PHYS 5000 3.0 Quantum Mechanics

The permutation group S3

Consider the permutations of 3 objects. There are 3! = 6 permutations.
We can label a permutation by its action on a set of objects {O1, Oz, O3} to
locations {L, Lo, L3}.

For example, the permutation (2,3,1) corresponds to moving object O,
to Ll, 03 to L2 and 01 to Lg.

So the set of permutations are:

I
N N N N/~ o/
vCAZ)
—_
)

N e ] o Q2 o
I

The group multiplication table is:

elalblx|y|z
elela|blx|y|z
ala|ble|z|x|y
blblelalyl|z]|x
rlx|lyl|lzlela|b
ylylzlx|blela
zlzlx|lylal|ble

Alternatively, one can think in terms of rotations {a, b} and reflections
{z,y, z} of an equilateral triangle.

We see that the set {e, a, b} forms a subgroup. We see that this subgroup
is the same as Z3. Groups with different physical origin, and yet the same
group structure are isomorphic.

A two dimensional irreducible representation of Sj is:
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It is interesting that this irreducible representation is more that 1 di-
mensional. It is necessary that at least some of the representations of a
non-Abelian group must be matrices rather than numbers. Only matrices
can reproduce the non-Abelian multiplication laws.

Here’s a 3 dimensional representation of S3
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This particular representation is important because it is the defining rep-
resentation for the group - it actually implements the permutations on the
states.

Dy(a)|1) = Y [k) [Da(a)ly, = 13)
Dy(a)|2) = [k} [Ds(a)lyy = [1)
Dy(a)|3) = Y [k) [Da(a)lyy = [2)

This 3 dimensional representation decomposes into a direct sum of the
irreducible representations,

Ds =D, ® D,



