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AFBTRACT 

Piaget’s cognitive-developmental variablfe is conceptualized as a quantitative 

construct, tine central processor M. The set measure of M, i.e., the maximum number 
of discrete “chunks” of information or schemes that M can control or integrate 

in a single act, is assumed to grow in an all-or-none manner as a function of age 
in normal subjects. The M measure is taken as the quantitative characteristic of each 
developmental stage. M values for the Piagetian stages were inferred from Piagetian 
data and postulated as experimental hypotheses. 

A new compound-stimuli visual information (CSVI) type of task was designed 
for testing quantitatively the M construct. The stochastic model ured for these 
predictions in the CSVF task is the Bose-Einstein occupancy model of combinatoria.1 
analysis. 

Successful results from two different series of studies with 5-,7-, 9- and 1 I-year-olds 
are reported. In addition, the manifestation at the performance level of the “hidden 
parameter” M is shown to be mediated by a number of moderator variables such 
as Witkin’s cognitive style, attcntional learning-sets, etc. 

‘Transformation of information and its coordination’ is Inhelder’s 
characterization of the function of ‘intelligence’ as it is studied by the 
Geneva school (INHELDEK et al., 1966, p. 162). 

IJnder this interpretation the construct ‘intelligence’ in piagetian :L 
theory stands for the functioning and the growth of what in other 
current literature is called ‘mediation’, ‘serial processor of information’, 
‘finite central compu!.ing space’, ‘integrator mechakm’, ‘comprehension 
operator’, etc. 

The distinctive features of the Geneva position stem from the following 
two methodological innovations. (a) Its original developmental method 

1 Henceforth a distinction shall be made betvveen the adjective “Piagetian” 
written with a cap&?, which strictly refers to the work of Piaget’s own team, and 
the adjective “piage tian,” without capital, referring to work also done in other 
laboratories, on the type of problems which F’iaget’s team has inaugurated. 
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which led the school to postulate (cf. Y&ELDER, 1964) that intelligence, 
although it may very well grow in a continuous manner, passes through 
a series of discontinuous functional &ages. These stages are supposed 
to present the property that, once achieved, their functional structures 
become relatively independent of their generating histories. (b) The 
school’s choice of symbolic logic as a tool for organizing the data 
and for describing the intellectual capabilities of the construct ‘epistemic 
subject’ of Piaget (BETH and PIAGET, 1961). This ‘epistemic subject’ 
has been abstracted by describing in logical terms the invariant behavioral 
properties exhibjited by the majority (50 to 75%) of normal subjects 
of the same age across a large variety of di&rent situations. Clearly 
this approach facilitates the unitary generul-stages iilterpretation of 
cognitive development. This seems to have been the original position 
of PIAGET (cf. 1.947, 1956) and the position of many other researchers 
in their earlier disc:ussions of the Piagztian system (e.g., WCFILWILL, 
1963, 1.966; HUNF, 1961). Such a s.tructural and content-free inter- 
pretation of intellectual development bears some resemblance to 
‘Spearman’s general factor theory of intelligence as HUNT (1961) among 
others (cf. VERNON, 1955) has noted. [ndeecl it has already been shown 
(VJXNON, 1965) that Piagetian tasks constitute good measures of G. 

It is well known that this heuristically powerful notion of general 
stages offers the possibility of constructing a nir+l oral ordinal scale of 
inte’llectual deve:lopment. The dimension on which, t5is scale is located 
appears to the present writer to be the informational complexity of’ 
the task considered from the subject’s point of view. A similar inter- 
pretation was quantitatively tested by NASSEFAT (1963) at Geneva in 
an important thesis. Indeed the informational interpretation is suggested 
in Piaget’s d; ;qc.l~ssion of inferential processes (PIAGPT, 1958, p. 18; 
PIAGJZT and MORF, 1958, pp. 81-91). An important corollary of this 
view is that any general stage of cognitive development could in principle 
have one numerical character istic: the number of separate schemes 
(i.e. separate chunks of information) on which the subject can operate 
simultaneously using his mental structures. 

Piaget refers explicitly tn sn attentional construct or central computing 
space in which this integration of information is supposed to take place. 
In his e,irly wofk (PIAGET, 1928) he refers to it as an ‘attention span’ 
or ‘field of centration’. Later (PIAGET, 1956b) he uses the term ‘field 
af equilibrium’. In both instances PIAGET (1928, 1956b) states that as 
thy child grows older the extension of this ‘field of centration’ increases. 
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:is view has been frequently advanced by child psychologists usir?g 
1 ferent terminologies. The presen writer’s proposal of a numerical 

ch:aracteristic for each piagetian general stage could thus be interpreted 
as the set measure of Piaget’s field of equilibrium. If the existence of 
this numerical characteristic was proven, and if a recursive function 

nerates the numerical characteristics corresponding 
to the paagetian stages, this model could perhaps be used as a rule 
ex.jPlaining (or at least formulating more clearly) the transition from 
one stage to the next (cf. SIMON, 1962; LESSEN, 1962; 
WIOr-r~w~~~., 1966). The purpose of the present paper is to present and 
to test a quantitative model satisfying the conditions laid out aboy,le. 

!I)wever, before this model is prese;lted i is convenient to discuss the 
current state of opinion with regard to e notion of general stages. 

1. THE MULTIPLE, LOCIAL-STAGE lNTERPRETATION 

Despite the simplici,ty of the general-stage structural interpretation 
Piaget and Inhelder, compelled by their findings, have accepted the 
existence of more specific ‘group factors’ (to use a factor-analytical 
metaphor) which are somehow related to the situational structure. One 
of these is the ‘horizontal decalages’ invoked to explain the fact that 
conservation of weight is always acquired after conservation of substance 
in spite of the similar logical structure of both tasks (PIAGET, 1956a). 
It is assumed that this decalage is due to the need to reconstruct the 
logical structures when they are applied in a different concrete context. 
Also related to context but of a different nature is a ‘figural factor’ 
occasionally used by PIAGET and INHELDER (1966; INHELDRR and 
PIGGET, 1964) as an explanation for the performance on some tasks 
which would not be predicted by the logical analysis. Another ‘factor’ 
considered by them is the degree of familiarity with the content area 
which influences the subject’s performance level to some extent. 

Piaget and Inhelder seem to interpret all these more specific factors 
as mere modulators of the manifestation in performance of the main 
factor ‘intelligence’ (i.e., the structural-stage level attained by the sIubject). 

This is not the position taken by all investigators, however. Certainly 
many researchers have recorded similar observations. For instance the 
following generalization summarizes an impressive body of data: the 
degree of sophistication of Ghildren’s responses to a great many p:iagetian 
situations is, to some extent, an inverse function of the importance 
of misleading perceptual cues within the situation (WOHLWILL, 1962; 
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Gnuco, 1962; SMEDSLUND, 1964; ABBLI, 1963; FEIGENBA 
BMJNEM, 1964; BEILIN, B964; UZGIRIS, 19641; ZIAULES, 1965; 
l%_,~, ~~AINH and SHANKS, 1965, etc.). These findings eviden 
the figural factor of Piaget and Inhelder. 

There is another frequent finding which leads many investigators 
(e.g. HUNI”, 1965) to doubt the structural-stage notion. This is the failure 
to find the expected (within-subjects) high intercorrelations among 
giagetian tasks belonging to ,the same developmental level (Lw%?LL 
and OGILWE, 1961; S~~LUND, 1964; LUNZER, 1960; DODWELL, 196Q, 
1962, 1963). 

BEILIN (1965) has expressed th..e puzzlement of American investigators 
as follows: ‘Inferring both structural invariance and response variab:ility 
from the same body of’ data, however, places the Geneva group in 
the position of offering either a paradox or a contradiction’. Although 
Piagetian general-stage theory appears to be more flexible than Spearman’s 
two-f%tor theory, American investigators experience again great 
difficulty in accepting the notion of a general intellectual factor. 

Thus it seems that any attempt to save the general-stages construct 
must account separately for the general structural invariants and for 
~22 response variability. 

The present proposal attempts to explain cognitive growth by means 
of a ‘hidden parameter’ : the size of a central computing space M which 
increases in a lawful maimer during normal development. The general 

structural characteristics of the piagetian stages woul i then be inter- 
pretable as qualitative manifestations of this internal computing system 
or Moperator. The frequently found response variability can be explained 
in the following three ways : 

(a) Assur_3-2 that M oFrates upon the units or behavioral segments 
available in the subject’s repertoire, as the repertoire changes with learning 
SO will the level of performance even if the subject’s M value remains 
constant. 

(b) A distinction can and should be made between the subject’s 
maximslm capacity or ‘structural M’ (MB) and his “functional N’ (Mf) 
0~ amount of Ma space actually used by him at any particular moment 
of his cognitive activity (cf. INHELUER and PFAGET, 195::, p. 260; 

N et al., 1962, p. 54; etc.). 
It seems reasonable to assume that the value taken by Me oscillates 

n zero and MS. ‘Es functional Mg would constitute a discrete 
random variable which can be influenced by a multiplicity of factors, from 



~tivat~on~ arousal and the degree of fatigue to so 
itkin’s field-de 

CUAL-LEONE, 1966). 
probability of a cue s 

se for a scheme, see below) depends on its 
depends both on iearning and on the ‘innate’ 

perceptual organizational laws. t has also been frequently shown that 
there are “innate’ S compatibility factors assigning different probability 
weights to the different schemes in the subject’s repertoire (cf. FITTS 

SNER, 1967). Although space limitations do not allow pursuit 
reasonable to assume that: the lower the ‘innate’ 
compatibility of a scheme, the higher the levr~i of 
uired to bring about its activation. This ‘innate’ 
uct-variable corresponds probably to the figural 

factor (anJ the ‘field effects’) of Piaget and Inhelder. 
The M-operator theory was inductively derived from cognibive- 

developmental (mainly Piagetian) data by means of a semantic-pragmatic 
analysis (PASCUAL-LEONE and SMITH, 196!9) of tasks using symbolic 
logic. However, space limitations make it impossible to illustrate here 
how such an analysis can be con ted. A hypothetica.l-deductive style 
of presentation will thus be adopte elow. After a theoretical framework 
(which includes zhe inferred M values), a new experitnental situation 
and a mathematical model connecting theory and data, shah be offered. 
In this manner %he M values previously inferred and postulated here 
can be quantitatively tested. 

2. THEORETICAL FRAMEWORK 

The child is viewed as a relatively autonomous psycholiogical system; 
he is assumed to be an independent source of data (ie. of behavior) 
which is relatively self-consistent across situations. 

At any given time this psychological system can (in principle) be 
described by means of the following three eomponents: (1) a repertoire 
H of behavioral units or schemes; (2) a central computing space 
(i.e. M operator) in which the information processed by the set H * 
of activated schemes is transformed or integrated into novel behavior; 
(3) a number of organizational laws, such as learning laws, field 
organization laws, etc. 

Only the first two components will be briefly discussed. The third 
component shall not be used in what follows. 
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21. The repertoire H 

A scheme is an organized set of reactions (i.e., a behavioral, perceptual 
or mental blueprint) susceptible to being transferred from one situation 
tcs another by assimilation of the second to thie First (PHAGET and MOW, 
:19:58, p. 86). This functional definition of P’aget’s can be translated 
into structural language by defining a scheme either as an ordered pair 
af implicit responses (i.e., response classes) such as : s, i+(see VON UEXKhL, 

1934) or, in sorntz cases, as an ordered triplet: ((s, 19, s’), following the 
,tradition of TOLMAN (1959). 

The first response s is a releasing response which elicits the activation 
of the ‘effecting response’ r. Tlie xleasing response s corresponds to 
the simple or patterned cues discussed in modern discrimination learning 
theories (e.g., NEIMARCK ar.d ESTES, 1967; TRA&SSO and BOWER, 1968). 
Before the input is categorized or ‘assimilated’ by the subject, a 
probabilistic ‘choice’ takes place among the different releasing responses 
activated. This ‘choice’ is based on the weights of’ the different cues. 
The outcome of this choice is the sampling of a set of compatible 
releasing responses which in turn will activate their correspo:?ding 
efrecting responses r. The (perceptual or behavioral) overt response R 
is a function of the weighted integration of all the compatible r’s activated 
at the given ttme. Thu5 this output is preceded by another probabilistic 
‘decision process’. The terminal response or “stop rule’ s’ of the ordered 
triplets (s, r, s’) can be considered to be a special (inhibitory) type of 
releasing response. 

The schemes intervening in human processes are of many content- 
defined sorts: perceptual, cognitive, behavioral, motivational, etc. 
Independently of content, it is important to emphasize the recursive 
character of the scheme’s structure: it is possible to have schemes 
constituted by schemes constituted by schemes constituted . . . The 
schemes capable of functioning as releasing responses of other super- 
ordinate schemes arc called fqqrvative schemes or schemas @AGET and 
TNHELDEX, 1966); the schemes capable of functioning as effecting 
responses of superordinate schemes are called operative schemes (PIAGET 
and TNHELD~, 1966). A superordinate scheme or superscheme is analogous 
to a computer program which uses subroutines (i.e., subordinate schemes 
or subschemes) which are stored elsewhere in the subject’s memory or 

ire H (e.g., REWAAN, 1965). This concept of superscheme is 
recursive SO that it is possible to have superschemes constituted by 
su schemes constituted by superschemes constituted . . . Well-known 



TRANSITION RULE IN P~~LGET'S STAGES 

sompound cognitive suge~sclremes of this type are the operational 
structures responsible for the logical opc.rational thinking which have 
been studied by Piaget a Id Inhelder. 

Note that for any ordinarily learned superscheme (i.e., fo:r super- 
schemes which have not been overlearned, cf. MANDLER, 1962) the 
actual use of its subroutines requires the simultaneous and/or serial 
activation of the corresponding (subordinate) schemes stored elsewhere 
in the repertoire H. 

This simultaneous and/or serial activation of elsewhere-stored sub- 
schemes requires the executive service of a central processor or iinite 
computing space M. 

2.2. TAe central processor M 

Piaget’s cognitive-developmental variable is conceptualized as a 
quantitative construct, the central processor or computing space M. 
This computing space M, together with t!%e operative superschemes 
discussed above, is responsible for the transformation and coordination! 
01’ the information initially available to the psychological system at 
any time. (This initial information corresponds to the schemes which 
the input and/or other schemes have activated in H.) 

Whenever the task requires the subject to process or transform 
information (i.e., process one or rn01 . e activated schemas ZZ) conforming 
to a plan (or operative superscheme) & in order to obtain new information 
(to activate a new scheme or scheme s z’i), th.e processing is carried out 
as follows: placing each one of the different relevant subschemas 

( i.e., ZZ, . . . ztJ in one of the channels or ‘centration places’ of the 
central processor M, together with the schemas representing the task 
instructions (~1) and the general task situation (ly&. In this manner 
ly,r and va together with subschemes placed in the channels of the M 
operator activate the corresponding superschemes &C which in turn 
transform any centrsted ZJ into its corrtsponding z’i. 

The set measure of M, i.e., the maximum numb’er of schemes or 
discrete ‘chunks’ of information that M can attend to or integrate in 
a single act, is assumed to grow in an all-or-none manner as a function 
of age in normal subjects. This M measure is considered as a quantitative 
characteristic of each developmental stage. With respect to a type of 
task including verbal or other kind of symbolic instructions the valuies 
of A4 are predicted to be the following: 
(13 For the last substage of Piaget’s pre-operational period (PIMET., 
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1956a) the sralue is M= sz + 2, where a is an ;unknown but constant- 
across-ages quantity which corresponds to the processing space taken 
by vI and vs. This stage represents on the average the 5th and 6th 
years of chronological age. Because of its relevance to the ‘verba! 
mediation’ hypothesis note that this seage was summarized by CRON~AC 
(1965, p. 120) as: ‘The point near age 5 where the child allegedly begins 
to use words to direct his own actions, so that verbal mediation for 
the first time makes his iearning different from animal learning’ 
(2) Piaget’s substage of low concrete operations (PIAGET, 1956a) 
exhibits an M operator of value M = a + 3. The corresponding 
chronologicai ages are, on the average, 7 and 8 yr. 
(3) Piaget’s substage of high c0ncret.e operations, shows an A4 = II -Jr 4. 
(Approximate ages 9 and IO yr.). 
(4) At Piaget’s substage i.ntroductory to forma! operations, which 
corresponds with the acquisition of volume, the IM value is M = a _t 5. 
The corresponding normative ctIronologica1 ages are 11 and 12 yr. 

A logical generalization of thl:: model would be to suggest that the 
well-known average informationprocessing capacity of adults which is 
described by MILLRR’S (1956) ‘magical number seven’, represents the 
upper Limit of our computing space M. With this view the piagetian 
data could be integrated with he very important work on channel 
capacity conducted in other exper?mental laboratories (e.g., GARNER, 
1962; ERIKSEN and LAPFIN, 1967; Frrrs and POSNER, 1967, etc.). There 
are reasons to believe that both approaches could benefit from this 
integration (cf. GREEN and COURTIS, 1966; PISHKIN et al., 1967). 

The importance of this j&operator system is that it postulates that 
tbe difference between the IU values of any two contiguous substages 
is a constant. If this f&ture was confirmed it. would mean that the 
lt4 apt:rator cotiotruct offers the possibility of measuring intelligence 
against a normative system of measurement w,ith the eventual power 
of an interwal scale (this is because the set of possible iV values for the 
different stages when Considered together, would constitute a finite 
equal difference system in the sense of SUPPES and ZINNES (1963). This 
last feature, together with the basic testability of the present model, 
shows its advantage over the many previous attempts to use a ‘mental 
span’ construct for explaining cognitive development (e.g., ~UCLAUGHLIN, 
1963). 

Four remarks should be made before discussing the experimental tasks. 
(1) The A4 operator has been said to be constituted by two parts: 
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d k (k = 2, 3, . .). This distinction is being made only in the 
observer’s language and does not presuppose any assumption with 
regard to whether the system itself is divide n subsystems, This is 

ilE, be assumed 
ntly at their ma urn (i.e., structural) computing 

(e.g., 7-year-olds with = Q --/- 3, the 1 I-year-olds with 
= a + 5 etc.). This is by no means a necessity. As discussed above 

1.1 operate with only a fraction of his structural 
ne of the var;Q . .&es believed by this writer to act 

as ‘moderators’ in the ‘choice’ of functional M value is the cognitive 
yle field-dep rice-independence (FIX) of Witkin (cf. PASCUAL- 

EONE, 1966). re direct experiment evidence in support of this 
assumption has been recently produce y ECCLES (1968) and will be 
summarized later. According to these findings field dependent subjects 
frequently function with an M size inferior to their structural capacity. 
The methodological corollary is that only field-independent subjects 
can be inc!uded in the experimental samples, if, as is now the case, 
the struct~ural computing space of each age group is being studied. 

(3) The computing space M is assumed to operate upon the schemes 
existing in the subject’s repertoire. The performance level will thus, depend 
on the content of this repertoire independently of the power of the 
subject’s M operator. Thus a good experimental strategy will be to have 
the subject acquire an artificial repertoire of simple schemes and then 
to test the M operator’s capacity by the subject’s ability to integrate 
these schemes. 

(4) The construct M is assumed to be the only central computing 
space available to the subject. It follows that any sense modality and 
any effector channel could In principle be used for constructing the 
input-output functions. Under this circumstance a compound-stimuli 
visual information task (CSVT) has the advantage of experimental 

simplicity. 

3. DESCRIPTION OF THE CSVI TASK 

A two-step procedure was followed. In the first step all subjects 
learned a small repertoire of S-R units. The number of units to be 
learned varied across age groups as a function of the predicted M 
operator size for the group. As mentioned above, the M operator is 
assumed (in the observer’s language) to be constituted by two parts: 
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one of size value a, an unknown quantity constant across ages, and 
the other of size value k whrch varies across developmental stages and 
is considered to be a numerical characteristic of these stages. The number 
of S-W units learned by each age group was equal to 3 + k. That is, 
Syear-olds learr,ed 3 + 2 = 5 units; 7-year-olds leaxned 3 + 3 = 6 units; 
9-yeatr-olds learned 7 units and 91-year-olds learned 8 units. According 
to the M-operator hypotheses, the difference S between the number of 
units-to-be-learned and the corresponding 1M val,ues remains invariant 
across ages. Thus it can be said that, should the hypotheses be upheld, 
the ‘difficulty’ of the total task would remain invariant across ages. 
This poin,t is important and shall be discussed further when thle data 
have been presented. 

The stimuli forming rthe repertoire ‘were easily discriminable simple 
visual cues such as: ‘:jquarez, ‘red’, ‘dot-inside-the-figure’, etc. The 
corresl?onding responses were overlearned motor behaviors such as: 
‘raisedlthe-hand’, ‘hit-the-basket’, *clap-hands’, etc.. The universe of simple 
S-R units used in the whole series of studies i-s presentfid in table 1. 

TABLE 1 

Universe of simple S-F: units. 

Simple 
Sn-Rn 

Dimension 
Positive 
instance 

N’egative Response to 
instance posit,ive instance 

S,-R, 

%-Rz 
s-R3 

GR4 

s5-R5 

s6-R6 
s, R, 

GRg 

Shape 
Color 
Size 
Closure 

CircIe in tne center 
of the figure 

Out line 
X in the .center 

of tl?e figure 
Purple background 

Square Circle, triangle, cross 
Red Blue, yellow green 
Large Small 

Open spaces Clofied 
in contour 

Present Absent 

Pre:.ent 
Present 

Absent 
Absent 

Present Absent 

Raise hand 
Clap hands 
Open mouth 
Close eyes 

Kick basket 

Stand up 
Nod head 

Hit table 

The choice of these input components was guided by the following 
three constraints:; (a) the intention of minimizing learning difficulties; 
(6) the desire to t?xcZude material which would require the use of verbal 
mediation. This is because, accordSing to the theory outlined above, 
mediation is not necessarily verbal (cf. TNHELXIER and PIAGET, 1964) ; 
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(c) the need to control for the receptor-orienting(or ‘scanning’) component 
of attention during the presentation of the second s,tep. This was done 
by carefully selecting simple stimuli which can be ‘nesteti’ into a single 
compoun unit. this way failure to respond to only some of the 
cues could not be eviplained in terms of lack of peripheral reception. 
There is also the fa.zt reported by SHEPARD et al. (1961), by GARNER (1962), 
and by LAPPIN (1967), that cues added to a single object (or compound 
stimulus) are more easily processed than if added to separate objects. 

When the subject had learned his repertoire the second step was 
introduced. A new set of cards (set # 3) was presented, one after the 
other, exhibiting compound stimuli of the form: 

sn = (S,, . . ., Sn) 

where all the n simple cues belong to the repertoire of iV simple stimuli 
pretfiously learned by the subject. The subject’s task was to respond 
to any recognized stimulus. All possible values of y1 greater than one 
up to N simple stimuli were used in the randomly ordered set of cards. 
Cards were presented manually and the exposure time was fixed at 
5 SW but the subject had free time for responding. 

The experimental setting and instructions were as follollNs: 
(1) First mp: Two different sets of cards consiiiuted <ihe stimulus 

material. Set # 1 consisted of N (i.e., the number of simple stimuli) 
pairs of 64 x 84 inch cards each one containing a fourf,3ld division 
with one figur e in each cell. Every pair of cards illustrated a simple 
S-R unit. The first card of the pair contained three positive and one 
negative instance of the stimulus to be learned. The second card offered 
three negative and one positive instance. As the series proceeded other 
already learned positive instances were included in the cards, besides 
the primary ones. Set # 2 consisted of 4 x 6 inch cards each one 
showing, among other negative instances (see table I), one and only 
one positive instance belonging to the repertoire to be learned. The 
total number of cards in set # 2 changed slightly with the age group of 
tne sample: 5 yr (= 21), 7 yr (= 24), 9 yr (= 24) 11 yr (= 27). 
Experimenter (E) and subject (ZJ) set facing each other across a table 
at a distance of about three feet. The task was introduced as a ‘spy’ 
game. E would teach f a code and when he knew it well, E would send 

him some secret messages. The set # 1 or ‘introduction series’ was 
then started. E presented each card by saying ‘Here is one cJue; whenever 
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I show a ____- I, let me know you have received the message 
by __-_ 2’ (here and bel+:>w, blank I stands for the description 
of a positive instance and blank 2 stands for the description of a motoric 
response. Shaping of the subject’s motor response by means of verbal 
reinforcement was used at this point if necessary). E pointed to each 
one of the four figures on the card and asked: ‘What will you do here? 
(Eventually the question was replaced by an interrogating gaze at S.) 
According tcl;ll s’s behavior E said: (a) ‘that’s right’ or (b) ‘no, it is not 
a ..I’,’ or (c) ‘no, y3u have to -_____--2, because it is a 

_.._I.” When a secondary positive instance was present and S 
did not respond to it E would eventually add as a casual remark: 
‘That’s good. You could also have -__2 for the I 

on that one.’ When set # 1 was completed E said: ‘Now we will have 
some more practice before I send you the secret *messages’. The set # 2 
or ‘learning series’ was then started. Every time S made an error he 
was told : “No, for P you ____~~.__-2.’ The whole series was 
repeated until it was .passed without error. 

(2) Semnd step: set 3 was formed by 4 x 6 inch cards offering 
a compound stimulus figure. The actual set used with each group of 
subjects appears in table 2. 

TABLB ?, 

,Ccmpound stimuli (Sn) distribution for each age group. 

Agii: SX distribution 
Sz S3 S4 S6 S@ S7 SB Total 

5 SI-k, d !35--R, 28 24 9 1 62 

7 &-RI to SsR, 15 24 24 10 1 74 

9 S,-RI to 5+-R, 10 10 25 26 10 1 82 
1I S,-R, to SBR, 10 10 10 26 24 12 1 93 

* seetable 1. 

The second step or ‘testing series,’ was started without interruption 
after successful completion of set # 2. E said ‘Now I wilI send you some 
wet messages. This time hntive can be several messages for the same 
card and you have to try to respond to all sf them. I will show you 
each card for a few seconds but y3u may send the signals back for as 
long as you wish. I don’t know bow many messages are on the cards, 
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so I will only know that you are finished when you stop sending signals. 

wi13 show you the next card.’ Each card was manually presented 

about 5 set and all the responses elicited were anutilly recorded. 

er suejects showed some te ency to say th ule defining the 

se to-be-produced aloud. hen this occurred they were asked 

ep quiet so that ’ he enemy spies could not hear’. 
quivalent standaxd instructions were used for all age groupc. Only 

minor rewordings which conserve the informational content and the 
serial organization of the instructions were permitted across age groups. 

4. AN -OPERATOR M DEL FOR THE csvl TASK 

y virtue of the initial paired-ass,ociates learning each unit pair (WC S, 
response R) of the CSVi task constitutes a sepa,;ate scheme $zi available 
in the subject’s repertoire H. 

Each one of these schemes &i is actually a superordinate scheme 
specifying a contingency relation between two subschemes : the perceptual 
schema zi corresponding to the cue St and the motor operative scheme zic 
corresponding to Rr. Clearly any supcrordinate scheme & constitutes 
the blueprint for a transformation of the form: zd --f z’g. 

By virtue of the initial (first-step) training the subject has learned 
the different schenxs .zI, zZ, . . . zn, f,, z’~, . . ., zt 12, +zp $22, * * * 5-b 

and their corresponding orienting and releasing responses. As in addition 
the different cues S,, S,, S3, . . . S, are nested in the stimulus compound 
Sn, it seems safe to conclude that: (a) The sensorial input includes 
information corresponding to each one and all the available cues 
S 19 l ’ l SI , . . . S,; and (b) each one of the cues SJ represented in the input 
activates in G;e subject’s repertoire tlnd t;orresponding perceptual sub- 
schema zc. CaN H,* this set (7$ mtiwted subschemas and observe thnt 
for the reasons stated above H,* is a perfect rqvwmtation of the stimulus 
cornpound ST 

The subject remembers the task instructions (call y1 his representation 
of these instructions) because he keeps the scheme ye activated in the 
central processor M; at the same time and for the same reason he has 
a representation pa of the testing situation. Thus as soon as the input 

activates the set H,* of schemes the subject attempts to transform the 
perceptual information conveyed by H8* i.e., zz, z2, . a . zn into the 
corresponding motoric information z’~, z’~, . . .) z’~, as stipulated t;y the 
activated superschemes &, 46Z2, . . ., &. It was stated above that 
transformations of information of this sort require the use of the M 
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operator unless (and this ~3 not the case here) the superschemes & 
have been overlearned (cf. MANDLEK, 1962). 

AS the size of the M’ operator (call this size na), is limited, the number 
of perceptual subschemas which M can sample at a time (i.e., centrate 
or attend to) from the set I&* is quite small. The schemes corresponding 
to the task instructions (i.e., ~1) and to the general structure of the 
situation (i.e., yS) must be continuously centrated by A4 (‘kept in mind’), 
therefore the A? space left for the sampling is equal to m-a, where a 
is the M space taken by p1 and vs. This amount of space m-a was called 
above k and its actual value was said to be a numerical characteristic 
of the Piagetian substages. 

An intuitive model which clearly illustrates this is provided by the 
following analogy. 

4.1. Intuitive reprwntation of the model and first ‘attending acf 

Consider that the repertoire H of schemes is a panel containing a 
matrix of nonordered light bulbs; each bulb will stand for a scheme 
existent in H. The ~~;~re~~nt light intensity of these bulbs will represent 
the degree of activa.tioJ.1 of the corresponding schemes. The set of 
activated subschemasI H, * .urill therefore correspond to a set of dimly 
lighted bulbs existent in the matrix H. The operator M can be 
conceptualized as a given number m of light intensity units (i.e., m 
discrete and equal energy quantities) which the subject has at his disposal 
and can use to turn on or to increase the Xurninosity of one or more 
bulbs. This operation of turning on or increasing the light intensity 
of bulbs is subject to the following restriction: the resulting light patt::rns 
have to expend no more than m energy units of the M opera.tor per 
unit of time (this tlme-unit corresponds to the ‘psychological moment’ 
frequently described in the literature, e.g., VON UEXK~~LL, 1934; 
STROUD, 1955 ; FMISSE, 1967 ; PARKINSON, 1969l). As long as this restriction 
is observed, any conceivable pattern of light can be generated by the 
subject’s application of M to the matrix of bulbs. Clearly, permissible 
patterns of light can range from one single bulb lighted with the intensity 
of m units, to nt different bulbs each one lighted by one single 
energy unit. 

In the present task (and generally in all directed-thinking activities) 
the bulbs yr and yE are lighted throughout the cognitive process. The 
number of energy units spant on JDI and y8 is equal to cz as noted above; 
the remaining k urlits can be used to increase the light of the bulbs 
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which belong to HB *. Following the programme stated by ye and T,LJ~ 
the operator M proceeds to apply its remaining k energy units (channels 
or centration places) on the bulbs of the set *. Note that each of 
the tC energy units is rundornly applied upon one of the bulbs in Us* 
simultaneously with and independently from all other k-l energy units 
available in the M system. 

This type of application of the m equal and indistinguishable energy 
units (or centration places) to lye, v8, and to the bulb matrix Hs* is 
called an ‘attending act’ Al or an A4-sampling. As mentioned above 
any one of these ‘attending acts’ Aj will lead to the activation of the 
motoric subschemes z’~ m . . z’i previously activated by M. The model’s 
point of contact with the empirical data takes place now, when, as 
a consequence of the activation of zl‘, . . ., ZI ’ the subject will produce 
the overt motor responses RZ’*, . . ., R I- Z 2. In this regard ho-wever it 
should be noted that the subject pr&uces the overt responses Rzfl, . . ., R,,‘i 
only Jbr those motoric responses CQ which he has not yet respondred in 
the present item. 

It is easy to verify that for any attending act Aj the outcome, a set II 
of bulbs (u= 1, 2, . . . k) lighted at different degrees of intensity, can 
be exhaustively characterized by means of the following three pieces 
of information : 

(1) The actual list CJ of bulbs which have been turned on or energized 
by AJ (i.e. the content of the centration Al). 
(2) The number ~3 of bulbs other than y1 or ys energized by A,[ (i.e., 
the number of items in the list cj other than ~1 or ws). 
(3) The numerical function A* which assigns to every item in the list 
CJ a positive integer (1, 2, . . .) indicating the number of energy units 

from M which hdve energized the corresponding light bulb. 
Thus the event category A (the general class of attending acts) can be 

represented by the triplet (C, X, F *), where C, X and F * are the val.iables 
corresponding respectively to the three pieces of information enumerated 

above. 
These three variables have an obvious psychological interpretation 

in terms of classic attentional constructs. The variable C corresponds 
to the concept of ‘content of attention’,, X corresponds to ‘span of 
attention’; finally F * corresponds to the concept of ‘intensity of 

attention’. Although at least the first two variables can easily be measured 
by means of the CSVI task, the data presented below have exclusively 
used X as the dependent variable. Clearly the empirical correlate of x 
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is the number x of different motoric responses of the form 
the subject produces after each attending act. 

Note that the random variable X is depen.dent upon the following 
two parameters: (1) the value of k, i.e., the number of energy units 
used in energizing bulbs other than yr or wI,. (2) the value of n, i.e., 
the number of simple stimuli included in the compound S* presently 
being shown to the subject ,and represented by him in &*. The basic 
empirical data to be presented below will be constituted by probability 
estimates of th.e form: p (x; n, k), i.e., the probability of the subject 
producing x relevant motoric responses RzI1, . . ., Rzfz to the stimulus 
compound, given the fact that the number of simple stimuli presented 
is n and the power of the M operator is a + k (remember that u is 
supposed to be a constant invariant across ages). 

Before attempting to show how the theoretical probabilities for 
p (x; n, k) can be computed, consider that the subject is not likely to 
stop his information-processing activity after the first attending act. 
He will rather ‘evaluate’ the state of his CSVI processing (evaluation E,) 
and eventually will start attending again. 

4.2. Subsequent afteRding acts and the stop rule 

After having produced the first attending act A, and t.he corrzsponding 
number x1 of motoric responses the content of the repertoire (i.e, the 
memory) H of the subject will have obviously changed. Now it will 
include a new (although perhaps ephemeral) scheme 4~s. I recoding 
the representation of the previous attending-and-responding activities. 
At this point the subject is assumed to ‘evaluate’ his CSVI processing 
by energizing (attending to) the schemes (‘bulbs’) gr, y8, and +A=. J 
i.e., the schemes which represent the previous activities. It follows from 
the description of the M operator given above that the centration 
places (or energy units) required for attending to (Le., centering) the 
three schemes do not exhaust the power of M: some centration places 
or energy units of the M operator remain empty (exactly k-l of these 
units) unless they are redundkrntly applied upon 4~~. 1, ys and q~‘r. It 
can thus be said that the A4 operator is left ‘unsaturated’. Because of 
this ‘unsaturatedness of the A4 operator and the high number of energy 
units (Le., inter&y of attention) thus applying upon wr and V)B, the subject 
is assumed to start a new attending act Aa. (Note in this connection 
that the number n of cues presented in the stimulus compound Sn 
varies randomly from trial to trial and it is unknown to the subject 



subject ignores the size of the * from wL -5 he is sampling). 
The act A2 f01lows the same ruks stated above in connection ,with 

4. irst the iubj:ct scans the stimulus compound Sa generatrng anew 
of acti vation” * which mirrors the composition of Sn; 
e m indisting~i ble energy units (i.e., centrat’ places) of 

ystem randomly energize subschemas (‘bulbs’) from following 
dure described above; third, a number x2 of motoris responses 
uced corresponding to the different perceptual subschemas 

which had been energized in HB *. Finally, closing this cycle, the subject 
will produce a new ‘evaluation act’ E, similar to the first evaluation 
described above : the operator is applied upon the schemes which 
repreSent the previous activities: ys, #A$. I, #AZ. 2. Whether the subject 
stops at :his point 01~ proceeds to generate a third, a fourth, etc. cycles 
of ‘attending’, ‘operating’ (i.e., production of motoric responses) and 
‘evaluation’ acts depends entirely on the degree of ‘saturation’ (see above) 
of M at the moment of evaluation. For as long as M wilI remain 
‘unsaturated’, the ‘deicision’ or output of the evaluation has to be 
starting a new cycle, The reasons for this ‘decision’ were indicated a:aove. 
It thus follows that the subject will ‘decide’ to stop his information- 
processing activity precisely at the time of the evaluation Ek when a 
total of k successive attending acts will have been procG?ed. Indeed 
as the schemes ‘cur and vs occupy the space a of the M operator, the 
remaining space (i.e., m-a = k) will be completely occupied by ,the k 
successive attending acts. 
Summing up : 

The empirical dependent variable is the to&Z number x (x = X, + x2 + 
. . . + JQ) of di’rent and relevant motoric responses produced by the 
subject when the attending-and-responding process has come to an end. 
As 07Jy difereet motoric responses are considered, th.e range of x is 
from 1 to n; the range of its partial components is from 0 to n (where 
the zero value arises when the subject has exhausted the set of relevant 
responses &‘, which can be produced vis-a-vis Sn). In addition it will 
be observed that the random process by which the responses x1, x2, y . . xk 

are generated (i.e.,, A,, A2 . . ‘, Ak) is invariant. If the random process 
is invariant for the successive attending acts, if the stimulus coml~ound 
Sfl and therefo.re the sampling space H,* rs invariunt for successive 
attending acts vvhich belong to the same trial (item), and if the radt 

of the :iuccessive attending acts belonging to the same “trial is cumultztive, 
then the outcome of a series of attending acts AI -b_ A, -I- l . . -I- Ak 
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shou1.d be the same a,s the outcome of a single act in which the number 
of energy units or centration places utilized is equal to the sum of 
energy units used in each one of the partial attending acts in the series. 
Since the number of energy units was k for each partial attending act, 
the Ifollowing conclusion can be made : the probability of any total 
value x wh.en the subject’s information-processing activity comes to 
an end, is equivalent to the probability of the value x obtained from a 
:single attending act in which the sampling sp;ace was the same H,* 
and the number of energy units was k2. 

The M-operator electromechanical interpreta,tion in terms of bulbs 
and energy units conveys well the psychological significance of the model. 
However there is another interpretation of the GSVI task which is 
classic in probability theory and leads to easy computations. 

5. THE BASE-EINSTHN OCCUPANCY MODEL 

Any occupancy model of combinatorial analysis concerns itself with 
the outcomes genera.ted by the process of throwing randomly a number 
k of balls into a number iz of cells. Of the many interesting questions 
which can be asked in this context the only one relevant to the present 
discussion is: how many cells will be filled (with at least one ball) after 
having thrown k balls into M cells? 

It may be noticed that if the cells are assumed to be equiprobable 
and if the .balls are #assumed to be indistinguishable the logical structure 
of this task becomes identical to our M-operator interpretation of the 
CSW task. Now the bulbs (or subschemes) have been transformed 
into cells and the energy units transformed into balJs; the act of energizing 
a bulb corresponds to a ball entering into a cell ; the number x of different 
relevant responses :produced by the subject will thus correspond to the 
number of filled cells in the question written above. This is a very 
fortunate situation because statistics are available which answer the 
problem beforehand. In order to keep the correspondence with the 
sampling space of the CSVI task we shall only consider the case where 
all the b‘alls thrown are indistinguishable (so were the energy units) 
and only distinguishable arrangements of balls into cells (i.e., different 
patterns of light) are considered to be different outcomes. 

The sampling scheme thus defined is known as the Bose-Einstein 
statistics (FELLER, 1957). In this sampling scheme the probability of 
any distilaguishable arrangement (i.e., pattern of light or centration) 
is equal to : 
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where n is the nu er of cells available (i.e. number of cues in the 
stimulus compoun ) and k is the number of balls thrown (i.e., number 
of rgy units energizing schemes other than ye and wB), 

probability that exactly x cells are filled is: 

Pr (x) = (n-Y.-x) (:1:>+r+E--‘) C-9 

th this formula a:<ailable it becomes very easy to obtain the 
bility distribution of the random variable X (i.e. number of different 
nt responses produced by the subject) described in the M-operator 

CSVI model. 
It was said above that for any given stimulus compound Sn the values 

x of the variable X would range from n to 1 where IZ is the total number 
of cues available in Sn. Furthermore it was indicated tha.t the attending 
process would come to an end either wheil the number of attending acts in 
the series is equal to k. Since in any one of the attending acts the number 
of energy units is equal to k, the tota number of different energy units 
used by the subject at the end of the attending process will be equal 
to the square of k. 

Thus according to the M-operator CSVl model the probability that 
at the end of lz& attending process a subject will have responded to x 
different cues from the compound Sn is: 

where the value n correspoirds to the total number of cues av,ailable 
in the compound stimulus being used. The value k, according to the 
developmental hypotheses stated above, is inferred from the c‘hrono- 
logical age of the sample of not~zal aK(Jfield ivzdependenr subjects. :Finally 
the value x is systematically varied along the possible positions in the 
range of values X can take {i.e., from 1 to n). 

A concrete example will illustrate this computational procedure. The 
example can be found in. table 3 below. This table shows a matrix 
of theoretical and empirical probabilities coI*izsponding to the 5-year-olds’ 
performance on the CSVI task; in addition it exhibits the expected 
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v,Jues and the variances for the different distributions. The rows of 
the probability matrix describe the different values taken by n (i.e. 
2,, 3, 4, .S) in the set of compound stimuli Sn presented to the subjects. 
For instance, the first row corresponds to the class of compound stimuli 
SL i.e., the class of those stimuli presenting ltwo cues. The columns 
R’, R2, R3, etc. represent th:e different acceptable 2 values taken by X, 
i.e., from 1 to n. As an exzm.mpHe, consider the theoretical probability 
corresponding to a number o! four relevant responses (i.e. R4) produced 
vis-a-iris a stimulus compound which presents five differt:nt cues (i.e. S’). 
Table 3 shows that the theoretical probability in question is equal to 
0.071. ihis probability value has been obtained with the help of 
equation 3 by way of assigning the following values to the variable : 
ll= 5; x = 4; k = 2. The value of k is given by the hypothesis # 1 

of thle M-operator model in which the normal and field independent 
five-year-olds were assumed to have a value of k equal 10 2. Any other 
theoretical probability in the tables has been computed in a similar 
manner. As pointed out above the predicted values of k were 2 for 
S- to 6-year-olds; 3 for 7-8; 4 for 9-10; and 5 for 1 l- to I2-year-olds. 

The theoretical probabilities for the total task were obtained from 
those of each class of stimuli :Sn after having transformed the probabilities 
of each column into fre(Juencies by using the empirical ‘total number 
of responses’ recorded on the first column of the tables. The theoretical 
frequencies thus obtained generate, wher, added by columns and divided 
by the grand total, the desired theoretical probabilitie!; for the total task. 

Mathem&al expectations and variances as well as the empirical 
statistics were computed in the usual manner. 

6. SAMPLE 

5, 7-, 9- and 11-year-olds were used in the main study. They shall 
es&bed successively. 

Thirteen children from t.he Child Study Centre of the University of 
British Columbia, eight of whom were girls. The Goodenough draw-a 
man test WSES used as a measure of intelligence and/or field dependence- 
independ.ence (cf. WTKIN et al., 1962). The test wa.s scored following 

* Despite previous training it happened on rare occasions that no response was’ 
produced vis-a-vis a mmpound stimulus. For obvious reasons thaw exceptional p 

wea exkAu&d from the computations. 
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ARRIS’ point scale manual (1963) by a nonexperienced graduate assistant 
who was instructed to underestimate rather than overestimate in his 
rating. nder these conditions the mean 
group was 101 with range from 82 to 
mean age of the oup was 5.28 (range: 5.0-6.0). 

6.2. G’roup 7 

ourteen children from the superior second grade class in a public 
school in Vancouver. The school (GG) is located in a middle-class 
neighborhood. 
standard score 
range from 91 
fairly matched 
was 7.12 with 

Under the scoring conditions described above the mean 
odenough draw-a-man test was 106 with a 
re was an equal number of boys and girls 
oodenough IQ. The mean age of the group 

range from 6.75 to 7.75. 

Fifteen grade 4 or grade 5 children (eight girls) coming from the same 
GG school. Henmon Nelson or Otis IQ scores were available from 
the school testing service. According to these data the mean IQ was 
I25 (range: 1 E 3-E 36). The 15 subjects were selected from a larger sample 
pretested individually with an FDI measure: the children’s embedded 
figures test (CEFT‘) of KARP an2 KOIWI-ADT (1963). The CEFT mean 
score 3 ff:)r the selected children was 21 with a range from 18 to 23. 
The mean age for the sample was 9.95 (9.17-10.17). No sex diRerences 
in the selected sample. 

6.4. Group 11 

Fourteen grade 6 children (nine girls) coming from another school 
(BV) located in the same neighborhood. The mean of their Otis (or 
Henmon-Nelson) IQ scores was 118.7 (106-131). The mean of their 
CEFT scores was 19.5 (16-24).* Their age mean was 11.82 (ll.-12.41). 
Both sexes were similar in all parameters. 

7. MAJOR RESULTS AND DISCUSSIOK 

The three major simplifying assumptions being made in the M-operator 
CSVI model were the following: 

a In KARP and KON~TADT (1963) standardization of New York the -mean score 
for this age is 16.43. 

4 In KARP and KONSTADT’S standardization the mean score for 1 I-year-olds is 18. 
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(1) The subject will consistently function u.;sing his whole structura.1 
(i.e. maximum size) M-operator. 
(2) The sampling of subschemas in 4-1,” is random, i.e., that the subject 
does not use any systematic exploratory rout.ine or learning set. 
(3) All the subschemas (simple stimuli) are equiprobable, i.e. they are 
equally salient and equally SR compatible with their respective response,!;. 

An attempt was made to satisfy the first assumption by controlling 
in the sample for one individual-differences variable, Witkin’s field- 
dependence-independence (FIN). This variable was expected to insure 
that only high M-operating subjects (i.e. Fl) were accepted in the 
experimental groups. The selection procedure however, was unsatisfactory 
in this respect with the groups 5 and 7 (practical reasons made iit 
impossibre to use the CEFT measure with these subjects). The seconu 
assumption has been empirically handled by constructing a novel task 
a.nd by avoiding any training of the subjects to the compound-stimuli 
section of t:ht: CSVI task. An attempt was made to meet the third 
assumption statistically by counterbalancing as much as possible the 
distribution of S-R units in the different classes of compounds. 

Some ind.ependent experimental evidence in support of the solution 
given to the assumptions (1) and (2) will be offered in a later section 
after the main results have been presented. It remains now to decide 
empirically to what extent the simple S-R units violate the equi- 
probability assumption. The relevant data for testing this third assumption 
appear in fig. I which shows the proportion of correct simple responses 
(over the t.otal number of possible responses) generated by each age 
group during the total task. 

The differences in difficulty among S-R units are surprisingly consistent 
across ages, although the absolute differences decrease with age. It can 
be seen that two of the units, SI-R, and Z&---R, are much more difficult 
(i.e. less probable) than any other unit. A Kolmogorov-Smirnov two- 
sample test shows that S1-R, and S,--R, dc not differ statistically from 
each other but exhibit a highly significant difference from any other 
unit. The units Z&-R, a.nd S,-R, present an intermediate difficulty and 
they differ statistically between themselves as well as with regard to 
the other units. 

Given the low relative probabihty of units # 1 and # 3 the empirical 
Iow vahzes of X should become more frequent than expected, thus 
r=reating a displacement of the empirical probability distribution of 1~~ 
&e., of the total number x of relevant motoric overt responses produc,ed 
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, 
7 9 11 

AGE G!?OUPS 

Fig. 1. ‘The proportion of correct. simple responses over the total number of possible 
for each S-R unit. 

by the subject) towards the left (i.e., toward the lower values of X). 
With this warning in mind we turn now to discuss the major results. 

Tables 3, 4, 5 and 6 present the theoretical and empirical probabilities 

corresponding to any pair of values (Rx, S@), including thosi; of the 

TABLE 3 

Theoretical (Pr) and empirical (br) probabilities of compound responses. Predicted and 
expectations and variances: sample of Syear-olds. (N = 13) 

empirical mathematical 

Compound Total no. Rz R2 R’ R4 R’ E (Rx) Var (Rx) 
stimulus of responses Pr fir Pr fir pr Pr Pr ir Pr fir Pred. Emp. Pred. Emp. 

351 0.400 0.527 0.600 0.473 1.600 1.473 0.240 0.249 

::; 0.200 0.114 0.297 0.162 0.600 0.514 0.573 0.586 0.200 0.343 0.117 0.248 0.029 0.017 0.090 0.000 2.000 2.287 2.120 1.820 0.400 0.491 0.382 0.464 
IJ 0.071 0.077 0.429 0.308 0.429 0.538 0.071 0.077 O.MO 0.000 2.500 2.615 0.534 0.545 

Total task 806 0.274 0.376 0.584 0.529 0.136 0.091 0.005 0.004 0.000 0.000 1.868 1.723 0.409 0.406 

total task. Empirical aud theoretical expected values and variances 
for the random variable X at any compound class Sn have also been 
included. In order to give an overall picture of these results figs. 2, 3, 
4 and 5 plot the predicted and empirical probability distribution of 
the total ta.sk for each one of the age groups. 
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EQUIVALENCE CLASSES OF 

COMPOUND RESPONSES,: 

Fig. 2. Theoretical and empirical probabilities of Rz for the total task. The random 
variable X is the number of di!Terent correct responses produced visa vis a stimuh:s 

compound. Sample of 5-year-old, (N= 14 ; observations= 806). 

EQUIVALENCE CLASSES QF 

COMPOUND RESPONSES 

Fig. 3. Theoretical and empirical probabilities of R2 for the total task. The random 
variable A’ is the number of different correct responses produced visa% a stimulus 

compound. Sample (of 7-year-olds (N= 14; observations= 1036). 
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ECWIVALENCE CLA§SES OF 

C OAAPOUNQ RESPONSES 

Fig. 4. Thwretical and empirical probabilities of IV for the total task. The random 
variable X is the number of different correct responses produced vis-a-vis a stimulus 

compound. Sample of 9-year-olds (IV- 15; observations== 1230). 

,___,,,Theor. Pr. 

EQUIVALENCE CLASSES OF 

COMPOUND RESPONSES 

Fig 5. TheoreticaJ and empirical probabilities of Rz for the total task. The random 
variable X is the number of different correct responses produced vis-a& a stimulus 

compound. 8ample of 11 -year-olds (IV= 14; observations = 1297). 
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As expected from the results discusse above, the empirical distributions 
are all displaced towards the left with respect to the theoretical 
distributions. 3wever, despite tlhe r;~isc fiiiroduced by the violation 

the theoretical predictions al3p r to be good for all 
articular for 9- and 1 1-year-olds. cause the theoretical 

model being used is the s me for all ages anc’t because the construct 
integrates within one system the different age-group values, it seems 
reasonable to say that the results from any <age group lends empirical 
support to the predictions about any other age group. Under the present 
conditions this across-ages validation is more important than the actual 
accuracy of the predictions. After all no par;kmeter has been estimated 
in the samples, d the values used for M were obtained from differenr 
populations an om quite different types of tasks. These circumstances 
make a goodness-of-fit test irrelevant, particularly when the present 
results cannot be predicted or explained by any other model available 
in the literature (cf. BOWER, 1966, p. 375; BUSH, 1963, p. 432). 

Expected vtllues of X are good for all four ages and for any Sn 
distribution. With regard to the variances ;.he snly possible objection 
could be the tendency of theoretical variances to be higher than the 
empirical ones, a trend which is more a a:.ent for 5- and 7-year-olds. 
This finding would usually suggest (cf. SH, 1963) that something is 
wrong with the assumptions of the mode r. the present case a possible 
explanation is offered by the violations of alssumptions (I), (2) and (3) 
mentioned above. 

As the M-operator model is a developmental construct concerned 
with the processing capacity of individuals it seems important to ask 
how well the model predicts individ!lal performance. Figs. 6 and 7 
present the scatter of expected value s and variances for individual 
subjects with regard to the total task. 

The individual performance scores correspond fairly well to the group 

performance and the model predicts on the average their results.. 
However there is some dispersion of the individuals and it appears 
that the theoretical variance is usually larger than the individual variance:. 

7.1. A test of the finite equal diflerence ~rssumption 

The developmental postulates of the M-operator model assume that 
the value of M grows in discrete steps with the cognitive Piagetian 
stages. It is also assumed that the difference between the (structural) 
values of any two contiguous stages is a constant. Thus the theoretical 
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)__~, Predicted E(X) 

_, Empirical E(X) 

for groups 

_.._, Scatter of 

individual E(X) 

---_ 
5 6 7 6 

C”RONOLOGICASL *G: 
11 12 13 

Fig. 6’. Theoretical and empirical expected values of X (i.e., R2) for the total task 
as d function of chronological age. Scatter of the expected values for individual subjects. 

0 scatter of 
0 

individual variances 

- Predicted variance 0 

for group 

OII-4 Empirical vorionce @e e 
e 

c 4 

5 6 7 8 9 io-- 11 12 13 

CHRONOLOGICAL AGE 

f?g. 7. Theoretical and empirical variances of X (i.e., R*) for the total task as a 
fuactiun of chronological age. Scatter of the variances corresponding to individual 

subjects. 



system constituted by the different values m taken by the structural 
across development form a finite equal difference system (fd system) 
similar TV the one de UPPES and ZlNNES (1963). The novelty 
of the present fd syste consists in its be!,ng defined on the values taken 
by a theoretical comt and not on the values u d in making stimuli 
for a ‘standard fd set’, as is the usual procedure. addition, the total 
set of compound stimuli used in the p *esent CSW task constitute a 
standard fd set in the following sense: the compound stimuli being 
presented have been systematically varied with regard to the number 
n of simple stimuli included in the compound. As the reader will 
remember, the total set of compound stimuli Sn corresponding to the 
total task is constituted by a number o subsets, each one of them 
defined by one of the possible values tak by n (n = 2, 3, 4, . . . N). 
The value taken by N, i e. the total number of different simple stimuli 
being presented, was increased proportionally to the predicted increment 
of the cc,mponent k in the M operator. For each age group the value 
of N was by construction equal to 3 + k. At this po& the reader may 
find it useful to look at tables 3, 4, 5 and 6 in order tn3 observe how the 
number of different distributions or subsets of data S’, S3, S4, . . . 

increase with age as stated above. 
In sum, the total set of compound sti uli constitutes by construction 

a fd system which is correlated with the hypothetical fd system generated 
by the values taken by /1 for the different age groups ; i.e., de dzfirmce~ 
between N and k would be invariant across ages if - and only IY - the 
finite equal difference assumption for the M operator wks upheld. 
Psychologically the invariance of 6 could perhaps be interpreted as 
reflecting task difficulty invariance. Mathematically, the invariance-of-d 
assumption leads to the derivation that the value of k in formula 3 
is equal to N minus three: this derivation is a particular case of a general 
pattern of derivation which applies to any across-ages fd series of data. 

In order to make this line of reasoning explicit it is convenient to 
define the concept of an across-ages fd series. If n (or n + i) stands 
for the number of single stimuli available in Sn, X for the random 
variable corresponding to the number of motoric responses produced 
vis-a-vis W, g (or g + i) for the stage-bound chronological age of the 
subject (i.e., 5 yr, 7 yr, 9 yr, etc.) and J!?(X) for the expected value of X 
then an across-ages fd series of expected values is: 

ET(fin,g),&(X;n+l,g+2),&.X;n+2, g+4),. . .,l?(X;n+i, g+2i),. . . (4) 
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ohat is: the expected val.ue ofX given the fact that t.he number of stimuli 
rin S” is n + i and the subject’s age is g + 2i. Observe that according 
to the developmental postulates of the M-operator the series of values: 

.g, g + 2, g + 4 . . .) g + % . . . (are the ‘apparent’ manifestation of 
the theoretically ‘real’ series of values : k, k + 1, k + 2. . . ., k -t_ i, . . . . 

In kddition, for, any expected value &X; . . .) in this across-ages fd 
series it is true by construction that 

n+i= k+ i+ 6, and thus: tS==n-k 

for any values of n, i and k in the across-ages fd series. Therefore b 
is a constant invariant across ages for any fd series. It follows that as 
lcng as we remain within the same fd series k is equal to n - 6, a linear 
functicn of n. Replacing k by n-d in formula 3, th,e value Pr(x) becomes 
an exclusive function of n. Since bq construction the growth of n across- 
ages in the fd series is linear, the following conjecture. can be made: 

‘Any shorf across-ages fd series of expected values of X grows according 
to a function of n which approximates a linear function’. 

As mentioned above the across-ages series of total tasks is organized 
into an fd system as tables 3, 4, 5 and 6 respectively, clearly show. 
The other fd across-ages series in our data are : (S2, S3, S4, S5), 

(S 3, S4 S5, S’), (S4, S5, S6, S’,), (S’, S6, S’, S8). Each one of the four 
positions in any one of these series corresponds to one distribution 
from one of the different samples : group 5, group 7, group 9 and group 11, 
in that order. The conjecture derived above predicts that if the 
corresponding mathematical expectations are plotted against their 
respective age groups the curve thus formed will be close to a straight line. 

Fig. 6 illustrates these results with regard to the total tasks. It can 
%e observed that both the theoretical and the empirical curves approximate 
a. straight line. Anticipating the new data to be summarized below it 
is convenient to indicate now that in E’WO replication series of experiments 
conducted by ECCLE~ (,1968), one with field-independent and another 
with field-dependent subjects, th.e curves obtained were straight lines. 
The relevant data are reported in table 8 and the reader may verify 
this assertion by plotting the expected values obtained by Eccles. 

By using the data in tables 3, 4, 5 and 6 the reader may similarly 
verify that the other four fd across-ages series enumerated above, satisfy 
the conjecture by generating a straight line. This is true for both 
theoretic and (except for one sampling error) empirical expected 



TRANSITION RULE IN PIAGET’S STAGES 331 

values. Sirilar empirical data (not reported here) from the two series 
of Eccles replicate the same findings twice. 

Y DISCUSSION OF OTHER RELEVANT STUDIES 

The theory descri ed earlier in the paper attenlpts to explain the 
response variability frequently found among subjects belonging to the 
same developmental stage by means of a number of ‘moderator variables’ 
which change the behavioral manifestations of the ‘hidden parameter’ N. 
The degree of familiarity with the task (i.e., learning) and i-kdividual- 
differences variables such as field-dependence-independence (FDI) were 
among the moderator variables suggested above. Another variable which 
in principle could influence the performance level together with the 
ones mentioned, is exposure time, i.e., the length of time the compound 
stimuli are shown. (Notice that for the long exposure times being used 
here the M-operator model predicts a negligible effect, because the decision 
to stop attending is supposed to be elicited by the temporal saturation 
of M in the ‘evaluation acts’.) 

FinaJly the role of systematic exploratory routines or attentional 
learning-sets in the CSVI task should be studied because it was invoked 
in both the explanation of results and the theoretical model. (The 
model predicts that subjects po:sessing an attentional learning-set will 
perform better than subjects without it. his is because in the first case 
the temporal integration of attending acts is done by the attentional 
learning-set and consequently the decision to stop will be delayed until 
the exploratory routine has been completed.) 

Four different series of studies using the CSVI task were desi.gned 
to test predictions drawn from the model with regard to the four 
variables mentioned above. The general hypothesis was that these 
variables would be ‘modulators’ of performance in the CSVI task; 
however, it was expected that the A4 operator (i.e., the chronological 
age of’ the samples) would account for most of the variance. The new 
twelve samples arc entirely comparable to the ones described above 
and thrrefore ,will not be described here. Experimental procedures were 
identical to procedures previously described for the CSVI task except 
for modifications to be indicated. 

8.1. The role of learning and of exposure time 

The first study to be reported concerns the variables ‘learning during 
the acquisition of simple S-R units’ (L) and ‘exposure time during 
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the compound stimulus presentation’ (T). These two variables were 
combined in a two by two design. Three samples of ll-year-olds Were 
studied. These samples were called L+T+, L-T+, and L-T- according 
to the values of the independent variables involved. he base line for 
these conditions was the standlard 1 l-year-old group reported before, 
here representing the condition L+T-. L- and T- constitute the lower 
values while L+ and Tf are the higher v,ahtes of L and T. L+ is the standard 
procedure as previously described. L- is the standard procedure modified 
by eliminating the set # 1 of cards. (The subjects were started directly 
with set # 2 and were simply told what response to produce vis-a-vis 
each simple stimulus as it appeared.) T- is the standard exposure time, 
that is, 5 sec. T+ is an exposure time of 10 sec. For obvious reasons it 
was predicted that L,+T+ would generate the highest performance level 
N%le L-T- was expected to generate the lowest performance. Table 7 
SC mmarizes these results by presenting the expected values and variances 
oi’ the total task together with the number of subjects in the samples 
and the number of stimuli used. 

Neither of the two effects seems to be very large and T appears to 
have an even. smaller effect than L. When analyses were conducted 
on the total pool of responses obtained for each group, K!olmogqrov- 
Smirno~ two-samples tests comparing the total-task frequency distri- 
butions (i.e., R’, R’, R3 . . . RN) of the samples with the stan&rd group, 
s‘:towed the following 5: the comparison L-T- vs. LfT- was significant 
a$ the p < 0.001 level (two-tailed). L-T+ vs. L+T- was significant at 
p < C.05, L+T+ vs. L+T- was significant at p < 0.01. However, a different 
: mlt appears when the analysis is conducteld on the expected values 
pobtained by the subjects to the different conditio:ns. A two=way analysis 
of variance computed on these dat;! (seven randomly selected subjects 
ner cell) shows that neither L nor T exhibits statistically significanr 
eScts (F values 0.675 and 0.168 respectively). 

8.2. 7Iie role of attentional learning sets 

k second study conducted on 9-year-olds tested the effect of acquiring 
an exploratory learning-set (La) for the compound-stimuli section of 
the CSVI *ask. The procedure used with the LB ,group was the sasls 
one described in the main study with the exception th.at during 
_- 

5 lin or&r to equal& the total frequencic=s of the samples being compared, an 
number of subjects was selected randomly from tbe larger sample when 
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presertation of card set # 1 the experimenter made a systematic effort 
ond to all the cue3 a 

ndard 9-year-olds shows that the difference 
1 level (two tails). 

8.3. A partial replication of the main data and the role of’ cognitive 

style and of learning sets 

he last series of studies to be discussed was conducted by ECCLES 
(1968) and by eo”~e and Parkinson. They were designed as a 
partial replication of the original developmental data and of the L” 

data presented above. t the same time, these studies were to test 
the assumption that field independent subjects (FI) would perform 
better in the CSVI task than Geld-dependent (FD). 

In Eccles’ experiments the same set of stimuli used originally and 
a similar testing procedure were employed, but the experimental setting 
and the set of responses were different. Eccles used slides for projecting 

thr: stimuli onto a screen which was placed in front of a panel containing 
a set of push buttons. The responses of the subject were button pushes; 
each button had been previously associate with a different visual cue. 
For more details see ECCLEIS (1968). 

The children of 5,7,9 and 11 years of age were studied in two different 
series. In all groups the series FI (or FD) was constituted exclusively 
by field-independent (or fi&l-dependdr ) subjects selected by means of 
the children’s embedded figrJres test (CEFT) of KARP and KONSTADT 
(1963). All the FI (or F ) subjects obtained a CEFT score above 
(or below) the mean reported by Karp and Konstadt in their 
standardization. The expected values and variances of .X for the total 
task corresponding to the eight groups of Eccles are shown in table 8 
together with the number of subjects and number of different 
stimuli. used. 6 

It may be observed that FI subjects performed considerably better 
than FD subjects for all ages. Eccles tested the statistical significance 
of thtse_ results by means of a two-way analysis of variance computed 
on the individual subjects’ expected values. In order to equalize the 
_-. 

6 It is important to stress th;ct in this experiment and in the one by I?arkinson 
which follows, the experimenter did not know whether her subjects were field- 
deyxmdent or field-independent. 
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numlxr of subjects she selected ten subjects randlomly from each one 
of the eight groups; the analysis was based on their performance up 
to class S5 of compound stimuli only, i.e. those: classes common to 
all groups. The FDI dimension has an F V&W of 3.503, which closely 
approaches L;ignificance at the 0.05 level (significance is attai 
F = 3.98). Considering the drastic cut in number of subjects and in 
task di&zulty, imposed by the test, this result is satisfactory. The second 
effect, age, was highly significant (F = 28.752, p < 0.005) asd the 
interaction effect was negligible. 

Ecczrzs (1.968) presents experimental evidence suggesting that the 
simple S-R units of her task had not been learned well enough by 
the subjects, which explains the low performance level of these groups. 
Support for this conclusion is offered by the study of Pascual-Leone 
and Parkimon that follows. 

One mondl after the testing of Eccles had been completed but before 
her data had been analyzed, Parkinson tested the same subjects.7 The 
testing procedure followed in every detail the original technique described 
previously in the paper. It had been predicted that Parkinson’s data 
would show a learning-set effect similar to the one found before for 
the group Le. This is because the children had already been exposed 
to the same set of compound stimuli and consequently should have 
develorped attentional routines for exploring then. It is important to 
observe that the set of responses for Parkinson’s CSVI task was different 
from Eccles’. This provides a c’ontrol against a possible response- 
learning interpretation of the La data and in favour of our attention- 
learning interpretation. 

The summary de+, +ptive statistics of these new data appear in table 8. 
The sample comparable to the LdB data of table 7 is Parkinson’s FI 
9-year-olds. As predicted, both the expected values and the variances 
of these two samples are very similar. With regard to the performance 
level of the other samples tested by Parkinson, in all cases the expected 
values are above the theorGtica1 ones and above those of the standard 
empiricaI data (see table 7). Thus the learning-set e&t appears at 
alI ages. Nevertheless, as the reader may easily observe by plotting 
the expected values of Parkinson’s data, the curves obtained come very 
close to the expected theoretical values rewritten in table 7 and plotted 

7 disageement in N between the samples of F!ccle+; and Farkinson is due 
to faike in E&es’ recording device which obliged her to eliminate some subjects 
after the testing had been completed. 
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TABLE 7 

Mathematical expectations and variances of X: total task. Theoretical data, slandard 
condition data and data from four other special condil.ions. 

-3 
Condition Age No. of subjects ax. no. of cues E(X) Var (xpi 

Theoretical 

Standard empirical 

L+ T- 
Special groups 

L+ T+ 
L- T- 
L- T+ 
Ls 

5 
7 
9 

11 

5 
4 
9 

11 

11 
11 
11 
9 

13 
14 
15 
14 

20 
7 

20 
15 

1.868 0.469 
2.652 0.737 
3.470 1.147 
4.169 1.871 

1.713 0.406 
2.443 0.617 
3.372 1.136 
4.149 1.745 

4.31 I 1.961 
3.440 1.526 
3.973 1.755 
3.954 1.257 

TABLE 8 
Mathematical expectations and variances of X: total task. Eccles’ data and 

Parkinson’s data. 

Condition Age No. of subjects Max. no. of cues E(X) Var(X) 

ECCLIZJ 

Field dependent (F D) 5 
7 
9 

11 
Field independent (FI) 5 

7 
9 

11 

10 
14 
10 
11 
12 
14 
16 
16 

1.645 0.621 
2.308 0.987 
2.909 1.613 
3.510 1.972 
1.933 0.757 
2.515 1.106 
3.072 1.729 
3.671 2.216 

PARKINSON 

Field dependent (FD) 5 
7 
9 

11 
Field independent (FI) 5 

7 
9 

11 

12 
15 
9 

11 
16 
18 
18 
16 

1.876 0.541 
2.726 0.772 
3.688 1.206 
4.080 1.743 
2.153 0.633 
2.990 0.801 
3.725 1.220 
4,,089 1.779 
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in fig& 6. This is particularly true for the FD data which ss could have 
been expected shows a weaker learnirlg-set effect! The Parkinson data 
can therefore be considered not only to support the hypothesis of an 
atientional. learning-set effect but also tlr:) (partially) replicate the original 
empirical results. 

Gm DlS;C‘tiSSION AND CONCLUSIOY!I 

Due to the complexity of the problem under study, it seems appropriate 
before discussing the data to restate the connections between the M- 
operator mod4 and the theory developed by Piaget and his associates. 
Piaget’s theory constitutes to ;a large extent a “competence model’ in 
the sense of Chomsky; it defines a corpus of normst~+ (i.e., ideal, 
possible) behaviors for each age group. In conlrast tbz theory ouilrned 
and tested above is the sketch of an ‘automaton’ or ‘p&ormance model’: 
it attempts to develop a machine-like (psychological) model capable 
of generating the type of competence described by Piaget. FLAVELL 
and WOHLWKL (1969) to whom the writer owes the idea of this 
distinction, suggest that a psychological theory of complex behavior 
must include both competence and automaton models, In this sense 
and only in this sense the Moperator model can profitably be considered 
a development of Piagetian theory.. M’ is conceived of as a multi-channel 
information-processing device able t;b behave as a Piagetian child. 

As mentioned in the introduction, this model was inferred from a 
careful study of Piagetian tasks conducted with the help of symbolic 
logic and with the heuristics of an automaton builder’s point of view 
(i-e., the author analyzed the correct responses and the subjects’ error 
patterns and asked questions such as: ‘What schemes or units of 
informattion must have been activated by the input in order to generate 
this output?). The functional structure of the different Piagetian tasks 
studied turned out to be describable by sequences of (one or more) 
logics,l”l formulas of the fform : 

M(lyI, ?#h? 'Pw . . ., qhJ -+PR 

where yr is the subject’s representation of the task instructiorts and 
yg is his representation of the testing situation. The other constituents 
& are k independent cog&ions or actively extracted pieces of information 

1o FD subjects are less analytical in their way of experiencing than FI subjects 
their ability for incidental learning is lower (cf. Wrr~nr et al., 1962). This suggests 

that the& transfer of learnhg from t5e previous task will be smaller. 
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which appear logically necessary for generating p 
for the subjec pose of producing the correct logical response to 
he Piagetian m. This type of analyses of 

illustrated in L-LEONE and SMITH (1969). E 

papers in preparation by the writer will offer an a 
tasks from the present viewpoint, It should nevert 
formula 5 simply describes an abstract functional structure which is 
satisfied by the concrete formulas describing the tasks of Piaget. The 
qualitative content or meaning assigned to each one of the symbolic 

tituents is of course different for each one of the concrete formulas. 
hen the different concrete formulas were compared it was found 

that all the tasks solved at about the same age by normal children exhibited 
formulas of equal maximtrm complexity. That is: the maximum number 
of elements included within the parentheses in any one of the form&as 
was invariant for the set of tasks solved at about the same age. Call 
this invariant number max W. As formula 5 shows this max m value 
was constituted by the sum a + k, where a stands for the processing 
space taken by ~1 and ycJ, and k is the number of independent cognitions 
+t required by the task. The value k varied with each Piagetian stage: 
i.e., a-j- 2, a + 3, a + 4, rsI -l- 5, . . . These k values constitute the 
developmental hypotheses tested above. 

The next step, after this semantic-prag atic analysis of tasks had 
been concluded, was to assume that the inductively found logical operator 
~UZX m was expression of a cybernetic construct: The multichannel 
central computing space M. This is the origin of the energy-units M 
model put forward in the present paper. Thus an M operation of the 
form described in formu!a 5 is not equivalent to o2e of Piaget’s mental 
operations. Rather Piaget’s operations are the possible output pR of 
these M operations whenever A4 is applied to solving the Piagetian 

cognitive tasks. 9 It follows, that a test of the M assumption does not 
require the use of the Piagetian cognitive tasks but it does require 
the experimental control of the schemes used by S in his information- 

processing. 
As in the CSVI task the subject hzd learned the different S-R units 

transforming them into schemes of the form & (where z and 2’ st;and 
respe:ctiveIy for the S and the R), each ‘attending act’ described in the 
M-operator model could be interpreted as an A4 operation satisfying 

* As the Piagetian operations become automatized and transformed into conceptual 
schemes they could in their turn be used as constituents I$? of formulas like 5. 
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formula 5. Thus wilen the M model was reinterpreted in terms of the 
Bose-Einstein model the parameter k became a test of the numerical 
values inductively found in Piagetian tasks. 

And how successful has this test been? 
For each one of the four different age groups the CSVI task had 

generated a wealth of quantitative predictions of the form P(x; n, k) where 
P is a probability function, n is the number of simple stimuli available 
in the compound and x is the number of responses (i.e. schemes #Z~) 
actually produced by the subject vis-a-vis the corresponding Sn class 
of compound stimuli. 

It is important to observe that predictions have been made for each 
possible triplet (x; ?r, k) available in the pool of data. The accuracy 
of these predictions can be verified by examining the tables 3, 4, 5 
and 6 and the summary statistics diagrammed in figs 2-7. The internal 
consistency of the data with respect to the theory was assessed in several 
independent ways: (a) by showing that the predictions hold across 
different classes Sn of compound stimuli; (b) by showing that for any 
short across-ages series of Sn classes which is organized into an fd 
(finite equal difference) system, the corresponding series of expected 
values grows according to a function of n, which approximates a linear 
function; (c) by showing that not only the group data but also the 
expected values and variances of individual subjects can be predicted 
fairly wiell by means of the model; (d) by showing that the very same 
theoretical model is able to generate satisfactory predictions for each 
one of the different age groups. 

Of prime importance from an information-processing viewpoint as 
well as from the point of view of Piagetian research is the fact, extremely 
rare in the current literature on mathematical psychology, that estimates 
:“or the -4ues of k had been obtained from a completely different corpus 
,Df data and were postulated here : The parameter k appears to have 
passed the very stringent test of invariance across situations and across 
SUitpkS. 

Independently of their bearing on the Piagetian developmental variable 
these results may turn out to be a factual and perhaps a methodological 
contribution to the problem of parallel versus sequential perceptual 
processing. Consider for instance the work on parallel processing carried 
ou$t by Eriksen and his associates (e.g., ERIKSEN and SPENCER, 1969). 

Eriksen believes that tachistoscopic visual detection (and possibly 
recognition) of overlearned items is achieved by means of a multichannel 
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central encoder. This multichannel encoder seems to be a construct 
equivalent to the co being proposed here. Indeed a 
major assumption te model was that the 
sampling of perceptu units’) is independent 

and with replacement. RIKSEN and LAPPIN (1967) and ERIKSEN and 
SPENCER (1969) have come to the concl~lsion that there are at least 
six parallel channels in visual perception (1967) or perhaps as many 
as nine parallel chanrels (1969). This is very congruent with the present 
model where an extrapolation of the theoretical developmental-growth 
function of M to the older age groups suggests that at the age of 15 
(i.e., when the intellectual growth is supposed to level off) the size 
value of M should be n -/- 7 (i.e., 5 yr = G + 2; 7 yr = CE $- 3; 
9 yr=a-+-4; * 15 yr = a + 7; 17 yr = a + 7). Obviously this ” . ., 

extrapolated value of m ,orresponds to the famous ‘magical number 
seven’ of George Mrr LIZ. [ 1956); a number which represents the average 
size of the multichannel central processor of human adult subjects. In 
point of fact, the valiZty of this extrapolation has been successfully 
tested by PARKINSON (i969) on 15 and i7-year-olds using the task 
and the quantitative models described in this paper. 

From an information-processing viewpoint, the novelty of the present 
work consists in the following characteristics: (a) it incorporates as a 
major feature the cognitive-developmenal variable (and other individual- 
differences variables) which could not be handled by the available 
information-processing mcdels; (b) it offers new quantitative evidence 
in support of the existence of both parallel and sequential processes; 
(c) it offers explicit estimates about the parallel processing power 
corresponding to the different intellectual levels; (d) it presents a new 
experimental paradigm and methodology in which parallel information 
processing can be studied under free-exposure conditions which offer 
an easy control for short-term memory. 

Four remarks are in order with regard to the experimental procedure 
used in the present studies. The first one refers to the extent to which 
the differences in salience among simple stimuli may have interfered 
with the expzrimental aims. Fig. 1 shows these differences; they are 
indeed statistically significant and strikingly stable across ages. The 
explanation of these differences consti.tutes a challenging unexpected 
problem which deserves to be pursued. However in the present context 
those differences are only relevant as a possible source of error and 
only from this point of view need to be discussed. The following argument 
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justifies t.his writer’s confidence about the methodological harmlessness 
of the differences in salience. As the model assumes stimulus equi- 
~r&abilit:y the very low relative salience of, e.g., S,-R, and S,-R, can 
&JJ hinder the accuracy of the predictions. Hence the scrprisingly 
good predictions that were obtained can be retained safely 

A second methodological remark concerns the exposure time of 5 set 
used for the compound stimuli. It could be claimed that older subjects 
may not Lave had enough time for exploring the cards, as the number 
of stimuli was increased with age. Against this interpretation the 
experiment discussed above in which exposure time was a variable 
srt@wp, 4 .:L very sma!! difference in performance between 5 set and 10 sec. 

The third remark about the experimental procedure refers to the type 
of experimental subjects selected for the main study. They were all 
field-independent subjects preselected according to their performance 
on one test measuring Witkin’s cognitive-style variable. Had field- 
dependem subjects been included in the sample the prediction of results 
would have been less accurate. This effect. was demonstrated in the 
replication studies summarized above. EccJes’ results show that field- 
dependent subjects tend to be low information-processors or, more 
shortly, low mediators. This ‘stylistic’ (difference or respollse-bias in 
processing information could be methodologically important as a control. 

The last, very imgprtant, methodological remark concerrs the roie 
of learning in the prEsent palradigm. At first view it could be thought 
that thctse are learning experiments (e,g. the development of learning 
abilities) and that the mathematical model is a learning model. However, 
a closer view will convince the reader that this is not the case. Learning 
enters here not as an independent or an intervening variable but as a 
control. In order *e ensure that all subjects have similar relevant 
repertoires at the moment when the real experiment begins, i.e., when 

the compound stimuli are presented, all subjects go through a modified 
paired-associates learning of the simple S-R units. However no subject 
received any training or practice in the compound-stimuli iaformation- 
processing task, and any differential reinforcement was carefully avoided 
after this task had begun. Thus what is being measured in the main 
experimnt is not learning ability but a new sort of attention span. The 
paired-associates learning control is nevertheless of paramount importance 
in order to guarantee that the subject’s ‘gram’ or ‘unit’ of information 
(cf. G and COUIUB, 1.966) is the same as the mvestigator’s. In 
other words: The previous learning of St-Rt pairs ensures that the 
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subject’s partition of the input will be in conformity to the stipniated 
SC units; furthermore the required unfamiliar transformation from St 
into Rt makes it difficult for the subject to chunk the St units into more 

complex patterns which wouId be inconsistent with the experimenter’s 
partition. This is of special i:nplortance in this paradigm because the 
visual compoun -stimuli presentation, the free time-exposure and the 
free responding time have in addition ensured a negligible: short-term 
memory load. he need for this procedure has been experimentally 
demonstrated above in the special studies involving prior learning and 
attentional learning-sets. 

In conclusion, the main experiments have measured an empirical 
relational system which ordinarily is a hidden parameter: the 
developmental change of the subject’s “real’ attention span; that is, 
his multichannel capacity or, to use the Piagetian expression, ‘field of 
equilibrium’. This paradigm may be a step toward developing a procedure 
of fundamental measurement for what is quantifiable in the developmental 
concept of intelligence: the information-processing capacity. 

No less important is the fact that the present mathematical model 
points ttzwards a bridge connecting cognitive development with the 
modern work in stochastic learning theories. 

This work has been supported in part by grant APA 234 of the 
National Research Council of Canada and by a Research Award from 
the University of British Columbia (UBC). The data were collected 
and partly analysed at UBC with the assistance of computer facilities 
and staff there. I am grateful to the Child Study Centre of UBC, tcil 
the Vancouver School Board and to the schools Ba!rview, General 
Gordon and Sir William Osler for their friendly cooperation. None 
of these studies would have been possible without tl,e collaboration 
of my assistants, Linda K. More, Elsie M. Eccles, Glenys M. Parkinson 
and Diana Mitchell. The critical comments of Dr. K. Danziger, 
Dr. I. P. Howard, Dr. R. Moopman, Dr. A. Reber, Dr. T. Storm and 
Dr. J. Wohlwill. (to mention only but a few of my critics) have been 
most useful at different stages of this work; the final product, however, 
is the sole responsibility of the author. 



342 J. PASCUAL-LEONE 

REFERENCES 

ELI, H., 1963. Uber die gelstige Entwicklunge des Kindes. Stuttgart: Klett. 
BELLIN, H., 1964. Perceptual-cognitive conflict in the development of an invariant 

area concept. J. exp. Child Psych& 1, 208-226. 
, 1965. I..earnt,lg and operational convergence in mgical thought development. 

J. exp. Child Psychoi. 2, 317-339. 
BE,TH, E. W. and ,I. PIAGET, 1961. I?pistemologie mathematique et psychologie. 

Paris: P.U.F. 
BOWER, T. G. R., 1966. Mathematical learning theory. In: E. R. Hilgard and 

G. H. Bower (cdf..), Theories of learning. New York: Appleton-Century- 
Crofts, 334-380. 

BRAINE, M. D. and B. L. SHANKS, 1965. The COtWm&?n of a shape property and 
a proposal about the design of the conscrvations. Canad. J. Psychol. 
19, 197-207. 

BRUNEP;, J. S., 1968. The course of cognitive growth. In: S. Endler, L. R. Boulter 
and H. Qsser (eds.), Contemporary issues in developmental psychology. 
New York: Hoi:, Rinehart & Winston, 476-494. 

BUSH, R. R., 1963. Estimation and evaluation. In: R. D. Lute, R. R, Bush and E. 
Galanter (eds.), Handbook of mathematical psychology. Vol. 1. New York : 

Wiley, 429-469. 
CRBKBACH, L. J., 1965. Issues current in educational psychology. In: L. N. Morrisett 

and J. Vinsonhaler (eds), Mathematical learning. Monogr. Sot. Res. 
Child Developm. 30 (I), 109-126. 

Donw~r-, P. C., 1960. Children’s undersrnding of number and related concepts. 
canad. J. Psychol. 14, 191-205. 

--.. 1962. Relations between the understanding of the logic of classes and of , 
cardinal 162 numbers in children. Canad. J. Psychol. 16, 152-160. 

-v 1963. Cniidren’s understanding of spatial concepts. Canad. J. Psychol. 
17, 141-161. 

EC~LB, E., 1968. Field dependence and a neopiagetian model of information 
prwinr, Gapacity. M. A. Thesis, Department of Psychology, University 
of British C’-twmbia, mimeo. 

ERKSEN, C. W. and 1. S. LAPPIN, 1967. Independence in the perception of simul- 
taneously presented forms at brief durations. J. exp. Psychoi. 73,468-472. 

FEIGENBAUM, K. D., 1963. Task complexity and I.Q. as variables in Piaget’s problem 
on conservation. Child Developm. 34, 423432. 

FELLE~EH, ‘VT., 1957. An mtroduction to probability theory and its applications. Vol. 1. 
New York: Wiley. 

Frrr~, P. M. and M. POSNER, 1967. Human performance. Belmont, California: 
Brooks/Cole. 

F-X, P., 1967. L’integration temporelle des perceptions. In : Hommage & Andre Rey, 
BruxelIes: Chas. Dessart, 140-150. 

GARMW, W. R., 1962. Uncertainty and structure as psychological concepts. New York : 

Wiley. 
GRko, P., 1962. Quantite et quotit&. In: P. G&co and A. Morf (eds.), Structures 

nrrrrr&iques element&es. Paris : P.U.F., l-70. 



TRANSITION RULE IN PI&ET’S STAGES 343 

GREEN, R. T. and M. C. COURTIS, 1966. theory and ;Igurc perception : 

The metaphor that failed. Act 
HALPERN, E., 1965. The effect ility and logic in Piaget’s stage of conzete 

operations. Child 491-497. 
HARRIS, B., 1963. Idren’s drawings as measures of intellectuai maturity, 

ew York: rcourt, Brace & World. 
HUNT, J. McV., 1961. Intelligence and experience. New York: Ronald Press. 
-e 1965. Intrinsic motivation and its role in psychological development. , 

In: D. Levine (ed.1, Nebraska Symposium on Motivation: 1965. Lincoln: 
University of Nebraska, 189-282. 

INHELDER, B., 1964. Some aspects of Fiaget’s genetic approach to cognition. in: 
J. Cohen (ed.), Readings in psychology. London: Allen & Unwin, 83-103. 

---- M. BOVET, H. E. SINCLAIR and C. D. , SMOCK, 1966. On cognitive 
development. Arnf*r. Psychologist 2 

_sp and J. PIAGET, 1958. The growth of logical thinking from childhood to 
a6 llescence. New York: Basic Books. 

--- and -, 1964. The eariy growth of logic in the child. New York: 
Harper dc Row. 

KARI', S. A. and N. L. KONSTADT, 1963. Manual for the children’s embedded figures 
test. Cognitive tests, P.O. Box 4, Vanderveer Station Brooklyn 10 N.Y. 

bs.SeN, W,, 1962. ‘Stage’ and ‘structure’ in the study of children. In: W. Kessen 
and C. Kuhlman (eds.), Thought in the young child. Monogr. Sot. Res. 
Child Developm. 27 (2), 140-161. 

LAPPIN, J. S., 1967. Attention in the identification of stimuli in complex visual displays. 
9. exp. Psychol. 75, 321-328. 

LOVELL, K. E. and E. OGILVIE; 1961. A study of the conservation of weight in the 
junior school children. Brit. J. Psychol. 31, 138-144. 

LUNZER, E. A., 1960. Some points on Piagetian theory in the light of experimental 
criticism. J. child Psychol. Psychiat. 1, 191-202. 

MCLAUGHLIN, G. H., 1963. Psycho-logic: A possible alternative to Piaget’s 
formulations. Brit. J. ed% Psychol. 33, 61-67. 

MANDLER, G., 1962. From association to structure. Psychol. Rev. 67, 415-427. 
MILLER, G. A., 1956. The magical namber seven plus or minus two: Some limits 

on our capacity for processing information. Psychol. Rev. 63, 81-97. 
NASSEFAT, M., 1963. etude quantitative sur l’bvolution des optrations intellectuelles. 

Neuchatel : Delachoux & NiestlC. 
NEIMARK, E. D. and W. K. ESTES, 1967. Stimulus sampling theory. San Francisco: 

Holden-Day. 
PARKINSON, G. M., 1969. The :ecognitron of messages from visual compound stimuli : 

A test of a quantitative developmental mode!. M. A. Thesis, Department 
of Psychology, York University. 

PASCUAL-LEONE, J., 1966. Piaget’s period of concrete operations and Witkin’s held 
dependence: A study on college students and children. Paper rea.d at 
C. P. A., Montreal. University of British Columbia, Mimeo. 
and J. SMITH, 1969. The encoding and decoding of symbols by children: 
A new experimental paradigm and a neo-Piagetian model. J. exp. Child 

Psychol. 8, 328-355. 



344 J. PASCUAL-LEONE 

pu\cE!~, .?., 1928. Judgment and reasoning in the child. Pa”rerson, New Jersey: 
Littlelield & Adams, 1964. 

, 1947. La psychologie de l’intelligence. Paris: Colin. (The psychology of 
intelligence. Paterson, New Jersey: Littlefield & Adams, 1960.) 

I 19%. Les stades du developpement mentale chez l’enfant et l’adolescent. 
In: P. Osterriech, J. Piaget, R. de Saussure, J. M. Tanner, H. Wallon 
and R. Zazzo (eds.), Le probleme des stades en psychologie de l’enfants. 
Paris: P.U.F., 33-49. 

, 1956& Logique et &prilibre dans les comportements du su.iet. In: 
L. Apostel, B. Mandelbrot and J. Piaget (eds.), Logique et equilibre. 
Paris: P.U.F., 27-l 17. 

, 1958. Assimilation et connaissance. In: A. Jonckheere, B. Mandeibrot 
and J. Piaget (eds.), La lecture de l’experience. Paris: P.U.F., 49-108. 

, 1966. Probltmes du temps et de la fonction. In: J. B. Grize, K. Henry, 
M. Meylan-Backs, F. Orsini, J. Piaget and N. van den Bogaert- 
Rombouts (eds.), Epistemologie du temps. Paris: P.U.F., l-66. 
and II. PNI-ELDER, 1966. L’image mcntale chez l’enfant. Paris: P.U.F. 
and ,4. MQRF, 1958, Les isoworphismes partiels entre 1e.s structures 
logiques et les structures perceptives. In: J. S. Bruner, F. Bresson, A. Morf 
and J. Piaget teds.), Logique et perception. Paris: P.U.F., 49-116. 

PISHKIN, V., A. WOLFGANG and E. RASMUSSEN, 1967. Age, sex, amour% and type 
of memory information in concept learning. J. exp. Psychol. 73, 121-‘124. 

I~HTMAN, W. R., 1965. Cognition and thought: an information processing approach. 
New York: Wiley. 

SHEPARD, R. N., C. P. HOVLAND and H. M. JENKINS, 1961. Learning and memorization 
of classifications. Psychol. Monogr. 75 (whole no. 13). 

SEMON, H. A., 1962. An information-processing theory of intellectual development. 
In: W. Kessen and C. Kuhlman (eds.), Thought in the young child. 
Monogr. Sot. Res. Child Developm. 27 (2), 150-161. 

SRIH);SLLWD, J-, 1964. Concrete reasoning: a study of in telleetual development. Monogr. 
Sot. Res. Child Developm. 29 (2). 

S~aiorr~, J. M., 1955. The fine structure of psychological time. In: H. Quastler (ea.), 
Information thepry in psychology. Glencoe, Ill. : Free Press, 174-207. 

S~PES, P. and J. L. Z~NNZ~, 1963. Basic measurement theory. In: R. D. Lute, 
R. R. Bush .qind E. Gala&r (eds.), Handbook of mathematical psychology. 
Vol. 1. New York: Wiley, l-76. 

TQLUN’, E. C., 1959. Principles of pmposive behavior. In: S. Koch (ed.), Psychology: 
A study of a science, Vol. 1. New York: McGraw Hill. 

Tu~~asso, T. and G. M. B~WXR, 1968. Attention in learning: Theory and research. 
New York : Wiley. 

U’ZG~RIS, I. D., 1961. Situational generality of conservation. Child Developm. 35, 
831-841. 

VERMJH, P. E., 1955. The psychology of intelligence and 0. Bull. Brit. psychol. 
Sot. 26 (1). (Reprinted in: J. Cohen, Readings in psychology. London: 
Allen & Unwin, 1962, 284-301.) 

--- 1965. Ability f;u.;tors and environmental influen~. Amer. Psychologist 9 

2f& 723-733. 



TRANS~TIQN RULB IN PIAGET’S STAGES 345 

VON UEXKULL, J., 1934. A stroll through the worlds of animals and men. In: 

C. H. Schiher (ed.), Instinctive behavior. New York: International 
Universities Press, 1957, 5-80. 

. A. FATERSON, . R. Goon~~oua~ and S. A. KARP, 
1962. Psychological differentiation. New York: Wiley. 

WOHLWILL, J. F., 1962. From rception to interference: A dimension of cognitive 
development. In: W. essen and C. Kuhlman (eds.), Thought in the young 
child. Monogr. Sot. Be!;. Child evelopm. 27 (2), 87-112. 
1963. Piaget’s system as a source of emparical research. Merrill-Palmer 

’ Quart. Behav. De~velopm. 9, 253-262. 

, 1966. Piaget’s theory of the development of intelligence in the concret: 
operations period. In: M. Garrison, Jr. (ed.), Cognitive models and deve - 
opment in mental retardation. Monogr. Suppl. Amer. J. ment. Defic. 7i/, 
57-78. 

ZIMILES, E-i., 1965. The development of differentiation and the conservation of number. 
New York: Bank Street College of Education, research project, no. 2?70, 

mimeo. 


