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With 80+ billion neuron and 100+ trillion 
connections, this is a hard problem…

Weiss (1996)



�No matter how much we may be searching for deep theoretical principles, in the 
physics tradition, we do need a grasp of the facts. But when we teach particle physics 
we dont start by reading from the particle data book, so similarly I don't start by 
reciting the �biological background.� Rather, we plunge right in...�

�It is a remarkable thing that, pulling on 
the threads of one biological 
phenomenon, we can unravel so many 
general physics questions.�



Hodgkin & Huxley (1939)

à 1st intracellular action 
potential (AP) recording!





Key Idea #2
Variable Na+ and K+ conductances

Biophysical model of a neuron

Weiss (1996)

Alan Hodgkin Andrew Huxley

1963 Nobel Prize

Key Idea #1
Model the cell membrane
as an electric circuit





Focal Point
What do these equations represent?

Weiss (1996)

Hodgkin Huxley model (HH)

§ Linear 1st order ODEs
§ Multivariable functions
§ Nonlinear PDE
§ etc....



Weiss (1996)

Cell membrane (as a foundation)



Weiss (1996)

Unpackaging HH (v1)

Linear 1st order ODEs

The mysterious nonlinear bit...

Caveat: HH is a macroscopic/deterministic model, but crucially stimulated development 
of  the microscopic/stochastic model of ion channels... 



Mathematical tangent: Linear 1st order ODEs

Common examples

dP

dt
= kP

Exponential growth/decay

dT

dt
= ↵(T

o

� T )

Newton's Law of Heating/Cooling

m
dv

dt
= mg � kv

Drag & Terminal velocity



ODE

Solution

Mathematical tangent: Linear 1st order ODEs

Point to emphasize à Solutions take 
the form of an exponential



Aside: Chemical kinetics

Weiss (1996)

à Not a stretch to scale up to 2nd

order reversible (binding) 
reactions and Michaelis-Menten 
kinetics readily emerges...



Alan Hodgkin Andrew Huxley

Weiss (1996)



Unpackaging HH (v2)

That partial differential equation (PDE)....



Note: These are multi-variable functions. 
Will focus on 1-D case here for simplicity

Diffusion (Macroscopic)

Batschelet



Concentration - of solute in solution [mol/m3]

Position [m], Time [s]

Flux - net # of moles crossing per unit time t through 
a unit area perpendicular to the tx-axis [mol/m2·s]

Note: flux is a vector!

Diffusion (Macroscopic) Note: These are multi-variable functions. 
Will focus on 1-D case here for simplicity



à Stuff moves DOWN a 
concentration gradient

Diffusion (Macroscopic)

Ø Diffusion constant is always positive (i.e., D > 0)
Ø Determines time it takes solute to diffuse a given distance in a medium
Ø Depends upon both solute and medium (solution)
Ø Stokes-Einstein relation predicts that D is inversely proportional to solute molecular radius



Higher Dimensions:

Analogous Flux Laws:

Diffusion (Fick):

Convection (Darcy): fluid flow, hydraulic permeability, 
and pressure

Heat Flow (Fourier): heat flow, thermal conductivity, 
and temperature

Electric Conduction (Ohm): current density, electrical conductivity,
and electric potential

Diffusion: Generalizations



Imagine a cube (with face area A and length Dx) and a time interval Dt

Continuity Equation (1-D)

Weiss (1996)

Conservation of mass within the context of our 
imaginary cube yields the continuity equation

change in flow 
through cube on 
each side

change in amount 
of stuff inside 
cube



2. Continuity Equation:

+

1. Fick�s First Law:
Fick�s Second Law

Diffusion Equation

Weiss (1996)



Note
Useful reference re the microscopic
basis for diffusion



ex. Impulse Response: Point-source of particles (no mol/cm2) at t = 0 and x = 0
[Dirac delta function d(x)]

Solution can be found by a # of different methods, one being by separation of variables and using a Fourier transform

Solution
(for t > 0)

need to solve:

given the inital/boundary conditions:

Batschelet Fig.12.5

Diffusion processes

Note: Historically, this ties in 
directly w/ the development 
of “Fourier analysis”



Solution to
diffusion equation

Diffusion processes



Freeman

Question: How long does it take (t1/2) for ~1/2 the solute 
to move at least the distance x1/2?

Gaussian function with zero mean and 
standard deviation: 

For small solutes 
(e.g. K+ at body temperature)

Importance of scale

à To 1st order, this is why cells are 
roughly 10 um in size!



Wikipedia

Key Idea: Diffusion is a fundamental aspect by which neurons “communicate”

Chemical synapses  
“communicate” via diffusion 
of neurotransmitter(s)

Rough calculation:
Diffusion across the synaptic 
cleft (~20 nm) takes ~ 1us
(i.e., diffusion is plenty fast!) 



Weiss (1996)

Membrane diffusion

What happens when some of 
these random walkers are charged 
(i.e., interacting)? 



Electrodiffusion

Savtchenko et al



“We also endeavour to dispel some common misconceptions regarding the nature 
of the membrane potential while trying not to dwell too much on the well-
established electrophysiological postulates."

“…discuss where and how electroneutrality could be violated and what 
consequences this may have for our interpretation of empirical observations“



Weiss (1996)

Combine HH with a 
simple electrical 
model that treats 
neurons as leaky 
submarine cables 
à Propagated
action potentials

Neurons as "electrically large" cells



Question
So do these equations tell us everything about 
how a neuron fires? Or how the brain works?

Weiss (1996)

Hodgkin Huxley model (HH)



Simplifications v1 – Simpler Neuronal models

HH is certainly too simple, but also sometimes too complicated...

Everything should be made as simple as 
possible, but no simpler.

[Roger Session re Einstein]

Fitzhugh–Nagumo model 

Phase space behavior

Fitzhugh (1961)Nagumo et al (1962)

Circuit representation



Simplifications v2 – More than one neuron...

New ideas readily emerge when there are multiple coupled neurons   

"Rather than focus on the microscopic 
properties of neurons, W&C analyzed the 
collective properties of large numbers of 
neurons using methods from statistical 
mechanics, based on the mean-field approach."

[Destexhe & Sejnowski 2009]

Wilson & Cowan (1973)



Simplifications v3 – Limit cycles

Implicit in Fitzhugh–Nagumo and Wilson–Cowan is the notion of a limit cycle....  

Damped driven 
harmonic oscillator

van der Pol equation

Steady-state solution as 
a complex exponential
(eigenvalues!)

Amplitude and phase provide natural 
connection point to Fourier analysis 

Now what if we allow for negative 
damping and a nonlinearity to stabilize?



Simplifications v3 – Limit cycles

van der Pol equation

à Even though there is damping, the 
system oscillates by itself in a stable fashion 
(i.e., no external drive!)
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Simplifications v4 – Normal forms

van der Pol equation

Note: A single complex differential 
equation is (more or less) equivalent to 
a system of two first order real-valued 
equations

zn+1 = z2n + c

z, c 2 C

xn+1 = x

2
n � y

2
n +Re(c)

yn+1 = 2xnyn + Im(c)
ßà

Just like Fitzhugh–Nagumo simplifies HH, can we 
modify here to make more mathematically 
tractable for analysis? 

"Normal form" = simplified version à

This is also a good connection point into 
bifurcation analysis
(e.g., how does behavior change with µ?)



Summary

Through the lens of neural biophysics, a rich/broad 
range of mathematical topics emerge:

Ø Ordinary differential equations (ODEs) à Change

Ø Multivariable functions à Space & time considered

Ø Partial differential equations (PDEs) à e.g., Diffusion

Ø Linear vs Nonlinear Phenomena à Complexity

Ø Micro- to macro-scopic à Mean-field approaches, stat mech

Ø Complex #s à Fourier methods, eigenvalues/vectors

Ø Normal forms à e.g., Limit cycle oscillators, bifurcation analysis



https://de.wikipedia.org/wiki/Brunsviga_Maschinenwerke



For an overview of more detailed derivations see:
http://dpmb.physics.umanitoba.ca/cap%202018%20dpmb101%20slides.html
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Ø Slides available for download: http://www.yorku.ca/cberge/

Ø Questions? cberge@yorku.ca

http://www.yorku.ca/cberge/
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Lennart Nilsson  (1966)


