors  are

Wem(1) e ae @ auvd (L) A 2--3

ok <0,y = 0

%o eiquweders are  or thogonal,



U,ge,afu'[ :FaclLS a,bauf red, Summ&f'/‘;c maﬂue; %

5

No{'& A rcalL ma,fn)( hdS 6n+r|6_§ ‘H'W(JL ayre lour’c,/‘r? rea.ﬁ

Fﬁb‘[’ *k:i_ e,ta,uﬂva\ue—‘ of a

12.'(.0_.2{\_ L

S0 Mij= M‘d = arel nomber (or _l‘_’/_f_/_%)

7A symmefric matX (S c@u«ﬂ_ Jo (t+5 Trenipose

e

M=M" o

El'jamlalué— eﬂaaﬁw is MV—— 1_\‘/

LMy = My

in compoventS,

ea.Q Symwwh”c owdnxare real,

or  in CDMPOM+5 g Mla d’ = }V& (&5* i)_ —
TTake e comple X Comjugate of thic egoakion:
———— —4 —X——*_'_é%_ ¥ .

(EIM_‘}_}) (Z\V> = thd ‘*2 Vi _—

 Now e evaluate <\7? M—\?) -

in & veal or complex vecter Sface..)
,N , 2
— \% = \/
<V; HV> il J' r___Mld ,t\ T ! AV
= - vie erO 4 -
or  we \aouwe,N N 5
I 5 ' "5\" A
Ky MUY = 2 viMg vy = 2 W MLY,
.‘i A lJ"'i
B R M vead & sym -
— N =t
o = 5 g v = A<V, V)

_Ni'

73 Hhonn 2 M‘}L

=

Md-' v

LE M s vead wsjwmﬂ-)'p‘wm Mq = MlJ

Fen-Q.

*

= A*VE

(Note:

let V be o vectr




- - R -
 So e har shown Hat ALV, VD= X<KVY or -
N & B W RS 2= -

- gmw <v,v>>0 63’ f05.¥1Ve—gte£,.‘4em5§ (and ajﬁumtq} -745\))__

Fock $2: For Awo s bnck eigenvaloes of M the errespording
&%mv:edﬁfs or-e Q;rﬂ’m‘é,on@i.f

,’fﬂ%’ Consider Fwro &‘3@ DS _iia:d ? 5 w.H\ %WVA,‘LLL A, .
So M w= A l—i- an d My = ;\':L

Now B MP> = <R Aa¥S=2g <R, V>,

Bt albenbely e olse hwe:r ]
- I

N |

<waV> = {ﬂ_z__;\ VL M‘l \/d = ‘}z‘| MJ’L M‘L VJ_-_ JE‘W}%'I

= KM YD = A LR |

- So ﬂ <ﬁ,3> 7\';, (u,v> The  only wag for Hy |
I o M“‘"—, CwFJ.;ﬂg_) Vs _!_‘_F_<_V~_,_\_!> =0 .

S Rand YV oare Or%og—owi




Fﬁa(_,% #23 ° AV\ or%om}rma.o_ banS ﬂ-p &;émmj ff",) cee \//:J

Can  be vsedd o Aiagoalize M Ho e Jorm (;\‘._ Oﬁ}) .

& -3
whe,m, Hre Maﬁfoﬂmﬂn entrijeS are o &?"—m\»’q[u{_s -

Q\a, cof‘re,gl,oncﬂ,.ra. —to edach _eyemy veefoy '/a. (a=1, 2, -, A/_)_._

LePs evaluabet <04 MVa> = 2w <Vh, Va) = da Sab .

;Ia\n wm‘ooM-F ho‘\"‘«ﬁ'&-’h 4hic V'8 S -

<Vb, MV¢> Z (VL) Mt} (\/ﬂ. = A i 5;;6
4=

Le‘rs ola/gne, oA matrX R = V]|V (v’d)) "'e',, _fia;

R IS an /VXA/ /m)f'hx '77\4, cawponwh' f’— f?arc Ria= (Va)

Thn < Gb Moy = Rip Mij Rjoo = Aadab

l _-I

4>'£ (R LLYM Rjx= Aa Oab

I]—\

_wm R-+ s e Harmrf\m conjugate (Ie = (R ,)’F)

. . - 7‘1 DD - .
Tn modviX  poferhion: ”1R (( '\> .

~X
77/\/0](—2,_"_ <Q ) VA> _:'75-&"7 Since ecﬁ,a,.vedw_r are_ OY"H\‘UV\OY,‘M_Q

. N
/\>L>= 5— .) (VL) ZR-M. R b "iﬁ)m R {vﬂg

- -or in mm‘hx no{'m"an R+R _ﬂL

Q. ke mebiX R e, (KD

4N * B —— .



- For 'H.u_ QFe—CA.auL case of a vreal vector Space %t.
o _j'haih"x R. 156 al QLJO rea.Q_, (SMC& the 6»3,va:J‘\*fS Va_ hau-e. —
reall  componunts (Vo). D). Se R is an orthogoul

Aty - o . B
example. + Conside, tho matrix M ='(  lor previoss exemple)
- . we. had A =2 = ﬂ} N
,\L . 5\’) A (rw.o_%ve:iz:)

o s (45) - (1)

L A
Cie al
B . / YR a 1) ppir e
o Lo R'R = (‘JE;) | -2/ (——Q)z(_c_)L_)
- So K "5,0?'&234\«&—0-
_Summag; . red & ow-'l?lbx, vectar Space) - B
- real . covnp le X
o avedhor Vot comples——|
omporen 13V ave: B B
g say S LK SN X
~ Twner PmQQ,LQL(#L-‘V> = <y¢_¢k>=§l wve  <ywy= Z‘z, mwve
_‘:E\ﬁmbr PJ‘QM 1S VAvar ant D‘_.Woa,o—hni tin n"'cj:fgl/
wnder rotachions: (RTR=41)  (KR=1)
r— D .
Nm"e \ii (S

- vt = (*)T = (M)

CDW\‘OmuQ _Comple i cor\Juﬁq-'# and “”W-hSpoSe off a mabrix .

ke MR = () (23 5)(75)=()




A Her V‘M"‘\ an __mat X s e%uQL -f"o ;‘f‘S__HErm._hqn -
CDV‘J 030\’]"?- ( So M = M+__"£ __IA(]_ﬁQW\F o ‘k I\ig,':iM&,L )

f_&u\ﬂ. S mww/:lv{c._ rnah.ces (aSSao'm»leaQ with ‘Ph‘dg.mﬁ. SySttms
described | by - reall  vector g‘mcejv have. (1) real

eigenvel v PS ,omd (2) are Megoneddized by R
oY -W\o%zoy\_qi__,_ . r_o—h:d'l’on S, o -

Hermifiaw  matrices (associated w!’”{}_phgs{celisgjﬁ*ﬂﬁ
Aescribed by complex veehr spaces) have— (1) real
eigenvaloes § and (20 are oliagonalized by

(AN -."f'mfzz rotaHons | . S

Apzhc‘chﬂﬂl Coup/el harmon\c osc,//a,‘fﬂr‘,f B

F”ﬂ'\ cons.cler the §fm'p}e havmonic oscllatdr ) &g, A Mass p]

ﬁ_ﬁ&M_ 4 a Spring- , anth gorf'rg; Cconstant k. —

ke o |
r fr;\”r 2Z 05 Hwe (ome-olim. ) A&Splucw# |
- B T From ezmh(:rWM,__
Voo
_T[\L Fol—bv\'h‘gi %":—Cwo‘p Hoe S"fnr;ha, LS V=2kx?'.
Newtons 2nd  Jaw: F =mo , Jovce s - -
,,,,,,,,,,, dv B
F="4dx =~ k’f'_ B
— N .o 2
30 ‘Hu,f@m}wmoﬁ mofion s £ =~ g * o~ we =~ C
whore =\NEp s the ocrez,uenc-; of osciltabion amd

Wi o /cl-]; ('hn\&-aecuwd\va) ” - ]




e

’]'_l\_p, solubon 18 (4= Asi. (Wb + Beos (u)Jc)_ S w:ue A', =2

ne A,’B by L.{,S:b\a/ -

I ove  oplederminecd  Constouts . You. determ
o e wdsall owdihiens. €., Suppose at Rae £=o  Hao
SUSP/M 1S akt rest ,wfﬂ\ GUSP[MG,M‘E A. -ﬁ\bm .

and ';C. (I‘JEQ) = O B

(o) = d

- M

z> B = ;__7 eond _;A—:: o
) ) i 2 o -
> the colubonm ¢ = @)=d cswt)y 5 t |

_C,Q“SL'J&F a Syjkm w:"ﬂa Fwo

Cwuplaﬁ harmonic oS’Ctr”mr :

pnasses (of equal mass m) with sprisg aached as follows _

C N T T
o m [ [ m i
= T
[ e ' ' R

%) ond K, Oove \H@,ﬁgﬁ.{_‘slplchh -Siram ez)us'lu'br;wm,

| - . e
Polentiak  emergu V= él“ "_‘il + 2k, (=, “7‘;)4‘%‘3'@"1
(e e ~— R
— -~ Sprivng | Sprivg 2 Sprirg- 3
Nw"‘w\)s 2nd [aw: )
—_— T — - S e % —
M, = |:‘ - T A :——(k(’a&l-{-kz(x,—_—zp_)) o

——— —
v

Yn?f2_= F-)_-:: Do =

;_ (-kz(wxr"zz.)i“' ki 'Z;) —




U\)& Com mr,\Le, Ho 2nd lav a¢ a matr X, aﬁuo.:ﬁon -

- oy + ke Je
% ) fifﬁu—xrg#—xf— S (k.+kz —ky ( =7 )
- - Z, )" = ,?;?ax,,_ E_.___zaz_x'?_"""_ ke, l?._tlzi__?z_— -

- - N dofne His as U .

i - ' S & |
- 'pcanc_. o h’O'C?ﬂ_PoM\'{’ Ve_(.7|-b\" o ('xl,_)‘ —_— |

Then 4he. 20d law s -'55:5—‘[1,2,

) PR A I N
R +E,
o The puiix U hag P form (A= (’L ‘Lj yiheig, 4% :’ ) g,”—};-% |

Nole : M (s a veal S;?;mww;c wadry X .

F\'nca ‘HAL eu\ax*valu{-ﬁ amd( OL‘?%\_/;Q{-;,_; g-ﬁ M:
—_— e L S — |
Eigematves: 0= ot (U- A1) = dot ( ar )=@A) 4

> Pe-RQar+a’-Lr=0 |

, ' 2 fef/ Lol e ak T
Lebs call e eigtavaloes W) = /m omd &, = Ty
Stnce thetp will be velafed Aot freguencips. S




LL&WUQJ—:“ofS Le/l'S Calk ‘HNL uamvfdﬂ _L? and @ . B

o
(i) (ase A= = k'/lm L

> o ke =k
(- “ﬂ)ﬁ[ff'Jiﬁ(%2L=(¢;.mZﬁﬂ1}43

g 12 S === _8,77};,, =
D fay - St S viev, » 9=(/)

Z .
L= M ' -

(wat)i = (40 ;.i,_)(?ﬁl) (s Zf fﬁjﬁ )( - 3)"

- — - ) ]
N E;wtz_ﬁw,_ = W=-W, = W = (—;) |

m o S |
Nornalize the ﬂtfj:er_y@j“’ wnitdy s I . J
|
A _I_ A - | - |
b=k (i), a- 57 )__ - :
- _ ]
|
PlﬂﬁS\axl In -‘-%Pve,%mn )
V 1S when ) = g ; __masses move in the Same oﬂxre_cﬁﬂ—mi
W s wha Y= — Ky Masses move in oppes Jee olirechion,
) A A LA '>———‘ A |
Rodwhon madvix : R = (¥ W__=_E-_(__l =] . S
a-b O
R (\Z/ 1| a —b (l — (_ .
amk RTMR = (—rﬂ (Lﬂ)(-b a«.) I-|)" A a+b
w” O >
- =05 w . B

RTR=(o)=d - _




[22]

The ov g n,akis‘-’skm of  @mcovpled eguotions capm be  Simplified
tnte a 5y Stema of  pncovpled, ¢ﬁ°ﬂ3h'%§,,. — S

Newtons 2nd | :'r,z-,_u‘; ‘ S -

C..u'rv\ph? harmonie  osedlatoes  with %Ud‘_“ﬂ_‘;p_mo‘h%

— Ii 2- o & - ‘
Ky = W%, ond . = —Wy PC2 -

 TThe selohons ove: '*51/,,,(’6) = A S\‘n.(w_.?s)_ﬁ‘_ces(u{t) , |
___?(—‘-; ('k) = A son {wajc) e ?JEQS«I@,;,"J) |

. 2 , e
i The. Vogrjj@bkcs Cal D) 7575 . ihnc ,CM Hhe l‘-'‘-'ﬂ"—""“t%"""c’‘:"(""5) doed

S W and Wy ore _@_ﬂ%\%%ﬂ T I

The Solobans For @) and =a(t)  are gnen by

S~/ 1/ /A Sin (wit) + B oS (Wwt) \
) = k== l:'f(' -f) (A,_e,-.-,\.(_u_,,i)_-l-_&gos (W)

\

2, (e)

B YA

'?Cz({'.)

 Goeffrecents A,_)_’E,.,_Aq.,._%;,_aw Aoterm. neol fog/f'm'ﬁ:'/(« conclibon s,

e suppese oy (t=o)=d and x,(k=0)= =, (t0) = =, (tro)=.

. e 20 =(S) and Z0)=($) -
— —'/”'\Un AISA?.:D Mifgt?ﬁ_: A/E . e




[ &
o “"“":L\_.'- ’Eml e\wmloe; & a%uw of H (fi’f)

2=\ o
72 Y

A o
E\W%w 0= J,a—(ﬁ 'Aﬁ.) c{u——( )

R

.({; 2)2 ( 7-2) = (2- >\) = (C ‘..;..).)o...: \) (2 -—A)

2-\) U= 224228 A = (2-2) (%A)(v\)
= -’ a =0

_Aa=o0

0N

f\\'/g

ound 'R a (0e°Ul°}¢ "‘9"’{'3

| E\g,tmzw(’avs

TE e chameiviche eqoabion hog a pepented ot | s
(s ceMed o Mfemrole ergonmvaloe

e A=e: (M- 7\'11-)'!» (}g% )(

FER
N

e 'A:a (H* \ 1)_\‘7 _ (._ ; § OE ) ( 3;:)5 ( z ) )

5 e ux cuz=o

_oamd Uy =o0

{

< gL Ov-ﬂou VLT
> Vx Z y DA ‘L’:,Q ;

W& hwe, Meve fVee&om 1‘7’ CL\WS& -H\e &WVCJWS Ao
JW‘“&M\M(”"' Slnce theg s adou(ok,

teot, fawe ave dwo _lir\w_l‘;,__...__inéepw&mL eigemvecn s,
?w\(w

e-q- A V F.L ( o) e w—r" 'F"‘A J(t‘w FemAining, L6 Gl
L) find e vedee fhetSakisfies Sy =i




ovthenomal.
ga e "l’t‘\"f..e-/( egunvecd=ry  are

o
e (s) o-u(s), 0= (1)

()u—“‘ che e OP @‘\f) LS not un f-uue— sthce oony.
linear . com binatiom a0+ bW s alse o elguvedto

Last "‘3’ ) one. caw checke Hat Ha e &P—lﬂ-—v\ madrix oL(,ta-a s ‘D(t'u'va(

M is  ouven by r— A) (!/r; Yis o)
- = o o (

) e enpecdea.

0y

o
a
o

‘QQB

RTMR = (



