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Abstract

The paper studies GMM inference for subvector hypotheses in structural models where nui-
sance parameters may not be identified. Such testing problems are often assessed using the
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2005), but it is now well documented that both methods have substantial drawbacks when
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invariant and eliminates the non-identified components of the nuisance parameters, while
preserving those that are identified. Therefore, identification-robust inference can be drawn
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once the mapping is applied. We exploit this result to develop the score, Lagrange multi-
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1 Introduction

Subvector inference, like one component of a structural parameter vector, has important
applications because applied researchers are typically interested in such testing problems
rather than tests of a joint hypothesis of the full vector. Research on this topic has grown
considerably in recent years' due to its complexity, as unrestricted structural parameters
enter the subset testing problem as additional nuisance parameter. Methods such as
the plug-in principle (Stock and Wright, 2000)? or the projection technique (Dufour
and Jasiak, 2001; Dufour and Taamouti, 2005)® are often used for assessing subvector
hypotheses, but recent studies show that both methods have substantial drawbacks when
the nuisance structural parameters are weakly identified.

The projection technique has a wide range of advantages, including robustness to
weak identification even in finite-sample with possibly non-Gaussian errors, robustness
to incomplete reduced-formed (misspecification of the first-stage model), and robustness
to some forms of conditional heteroskedasticity; see Dufour and Taamouti (2005, 2007)
and Doko Tchatoka and Dufour (2014). However, the projection technique has often been
criticized for being overly conservative when the number of instruments is large.

The plug-in principle usually consists of replacing the nuisance structural parameters
by an estimator in the expression of an identification-robust statistic— for example, An-
derson and Rubin’s (1949) AR statistic, Kleibergen’s (2002) KLM statistics, or Moreira’s
(2003) CLR statistic. Recent literature documents that the plug-in method can lead to
under- or over-sized tests when the nuisance structural parameters are not identified.
Indeed, Stock and Wright (2000, Theorem 1) show that the subset S-statistic has non-
standard asymptotic distribution when an inconsistent estimator is used as plug-in esti-
mator. In the homoskedastic linear IV regression model for example, weak identification
of the nuisance parameters often shifts the asymptotic distribution of the plug-in subset
S-statistic below its identification-based asymptotic chi-squared representation when the
restricted limited information maximum likelihood (LIML) estimator is used, thus leading
to a uniformly valid but overly conservative test when the usual asymptotic chi-squared
critical values are employed.? However, when an alternative restricted k-class estimator—
such as 2SLS, bias corrected 2SLS, or Fuller estimator— is used, weak identification of
the nuisance parameters often shifts the asymptotic distribution of this statistic above its
identification-based asymptotic chi-squared representation, thus yielding an over-sized
test when asymptotic chi-squared critical values are utilized [see Doko Tchatoka and
Wang (2018)].

In this paper, we develop a new methodology for building the score, Lagrange multi-

1 e.g., see Stock and Wright (2000), Dufour and Taamouti (2005), Chen and Guggenberger (2011),
Guggenberger et al. (2012), Kleibergen (2015), Zhu (2015), Guggenberger et al. (2017), and Doko Tcha-
toka and Wang (2018).

2See also Kleibergen (2004, 2005), Startz et al. (2006), Chen and Guggenberger (2011), Guggenberger
et al. (2012), Doko Tchatoka (2015), Kleibergen (2015), Guggenberger et al. (2017), and Doko Tchatoka
and Wang (2018).

3 See also Dufour and Taamouti (2007), Chaudhuri and Zivot (2011), and Doko Tchatoka and Dufour
(2014) among others.

1See Guggenberger et al. (2012), Doko Tchatoka (2015), Kleibergen (2015), and Doko Tchatoka and
Wang (2018).



plier, and conditional likelihood ratio type subset tests for subvector hypotheses in linear
models where nuisance structural parameters may not be identified. The proposed subset
tests have correct asymptotic size, are asymptotically a-similar and unbiased, and further
can easily accommodate conditional heteroskedasticity or serial correlation. To unable
this, we first show that for the class of linear GMM models, there exists a mapping that
leaves the subset null hypothesis of interest invariant and eliminates the non-identified
components of the nuisance parameters, while preserving those that are identified. There-
fore, identification-robust inference can be drawn uniformly for the subset testing problem
of interest using the conventional plug-in method once this mapping is applied. A similar
technique was introduced by Choi and Phillips (1992) and Doko Tchatoka (2015) in the
linear IV regression, and Antoine and Renault (2012) in GMM models under the Andrews
and Cheng’s (2012) semi-strong identification setting.

We provide an analysis of the limiting behavior of the proposed plug-in subset statis-
tics under both the null hypothesis (size) and the alternative hypothesis (power). All
statistics are uniformly asymptotically pivotal under the null hypothesis irrespective
of whether nuisance structural parameters are identified or not. As such, the corre-
sponding tests are identification-robust, i.e., they are uniformly valid no matter whether
both the structural parameters constrained by the subset null hypothesis and the (unre-
stricted )nuisance structural parameters are identified or not. The characterization of the
asymptotic distributions of the statistics under the alternative hypothesis shows clearly
the factors that determine power. In particular, we show that the power function of
the tests is entirely controlled by the identification of the structural parameters under
test (structural parameters constrained by the null hypothesis), therefore they may still
be consistent even when the nuisance (unrestricted) structural parameters are completely
unidentified. Furthermore, all tests are robust to conditional heteroskedasticity and serial
correlation, and can be implemented easily in practice.

In practice, the rotation used to transform the original model is generally unknown and
must be estimated. We show that this rotation spanns the null space of the Jacobian of
the average moment vector of the GMM criterion with respect to the nuisance parameters,
and we establish primitive conditions under which it can be consistently estimated. In
particular, this involves estimating the rank of the (unknown) limit of this Jacobian,
a statistical problem widely studied in the literature.’
of the proposed subset tests, we show that both the estimators of the Jacobian limit

To establish uniform validity

and its rank must be strongly consistent. Standard rank selection procedures such as
Robin and Smith (2000) and Kleibergen and Paap (2006) often fail to produce strongly
consistent estimators of matrix rank, especially when fixed critical values are used in their
implementation. As such, we resort to a threshold (or tolerance level) approach that yield
a supper (strong) consistent estimator of the rank. This approach consists of setting a
threshold (or tolerance level) below which the singular values of an estimator of the matrix
are virtually zero. Therefore, this approach is limited in the sense that its implementation
requires user chosen tuning parameters, and different choices of these tuning parameters
may lead to different estimator, especially in small-sample. Nevertheless, a Monte Carlo

5 e.g., see Anderson et al. (1951), Gill and Lewbel (1992), Cragg and Donald (1996,?), Gourieroux
et al. (1993), Robin and Smith (2000), Ratsimalahelo (2003), and Kleibergen and Paap (2006).



experiment shows that the method works quite well even with a sample size of T" = 100.

The remainder of the paper is organized as follows. Section 2 presents the framework
and the testing problem of interest. Section 3 presents the proposed rotation-based subset
statistics, studies their asymptotic properties, and discuss their practical implementation.
Section 4 studies the finite-sample performance of the tests. Conclusions are drawn in
Section 5. The auxiliary lemmas and proofs are provided in the appendix.

Throughout the paper, I, stands for the identity matrix of order ¢. For any full-column
rank n x m matrix A, Py = A(A’A)~1 A’ is the projection matrix on the space of A, and
M4 = I, — P4. The notation vec(A) is the nm x 1 dimensional column vectorization of
A. B > 0 for a m x m squared matrix B means that B is positive definite. Convergence

} N

almost surely is symbolized by “a.s.” , “= 7

stands for convergence in probability, «dy
means convergence in distribution, while “=>" symbolizes weak convergence. The usual
orders of magnitude are denoted by O,(.), 0,(.), O(.), and o(.). ||[U|l denotes the usual
Euclidean or Frobenius norm for a matrix U. For any set %, 04 is the boundary of %
and (0%)° is the e-neighborhood of #. We denote by €(n) = {R € A, ,)(R) : RR =
RR’ = I,,} the orthogonal group of n x n real matrices where ., ,)(R) is the set of all
real squared matrices of order n, and .#(, ) (R) is the set of all n x m real matrices.
Finally, sup__, [f(w)| is the supremum norm on the space of bounded continuous real
functions, with topological space €.

2 Setup

We first introduce the testing problem of interest in Section 2.1. Specific Models are
illustrated in Section 2.2.

2.1 Model and assumptions

Let {Y;: 1 <t < T} be a stochastic process defined on (Q, A, P), where Y; has support
¥, CRY, % is a o-algebra on , and P is the class of distributions under consideration.
P = Py depends on an underlying parameter vector # € © C RP, and we are interested
in inference on subvectors of §. For this, let 8 = (#,6,) with dim(6;) = p; > 1 and
dim(6y) = p2 > 0; (01,02) € ©; X O3 = O, and ©; C R? for j = 1,2. By convention a
vector (or matrix) is simply not present if its number of rows (or columns) is equal to
zero— e.g., U does not appear in the above partition of 6 if p, = 0. The true value of 6,
0y := (0. ,0.,), is such that 6, € int(©;). For convenience, functions of 6 = (61, 0;)" will
at times be written interchangeably as functions of 6, and 0y—e.g., g(Y;, 6) and g(Yy, 01, 65)
define the same object for some g : 7, x © — R? (¢ > 1).
The object of inferential interest is 6,,. To be specific, we are interested in testing

HO : 91 = 901 VS. H1 : (91 7é (901. (21)
To enable this, we consider the following assumption on the model.

Assumption A. There is a s,-dimensional function h: ¥, x © = R*» satisfying:



(1) h(Yy,0) is finite for finite values of 0;

(17) h(Yy,0) = fo(Yy) + f(Yy)0 (linearity in 0), where fo(-) = sp x 1, f() : sp X p, and

both are continuous functions in Yy and Borel measurable;

(1ii) the true parameter value 0,, satisfies the s, conditional moment restrictions
Ep[h(Y;,0,,,0:)|F,] =0 for some (62, P) € O x P, (2.2)

where F, is the set of available information at time t.

Assumptions A-(i) and (iii) are fairly standard in the GMM literature, with the im-
portant exception that (2.2) may hold for many values of 5, i.e., the usual identifying
restriction that (2.2) holds at a unique value 6 = 6,,° is relaxed. Assumption A-(ii)
at first appears restrictive. However, it is satisfied by many interesting economic mod-
els such as the classical linear IV model, the forward looking models (in particular the
New Keynesian Phillips Curve), and the (structural)vector autoregressive (S)VAR mod-
els. Furthermore, nonlinear models for which a first-order linear approximation or a
log-linearization is possible” can be accommodated by Assumption A-(ii).

Now, let Z; be a vector of s, instruments in .%; and define ¢;(61,02) = h(Y;, 61,02)R7Z; :
s x 1 (s=sps, >p), where ® is the tensor product. Then (2.2) implies that

Epl¢pi(0,,,02)] = 0 for some (09, P) € O5 x P. (2.3)

Given the data {(Y;,Z,) : ¢ < T}, the restricted GMM estimator 1/9\2T(901) = AQT under
Hyj [see Stock and Wright (2000)] minimizes the objective function

QT(GOU 62) = T&T(em ) 62)//M7T(5T<9017 62)7 (24)

where ¢r(6) = % ST ¢u(h) and Wi = WT(H) is an estimator of the inverse of Q,(0) =
Tlim var [VTér(0)]. Stock and Wright (2000) study the case where 6, is identified, i.e.,
—00

(2.3) holds under Hj if and only if #; = 6,,. Here, (2.3) may hold for some 65 # 6,, in ©s.
This may even be the case for all ; € Oy, i.e., (2.3) is completely uninformative about
the location of 6, since all values in ©, are observationally equivalent.

We make the following assumptions on the model variables and parameters.

Assumption B.
(i) {(Y/,Z]) : 1 <t < T} is stationary ergodic;
(i4) The supports ¥V, of Y and ¥, of Z are compact subsets of RY and R** respectively.

Assumption C. Tlim Ep [VQQQ_ST(QOUQQ)} = My with p[Ms] = my < py, where ¢p(0) =
—00
%Z; ¢:(0), Vo, b7 (-) = 0pr(-) /00y, and p[A] is the rank of the matriz A.

6See Stock and Wright (2000).
"Such as the DSGE models; e.g, see Canova (2011, Sections 2.2.3 & 4.7).



Assumption B is fairly standard in the GMM literature— e.g., see Hansen (1982),
Stock and Wright (2000), and Kleibergen (2005). Assumption C generalizes Stock and
Wright (2000) to the case of weak identification of the nuisance structural parameter
vector 6,. More precisely, each of the following three identification levels of 5 may occur
under Assumption C: (a) p[Ms] := mg = py (complete identification of s); (b) 0 <
p[Ms] :== my < po (partial identification of 65); and (c) p[Ms] := my = 0 (complete
non-identification of #3). As such, we refer to p[Ms] = my hereinafter as the degree of
identification of 65 because it represents the number of identified linear combinations of
the elements of 6.8

If p[My] :== my = po, then @T is v/T-consistent under H, [Stock and Wright (2000,
Lemma Al)] and the subset S-statistic Sr(6,,) := QT(HM,/H;T) is asymptotically dis-
tributed uniformly in 6, € ©, as x*(s — p); see Stock and Wright (2000, Theorem 3).
However, the limiting behavior of Sr(6,,) can depart drastically from its identification-
based chi-squared asymptotic distribution if 6y is weakly identified— e.g., see Guggen-
berger et al. (2012), Kleibergen (2015), and Doko Tchatoka and Wang (2018). Indeed,
when 05 is not identified, é\QT is Op(1) under Hy and the sample moment ¢r(6,,, @T) =
%23:1 o} (001,52T) is no longer evaluated within an e-neighborhood of 6, even when T'
is large. Similarly, the probability limit of Wr = /WT(GOI,@T) is a random matrix, as
opposed to a fixed matrix in the case of identification of 6. Therefore, replacing 6 with
@T in the GMM criterion Q7(0,,,602) can distort the limiting distribution of the resulting
S-statistic very far from its identification-based chi-squared asymptotic representation, as
shown in Stock and Wright (2000, Theorem 1). Note however that whether a test with
Qr (901 , @;T) is over- or under-sized depends on the type of restricted GMM estimator of
0y utilized in the plug-in principle. For example, some restricted GMM estimators can
distort the limiting representations of ¢z («901, @T) and WT in opposite directions so that
the net effect of weak identification on Q7 (6,,, @T) leads to a valid but conservative test,
or the other way around. In the homoskedastic linear IV regression model for example,
the net effect of weak identification of 6y shifts the cdf of the asymptotic distribution of
Qr (9017527‘) below its identification-based asymptotic chi-squared representation when
the CUE (LIML estimator) is used, thus leading to a uniformly valid but overly conser-
vative test if asymptotic chi-squared critical values are employed; see Guggenberger et al.
(2012), Kleibergen (2015), Guggenberger et al. (2017), and Doko Tchatoka and Wang
(2018). However, when an alternative restricted k-class estimator— such as 2SLS, bias
corrected 2SLS, or Fuller estimator— is used, the net impact of weak identification of 6
often shifts the cdf of the asymptotic distribution of Qr (901, @T) above its identification-
based asymptotic chi-squared representation, thus leading to an owver-sized test when
asymptotic chi-squared critical values are used; Doko Tchatoka and Wang (2018).

Our main objective is to develop subset tests with correct asymptotic size irrespective
of: (i) the type of restricted GMM estimator of fy employed; (ii) whether both #; and
0, are identified or not; and (iii) whether the data generating process is heteroskedastic,
weakly dependent, or not.

8 Note that ps — mg is the number of non-identified linear combinations of the elements of 6, in this
setting.



Deem the linearity of h(Y;, ) in 6 [Assumption A-(ii)], we can write ¢,(6) as:
0:(0) = fo(Y)) ® Zi+ [[1(Ye) @ Z4]61 + [[2(Y2) @ Z4]6s, (2.5)

where f1(Y;) : sp x p1 and fo(Y;) : sp X pa. As Ep[¢i(6p)] = 0 under (2.3), we have
Ep¢(0)] = Ep[¢:(0)] — Ep[¢:(00)] = Ep[¢:(0) — ¢:(00)] so that the expected value of the
average moment vector ¢r () can expressed using (2.5) as:

T
Ep [&T(Q)] = prr(01) + par(0a); p]T (T Z f; Yy) ® Zt]) (9j - 903-), (2.6)

with p;r(6,,) = 0 for all j = 1,2. Therefore, Ep[Vg,¢7(0,,,62)] = Ep [%ﬁ;,@)} =

LS Eplfo(Y:)®Z,] so that Mo in Assumption C is given by M, = };Em% S Ep[fo(Y))®

Zy], provided that the limit is well defined. Tt is therefore straightforward to see that Ms
is independent of the structural parameter of § under the linearity Assumption A-(ii). In
nonlinear GMM models, M, generally depends on 6— e.g., see Stock and Wright (2000,
Assumption C-(ii)).

As in Stock and Wright (2000, Assumption C-(ii)), Assumption C relates the iden-
tification of 6y to the rank of the limit matrix M. Therefore, the identification of 6
can be assessed by checking the rank of Ms. Note however that the rank of My will in
general be different to that of %Zle Ep[f2(Y:) ® Z;] due to the possible dependence
on T by the latter while the former is independent of 7. To see it, consider the clas-
sical linear IV model. Under the Staiger and Stock’s (1997) weak instrument asymp-
totics, %Z;‘il Ep[f2(Y:) ® Z;] often depends on T and can be of full-column rank for
a given T, while its limit can be zero (thus is rank deficient). Therefore, the identifi-
cation of 0 is equivalent to %ZtT:l Ep[f2(Y:) ® Z;] having full-column as 7' — oo, not
%Zle Ep[f2(Y:) ® Zy] itself. Clearly, our methodology lies on estimating uniformly the
rank of My, not that of %25:1 Ep[f2(Y;) ® Z;]. We discuss how this can be tackled in
Section 3.2.2 under fairly standard assumptions on the model variables and parameters.

It is well documented in Stock and Wright (2000) and Kleibergen (2005) that the
subset plug-in principle works fine if my = p[Ms] = ps (i.e., complete identification
of ), but the method yields tests with nonstandard asymptotic distributions when
my := p[Ms] < pa (weak identification of #3). Our goal is to provide a unified framework
that allows for valid inference irrespective of whether my := p[Ms] = ps (identification of
05) or my 1= p[Ms] < ps (weak identification of 6,).

To enable this, let R € &(p,)? and partition R as:

R := [R; I Rs], (2.7)
where Ry : py X (p2 —m) and Ry : pe x m for some 0 < m < py. If m = py, Ry is not

present in (2.7) and R = R;. Similarly R = Ry if m = 0. Lemma 2.1 establishes the
existence of a mapping that: (1) evacuates the non-identified linear combinations of the

9 0 (py) is the group of py x py orthogonal real matrices.



elements of 6, from the model, while preserving the identified ones; (2) leaves the subset
null hypothesis Hy invariant. Therefore, uniform inference can be drawn for Hy using
the usual plug-in principle after applying this mapping.

Lemma 2.1. If Assumptions A-C' hold with My = Ep[f2(Y:) ® Z4], then we have:
(a) VR := [Rl : Rg} € 0(p2), 3dr: ¥y x V. x Op = R® such that

&e(01,02) = dre(O1,m) + Ne(m2) V t < T, (2.8)

where ¢r1(61,m) = or(Ys, Zi, 01,m), ¢:(-) is the original moment vector in (2.3),
m o= Riby: mx1 m =Ryl : (p2—m)x 1, M) = [(fo(Y2) ® Z)Rao|m,
@R = @1 X @2R with @2R = Rl@g;

(b) IR := [Rl : R2:| € O(ps) satisfying MRy = 0 such that

Ep[qbt(Ql,Qg)] =0 & EP[¢R,1€(‘917771)] =0V t<T. (29)

Remarks.
1. Lemma 2.1-(a) follows easily from (2.5) and an analytical expression of ¢g (61, 7)
in (2.8) is given (see the proof in Appendix A.3) by:

dre(Or,m) = fo(V) @ Zi+ [1(Y2) @ Zi]01 + [(f(Y2) @ Zi)Ra]m.  (2.10)

2. For any m := p[Ms] < po, there always exists a rotation R := [Rl : RQ} € 0(p2)
such that MRy, = 0 with m = my. Indeed, if mo = po, ie., if 65 is identified, set
R =R, = I,, in (2.5) and Ry, vanishes. If my = 0, i.e., if 65 is completely unidentified,
set R = Ry in (2.5) and Ry vanishes, where Ry spans the null space of My = 0. Finally,
if 0 < mgy < po, we can choose R in (2.5) such that Ry spans the null space of M and Ry
is free (unrestricted).

3. R in Lemma 2.1-(b) clearly separates 0 into identified linear combinations (i.e.,
n1) and non-identified linear combinations (i.e., 72).'° More importantly, the subset null
hypothesis Hy is invariant to it and (2.9) demonstrates clearly that both the original and
transformed models carry out the same amount of information about 6,,.

4. If my = 0, n; does not appear in (3.1) because the rotation completely evacuates
the entire vector 6, from the transformed model since it is completely unidentified. In
this case, testing (2.1) in the transformed model is reduced to the standard problem
studied earlier by Kleibergen (2005) in the GMM framework. As such, uniform inference
on 6, can easily be drawn [similar to Kleibergen (2005)], even when 6 is completely
non-identified. Clearly, Lemma 2.1 implies that uniform inference on 6,, can be achieved
irrespective of the degree of identification of the nuisance structural parameters 6,.

Before moving on to the construction of test statistics, it will be illuminating to
illustrate Lemma 2.1 with specific GMM models widely studied in empirical applications.

10 From the best of our knowledge, this parametrization was first suggested by Choi and Phillips (1992)
in the classical linear IV model [also, see Doko Tchatoka (2015)]. As RR’ = I,,,, the original vector 6,
can be recovered as: 0 = Rin; + Rane.



2.2 Specific GMM models

We illustrate how the subset testing problem of Section 2.1 and the results of Lemma 2.1
can be applied to the classical Linear IV regression, the multiple-equation linear model,
and the structural vector autoregressive (SVAR) model.

Example 2.1. (Linear IV regression). The model consists of observations on an out-
come variable y; € R, two sets of endogenous regressors Yi; € RPY and Yy € RP2, and a
vector of instruments Z, € R** t = 1,...,T. The structural equation of interest and the
equations relating Zy to Yi; and Yo are:

Yy = Yiltgl + }/;tQQ + Uy, (211)
Yi, = WZi+ Vi, Yo =112+ Vay (2.12)

respectively, where 11; € R%*P1 and Il; € R***P2 are unknown reduced-form coefficient

matrices.’!  The subset hypothesis of inferential interest is Hy : 6, = 0,,, so 0y is a

nuisance structural parameter vector under Hy. By mimicking the notations of Section
2.1, we have Yy = (y, Y{,, Ys,)', 0 = (01,0,), h(Y:,0) = v — Y{,01 — Y3,05 (hence s, = 1),
and ¢(0) = Zy(y, — Y{,01 — YJ,02) € R% (ie., s = s,8, = s,). By replacing Yy, and Yo
with their expressions from (2.12) into ¢¢(0), we can write (2.5) as:

9251;(9) = Zyy — ZtZt/H191 - ZtZ£H2‘92 + Ht(e) (2~13)

where k¢(0) = —Z (V{01 + V3,02). Similarly, (2.6) can be written as:

Ep[or(0)]) = prr(01) + por(02); pir(0;) = <% ZEP[ZtZﬂ>Hj(90j —0;)  (2.14)

for § = 1,2. Therefore, if without any loss of generality we assume Ily fized,'* then
Assumption C holds with My := Q7711 where Qz; = plim(% Zthl Ep[ZtZé]). As long
T—00

as Z has full-column rank w.p.1, Qzz is p.d. and the rank condition in Assumption C' is
equivalent to

my = p[Ils] < po. (2.15)

Therefore in the system (2.11)-(2.12), the following 3 cases can be distinguished for
identification of 0y [similar to Dufour (2003)]: (i) 04 is completely non-identified if mo =
pllls] =0 (i.e., if IIo = 0), (i1) 05 is partially identified if 0 < mg = p|[lls] < pa, and (iii)
0, is strongly identified if ms = p[Ila] = po.

Now, let R = [Rl : Rg} be the rotation such that Ry : py X (pa — ma) spans the null
space of Ils and Ry : ps X my is free. As IRy = 0, we can re-parameterize the original

UFor simplicity, we do not included exogenous variables in both (2.11) and (2.12) but the findings do
not change if such exogenous instruments were accounted for.
121f 11, = Ia7 depends on T', we simply replace it by Il o, = Tlim (To7).
—00



model (2.11)-(2.12) as:

Y = Yiltel + YVQItRRIHQ + Ut = leltel + Xét’l’]l + Et (216)
Ylt == H&Zt + ‘/1157 X2t == H/QTZt + ‘/:Eta (217)

where e, = €4(Ra,m2) = ur + Vo Rama, Vir = RyVar, Xop = Ri Yoy, m = Riba, no = Ry0s,
and Iy, = IoRy. It is then easy to see that Hy : 6, = 0,, holds in (2.16)-(2.17) if and
only if Ep|Zi(yy — Y{,0,, — X5m)] = 0 for some n1 € Osr and some P € P(0,,,m).
Furthermore, Lemma 2.1 holds with ¢r+(61,m) = Z1(y: — Y1601 — X5m).

Example 2.2. (SVAR model). A SVAR with q lags can be written as

B(L)Y,; = ®D; + ¢, t <T, (2.18)

where B(L) = ;1.:0 Bj, L is the lag operator, Y; contains n endogenous variables, B; :
n X n for all j are non-stochastic matrices of parameters, ® : n x n is a matriz of
coefficients on Deterministic terms Dy : n X 1, Ep [&}]Y},l,Yt,l, .. } = 0. The diagonal
element of By are normalised to 1 and Epleie}] - n x n is diagonal. Partition'Y; and &, as
Y: = (Y, Y/t’)’ and ey = (€14, &), where yy; and 14 are scalars. Under the assumption that
€1y has a permanent effect on yy;, and the long-run restriction that & has no permanent

effect on yyy, (2.18) can be expressed as:

Ay = bllgAift + 71X +en (2.19)
AY, = 6Y,_1 + 75 Xor + uy, (2.20)

where A s the first difference operator, Xy, Xoy contain lags of AY; and Dy, v1, 72 are
coefficients on those exogenous variables, § : (n—1) x (n—1) is a matriz of reduced-form
coefficients, u; = diey; + vy 1S the reduced-form error in the equation off/t and vy 18 the
residual of the projection of u, on 1, As the variables Y,_, are excluded from (2.19), they
can be used as instruments for AY, since they are uncorrelated with 1, by construction
of the SVAR. If the instruments Y;_, are strong, the above setup suffices to identified e1;
and hence trace out the entire impulse response function (IRF) with respect to €14, i.e.

[RFJ = 8Y}+j/851t , j = 0, 1, c. (221)

However, the instruments Y;_, are often weak in many empirical applications; Pagan and
Robertson (1998). In this case, the structural parameter vector bys is weakly identified
and standard filtering method cannot be apply to trace out the IRFs in (2.21). As such,
developing confidence sets robust to weak identification for the components of bis is useful
to obtain identification-robust confidence sets for the IRFs in (2.21). With the exception
of Chevillon et al. (2016), this area of research is yet to be fully explored in the GMM
framework and our methodology can be used for this purpose.

To see how this SVAR model can be accommodated into the setup of Section 2.1,



partition Y, and by as Y, = (Y{,, YY), and by = (6,,05) = 6, where Yy, - (n—1—py) x 1,
Yar :pax 1,011 (n—1—po) X1, and 6y : po x 1. Also, let Z; = [Xy : Y] and define
Z = Mx,Y, where Mx, =1 — X;(X]X1) ' X|. We can write (2.19) as:

Ayyy = Ayl’tgl + A}/Q/tQQ + %Xu + €14, (2.22)

which along with the orthogonality between Z, and £1; imply that Ep [h(Yt, 01, 92)|Zt] =0
for some 0, where h(Y, 61,02) = Ay — 01AYy, — 05AYs,. Thus we have Ep [Zt(Aylt —
O1AYyy — QQAY%)] =: Ep [¢t(91,92)] = 0 for some 0. Suppose that we are interested in
inference on 0y, v.e., Hy : 64 = 0, and 0y is a nuisance parameter. It is easy to see
that this parametrization fits into the setting of linear IV regression, hence similar results

hold as in Example 2.1. In particular, if we partition 6 = [§1 : d2] conformably to the
partition of Yy in (2.22) where 01 : (n—1) X (n — 1 —pa) and o3 : (n — 1) X py, then the
rank condition in Assumption C becomes

my = pda] < pa (2.23)

provided that plim (7 ST Ep[Z,AYy)) is well defined and the limit matriz has full-

T—o00

column rank. Let R = [Rl : R2:| be the rotation such that Ry : pa X (p2 — ms) spans the
null space of 65 and Ry : py X mo is free. Then, Lemma 2.1 holds with

ort(01,m) = Zi(Ayie — AY],00 — AYm) (2.24)

where AY; = R1AYy and my = R} 0. So, Hy can then be assessed using the unconditional
moment restriction Ep|Zy(Ay — AY{,0,, — AY;m)] =0 for some n1 € Oap.

3 Subset tests based on model rotation

We discuss how tests of the subset null hypothesis Hy : §; = 0,, can be constructed using
the result of Lemma 2.1. As argued in previous sections, an important and crucial step of
our methodology is how to find the mapping R satisfying Lemma 2.1-(b) in practice. We
showed in Lemma 2.1-(b) that such a rotation always exists but whether it is known or
not plays an important role in test statistics construction. As such, it will be illuminating
to emphasize the two cases separately. For clarity, we begin with the case where R is
known. Although assuming R known may appear unrealistic, we believe dealing with it
will facilitate the transition to the more complex case where R is unknown.

3.1 Inference when R is known

Suppose that we know the rotation R of Lemma 2.1-(b), and consider the unconditional

moment restrictions that result from (2.9) under Hy : 0, = 0,,, i.e.

EP[¢R,t(9017771>] =0VvVet<T. (31)
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Therefore, one can build tests for assessing Hj and the related confidence regions for 6,,
using (3.1). Asn; does not appear in (3.1) if my := p[M,] = 0 (complete non-identification
of 05), testing Hy from (3.1) when my := p[Ms] = 0 is equivalent to the problem studied
earlier by Kleibergen (2004, 2005). As such, without any loss of generality, we mainly
focus in the remainder of the section on explaining the intuition of the construction of
test statistics when mqy := p[Ms] > 0.

Suppose that (3.1) holds and msy := p[Ms] > 0 (i.e., at least one component of 5 is
identified). The restricted GMM estimator of 7, under Hy, 1,,.(6,,,R) = 7,,, minimizes
the objective function

QrT(eou 771) = TérT(eola nl)/WrT(ﬁrT(em ) 771)7 (32)

where ¢,7(01,m) = %Zthl or+(61,m) and /V(Z.T = WT(Gl,m) : s X s is an estimator
of the inverse of the asymptotic variance X, (61,m) = jliigovar[ﬁqng(Ql,nl)] 13 Since
(3.1) depends only on R; (not Rs), (3.2) does not involve directly Ry, which facilitates
the construction of test statistics when R is unknown, as discussed in Section 3.2.

Now, let 6, = (61,7)" and 6, = (0! ,n. )’. From Lemma 2.1 and (2.10), we can write
the expected value of ¢,r(0,) as:

Ep(orr(0:)] = pir(61) + pora(m), (3.3)

where pir(61) is given in (2.6) and porr(m) = (7 i—y Ep[(f2(Y2) © Z)Ra(m = 1)),
Ny, = Ra0,, is the true value of n;. It is clear that pir(6,,) = 0 and pa,.7(n,,) = 0 in (3.3).
We make the following assumption.

Assumption D. For any R satisfying Lemma 2.1-(b) :
(1) Or = O1 X Ogr is a compact subset of RP x R™2 and pa,.7(m) =0 < n1 = n,,;

(i1) 5uPy, co VT [|6r7 (B0, m) — Eplora(0y,m)]|| = Op(1).

Remarks.

1. Assumption D-(7) is standard in the GMM literature. The condition pa,.r(n) =
0 & m = 7, implies that the transformed model globally identifies 7; under H,, al-
though 6, may be weakly identified in the original model. Assumption D-(éi) entails that
(0, m) — Eplori(0,,m)] = Op(T_%) uniformly over Osg under Hy, which is the
usual rate of convergence of GMM average moment vectors under strong identification.

2. If my := p[Ms] = 0, Assumption D-(7) collapses to ©; being is a compact subset of
RP!, while Assumption D-(i7) simplifies to the simple bound /T | @7 (65,) — Ep[or.(6,,)]]|
O,(1), as no nuisance structural parameter is involved in the transformed model. So, As-
sumption D holds irrespective of whether mq := p[Ms] > 0 or not.

We can now establish the following result.

Lemma 3.1. Suppose Assumptions A-D and Hy hold. If further mq = p[Ms] > 0, then
we have par.1(7,.) = O, (T’%) and 1, — Ny, = O, (T’%); porr(+) 1s given in (3.3).

13 The indexation by ‘r’ on various statistics in (3.2) highlights their dependence on R.
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Lemma 3.1 shows that if at least on component of the nuisance structural parameter
vector #, is identified, then the restricted GMM estimator of the identified linear combi-
nations of y is root-T" consistent, thus generalizing Stock and Wright (2000, Lemma A1)
to partially identified nuisance structural parameters setting. To establish this result, we
exploit the fact that po,.r(7,,) = O, (T _%), which simplifies considerably the steps of the
proof compared to that of Stock and Wright (2000, Lemma A1).

To simplify the notations, define

U . (0,) = VT(¢r(6,:) — Ep[pr.(6,)]), (3.4)
Y., = VTvec(Vo,drr(0;) — Ep[Vo,or(6r)]),

Vo) | _ | Zullr) %,(0r)
TT‘T B

Eu(0r) By
where Vg, ¢or+(0,) := 0pr+(0,)/00.., ¥(0,) : s(p1 +ma + 1) X s(p1 +mae + 1), X,,(6,) :
§X 8, Ny, 1 S(p1+me)xs(pi+me), and X,(0,) = X! (0,) : sxs(pr+ma). As Vg, dr(6,) =
[1(Yy) @ Z; @ (f2(Yy) ® Z)Ry] does not depend on 6, from from (2.10), its asymptotic
variance Y,, does not depend on 6, either. We make the following assumptions.

¥(0,) = lim var

T—o00

>0, (3.6)

Assumption E. suppep Ep[|E[*™] < oo for some ¢ > 0 and all F, € {fo(Y}) ®
Zs, 1(Yy) ®@ Zy, f2(V2) ® Z;}.

Assumption F.

(1) /WTT(HT) is continuous at 0, and converges in probability to X1 (0,) uniformly in 0,
where ¥11(0,) is defined in (3.6), and X1 (0,) is continuous at 0,;
(1) 0 < inf A [S00)] < sup Ain [E17(0,)] < 00, where Apin[A] is the

0r€01xO2r 0,€01xO2p
minimum eigenvalue of the square matriz A,

(i11) (¥,,.(6,) TLT)/ 4 2,(0,) = (v,(6,) T;)/ where W,.(0) : sx1, T : s(p1+ma) x 1,
Z,(6,) ~ N[0, 3(6,)] with X(6,) given by (3.6).

Assumption E along with the compactness of Og = ©1 x O9p imply that ¢r+(6,) is
totally bounded and Lipschitz on ©Og. It provides the primitive conditions for weak con-
vergence results in Assumption F. In particular, it (Assumption E) implies the sufficient
conditions for equicontinuity in Andrews (1994, Theorems 1-2). The weak convergence
of ¥ _.(A) in Assumption F follows from the convergence of the finite dimensional dis-
tributions of ¥ __(6), stochastic equicontinuity, and the compactness of Og. The weak
convergence of the vectorized derivative of average moment function, T ., in Assumption
F enable the derivation of the asymptotic distributions of the subset KLM and MQLR
subset statistics of Kleibergen (2005).

Under Hy, the parameter space of the transformed model is then given by:

Fo = {w—<m,P>e@mewm,m>:Epr,t(em,mn—o (3.7)

and Assumptions A-F hold}.
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As shown by Andrews and Guggenberger (2017), any meaningful definition of the pa-
rameter space, such as Fy in (3.7), must incorporate Assumption E on the existence
high-order moments of both ¢r+(6,) and its first derivatives Vg, ¢gr+(6,). This is impor-
tant for the asymptotic size results, especially for Kleibergen’s (2005) type-subset KLM
and MQLR statistics.

Let J, = Ep| lim Vo, 6,0(6)] = Ep|lim £ 5L, [(¥) @ 20 (2(Y) ® Z)Ri] | =

[Jl : MgRl]. Following Kleibergen (2005), an estimator of .J. under Hy, given Ry, is
DTT(QONﬁw) =Dr:

Dyr = [Z]\lT - Z21~1WTT(0017ﬁlT)gz_sTT(0017ﬁ1T) s
Z]\(p1+,,L2)T - 221‘(p1+mQ)WTT(901’ ﬁlT)¢TT(001’ ﬁlT)j|
= [Dlv',T (901 ’ ?/7\1T) D27-,T (901 ) ,;]\11")] ) (38)

where for all j = 1,...p; + my, g, is an estimator under Hy of g, defined by ¢, =
/

vee(Vo, o (0:)) = (T, - - N ,q ) : igl'j = im_j(em,ﬁm) is an estimator un-
der Hy of X, (0,) defined by X, (0, [ 211( oo B, (00), 2 _— >(9 )]” with

=
¥,,(6,) given in (3.6). Also, let 7.(6,,) denotes the statlstlc that tests a lower rank value
of J.," i.e.

, _
) 1\~ 1 — 1 =~

Tr(em) - aGIgI}H}mQT( a > D;T [(( a > ®Is) WTT (< a > ®]S)

D.r = DTT(0017;]\1T) Wir = Xgp — 221WTT(8017ﬁ1T)2;17 (39)

Z Z21 (GOI?ﬁlT) [2/21 17" 2;1 )]/'

((p1+ma

We suggest the following subset statistics for assessing Hy : 01 =0, .

1. The rotation-based subset S-statistic [similar to Stock and Wright (2000)]:
I‘ST((901;R) = QTT(G()l?ﬁlT)' (310)

2. The rotation-based subset KLM-statistic [similar to Kleibergen (2005)]:

1/2

i ~ PV
rKLMrz(6,;R) = T¢r(0,,, an)IerT2P/V[7T1I/ﬂQﬁ rT ¢7‘T( o1 ) (3:11)

3. The rotation-based subset JKLM statistic to test misspecification under Hy, i.e.,
Hyy EP[¢TT( Ol’ﬁlT)] =0:

rJKLMz(6,:R) = rSy(6,;R) — rKLMz (6, ;R). (3.12)

() 017 01

14Gee Kleibergen and Mavroeidis (2009, eq.(22)).
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4. The rotation-based subset conditional likelihood ratio statistic [ Moreira (2003)]:

rMQLRT(001 ) R) [rST(901 ) R) (001 )] + (313)

%\/[rST(em ) R) + Tr(em)] - 4[rST(901 ) R) - rKLMT(Gm; R)]Tr(001)]°

Remarks. Several observations are of order.
1. Each statistic in (3.10)—(3.13) is a function of the mapping R. If 6, is identified (i.e.,
if mo = p[Ms] = po), then R = I,, and rSz(6,,; R) is equivalent to the subset S-statistic of

017

Stock and Wright (2000), while rJKLM~r(6,,; R), rKLM(6,,;R), and rMQLR(6,,; R)
are equivalent to the statistics of Kleibergen (2005).

2. If at least one component of 65 is not identified (i.e., if my = p[Ms] < po), all
statistics in (3.10)—(3.13) are conceptually different from the ones in Stock and Wright
(2000) and Kleibergen (2005). In case no component of 65 is identified (i.e., when my =
p[Ms] = 0), Oy vanishes from the transformed model and only #; remains. As such, 7,
also vanishes from the expressions of all statistics so that the testing problem breaks
down to the standard one considered in Kleibergen (2005) for full vector of structural
parameters, but this time in the transformed model.

3. In the homoskedastic linear IV model, rSr(6,,;R) is equivalent to the subset
Anderson and Rubin (1949, AR) statistic in the rotated model. Even in that case, we
adopt the notations presented in (3.10)—(3.13) for uniformity.

4. Finally, an interesting and important feature of the statistics in (3.10)—(3.13) is that
they can accommodate heteroskedastic or weakly dependent data, by using for example,
the HAC estimator [see Andrews (1991), Andrews and Monahan (1992), and Newey and

West (1987)] of the asymptotic variances entering the expressions of the statistics.'®

To establish asymptotic results for the subset statistics in (3.10)—(3.13), we first note
their dependence on the quantities ¢,7(6,,,7.,,), W\TT( 00,700), Qur(0y,,700), VT, —
Ny, ), and lA)TT(Qm,ﬁlT). Then, we examine the asymptotic behavior of these quantities
in the uniform convergence sense. For this, we assume without any loss of general-
ity that my = p[M,] > 0, i.e., at least one component of 6y is identified.'® We know
from Lemma 3.1 that 7, is T-consistent under Ho. Therefore, we can characterize
the asymptotic behavior of Gt (00,0 )s Wor (0, 10,0), Qur(00y,100), VT(1,7 — 1,,), and
D,r(0,,,7,,) uniformly by studying their limiting behavior under drifting sequences of
parameter (6y,7,, +6/v/T), as empirical processes in (f1,9) € ©; x Agg, where Agg is a
compact subset of Or. Lemma 3.2 presents the results.

Lemma 3.2. Under Assumptions A -F, the following limiting results hold uniformly as
empirical processes in (07,6") € ©1 x Agp :

15Kleibergen (2005, eq.(28)) discusses issues related to the selection of the lag length for the HAC-type
estimators of the score vector, but this is not a major problem here because the moment conditions are
linear in the parameters.

161f my = p[Ms] = 0, uniform convergence of the various quantities follows easily from Kleibergen
(2005).
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(

U (61,1my,) + MaR16 if NTpir(01) —0

‘Ilr (‘91’ 7701) + MaR16 + /51(‘91) Zf 01 7& 001

Torr (01,10 + 25
(a) VT¢ T( LMoy + \/T) — and VTpir(61) = p1(61) = O(1)

00 if 01 # 0, and \Tpi7(01) — oo;

\
(b) WT’T(Hla Mox + \/LT) £> E1_11(9177701);
(C> Qrr (017 Mor Tt \/LT) = Q) (917 0; 7701)7 where

(@, (01, 70,) + M2R18] S (01,m0,) [ ¥, (01,1m5,) + MaRyS] if VTprr(61) — 0

(@, (01,m5,) + MaR18 + p1(01)] S (01, 10,) [ ¥, (01,75, ) + MaR1 8 + 51 (61))]

B Bi70) = i 01 # 0y, and VTpur(6:) = pr(61) = O(1)

+oo if 01 #86,, and NTpir(61) — oo;

(@) VT (@ = 1) = N (0, [REMES(0,,)MaR] )
(6) ﬁvec(ﬁTT(eounm +\/if) _JT) = \IITD ('90r) = Tr — X (QOT)Efll(GOT)\IIT (80r)7 where
\IJTD (907") ~ N<07 222 - 221 (GOT)El_ll (907“)2/21 (6074)> a’nd 7’.8 independent Of \IJT (907“)'

Remarks.

1. As in Stock and Wright (2000, Assumption C), the limiting behavior of v/T py7(6;)
defines the identification of 6. If v/Tpi1(6;) — pi(61) = O(1) for all 6, € Oy, then 6,
is weakly identified, while 6, is globally identified if vTpip(6y) — oo for all 6 # 6,,.
Lemma 3.2 accounts for both cases.

2. Lemma 3.2 provides primitive conditions for both asymptotic size control and
test consistency for the subset statistics in (3.10)—(3.13). (d) shows that if at least one
component of 65 is identified, 7, is asymptotically normal under Hy. This result is more
informative than the v/T-consistency of Lemma 3.1. The asymptotic normality of Ny
stems from the fact that 6; is fixed (as Hp holds) when deriving the distribution of the
empirical process 7,, under drifting sequences of parameter (67,7, +4¢'/ VT)'. In general,
the limiting distribution of 7). depends on 6, thus is nonstandard if ¢, is replaced by an
inconsistent estimator, which happens when 6; is not identifiable; see Choi and Phillips
(1992) and Stock and Wright (2000). As the goal is to provide valid confidence regions
for 6,, including when it is not identified, we do estimate §,,. Rather we impose the null
hypothesis Hy and then invert the statistics in (3.10)—(3.13) to get confidence regions for
6,,. (a)-(c) show that the restricted GMM objective function can be uniformly O,(1)
even under the alternative hypothesis H;. This hints that the rotation-based subset tests

in (3.10)—(3.13) may lack power in a wide range of cases, especially when 6, is weakly
identified, i.e., when vTp1p(6;) — p1(61) = O(1). But if v/Tpi7(6;) — oo uniformly in
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0, i.e., when 6 is identified, the restricted GMM objective function is unbounded, which
indicates that the rotation-based tests in (3.10)—(3.13) will be consistent in this case.

3. (e) shows that under Hy, the Jacobian estimator D, (6,,,7,,) is V/T-consistency,
asymptotically normal, and asymptotically independent of the average moment vector
épr(0,,,7..), whether 0, is identified or not. Again, note that this asymptotic normal-
ity holds because #; is fixed at 6
rather than replacing 6; by a possibly inconsistent estimator. (e) is clearly an exten-
sion of Kleibergen (2005), however the proof of the uniform convergence of Dyp(6,,,7,,)

> as Hy is imposed in the expression of BTT(Qm»ﬁlT)

presented here is new and requires strong assumptions such as the existence of second
moments of both ¢g+(6,) and its derivatives (Assumption E). The pointwise convergence
results in Kleibergen (2005) does not require the existence of second moments of ¢ ¢(6,)
nor its derivatives.

To give asymptotic results for the subset statistics in (3.10)—(3.13), we introduce some
additional definitions and notations. For any a test ¢ that may depends on the sample,
the asymptotic size of o7 for the parameter space JF is given by:

AsySzlpr; F| = limsup sup Ep|er]. (3.14)
T—oo meF
To improve readability, we denote by ¢7(K, c¥) the test that rejects Hy when K > ¢X for
some threshold level ¢X which is a function of a € (0,1), i.e., pr(K,c¥) := 1[K > K],
where K is a given statistic, 1[C] = 1 if condition C holds and 1[C] = 0 otherwise.
Theorem 3.1 gives the asymptotic representations of the statistics under Hy, while
Theorem 3.2 states their asymptotic size.

Theorem 3.1. Under Hy and Assumptions A - F', the following results hold uniformly in
m € Oz :

rSr(f,;R) 5 ¥ ~ X2 (s — ma);
rKLM7(0,:R) 5 9,0 ~ X2(p1);
rJKLMz(0,:R) 5 ), ~ x(s — p1 — ma);
EMQLR (0, R) [ 7:(0) 5 ssonn = 5l — (6,

%\/[%s + 7—r<901 )]2 - 4[%5 - erLA/I]Tr(GOI)L

where Y _,., ., and ..., are independent random variables and ¥, s = ., + U, i

Remarks.

1. Theorem 3.1 holds for any value my := p[Ms] € [0, po]. The results show clearly that
the three statistics rSr(6,,; R), rKLMz(60,,;R), and rKLMr(6,,; R) have asymptotic
chi-square representation uniformly under Hy, whether 7, is identified or not. Therefore,
asymptotic x? critical values can be used for these statistics. Meanwhile, the limiting
representation of rMQLR(6,,; R) depends on the conditioning statistic 7.(6,,), but it
can be simulated given 7,.(6,,), i.e., its critical values can also be simulated.
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2. The results show the dependence of the limiting representations of rSr(6,,; R),
rJKLM~(6,,;R), and rMQLR(6,,; R) to my := p[Ms] which measures the degree of

01? 01?7
the identification of 6. However, the limiting representation of rKLMr(6,,; R) does show
such a dependence, which is probably one of the striking results in this paper.

3. If my := p[M,] = py (strong identification of 65), the asymptotic distributions of
all are identical to their identification-based representations in Kleibergen and Mavroei-
dis (2009). This is not surprising because R = I, in this case. If my = 0 (complete
non-identification of s), the null limiting distributions of the subset statistics are similar
to the ones in the model where #5 does not appear at all. This is because the rota-
tion R has evacuated the entire non-identified nuisance structural parameter 6, from the
transformed model. If my := p[My] < py (i.e., at least one component of 6, is iden-
tification), the degrees of freedom of the x? limiting distributions of rSr(6,,; R) and
rJKLM7(6,,; R) increase'” compared to their identification-based representations for
which mgy := p[Ms] = py. Therefore, the mapping R shifts the limiting representations of
both statistics below their identification-based representations, thus resulting in a gain of
degrees of freedom. To better understand how the mechanism works, consider the clas-
sical homoskedastic IV regression (see Example 2.1). From Guggenberger et al. (2012)
and Doko Tchatoka and Wang (2018), the Stock and Wright’s (2000) S-statistic without
model rotation uses the LIML estimator of 6. When 05 is weakly identified, the re-
sulting test is under-sized, i.e., its limiting representation is shifted below its asymptotic
chi-square identification-based one. Rotating the original model as done here insures
that the limiting distribution of the resulting rotation-based S-statistic still belongs to
the chi-square family, but does not lead to a conservative test. For this to happen,
the rotation must adjust the statistic by gaining in degrees of freedom compared to its
identification-based level. The mechanism works similarly for the JKLM statistic as well.
The surprising result is maybe the limiting behavior of the rotation-based KLM statis-
tic, rKLMr(6,,; R), that does not adjust to the lack of identification of ; in the space
my = p[Ms] € [0,p2]. We know from Guggenberger et al. (2012) that Kleibergen and
Mavroeidis’s (2009) subset KLM test is size distorted when 6, is weakly identified, i.e.,
its limiting representation shifts above its asymptotic chi-square identification-based one.
What the mapping R does here is to push it back to its identification level, but the reason
why this shift is invariant to ms is not obvious. A close examination reveals an interesting
mechanism. As discussed above, when 6, is not identified, the mapping R shifts the lim-
iting distributions of rSz(6,,; R) and rJKLMy(6,,; R) below their identification-based
representations identically in the space of msy € [0,ps] (i.e., both have the same gain in
degrees of freedom). Since rKLMy(6,,;R) is equal to the difference between the two

statistics, the two effects cancel out and the net effect on rKLMr(6,,;R) is zero, thus

leading to its limiting representation being invariant to msy € [0, pa].

Theorem 3.2 gives the asymptotic size results.

1TAs mo < pa, it is clear that s —mo > s —pg and s — p1 — Mg > s — p1 — Po.
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Theorem 3.2. Under the conditions of Theorem 3.1, we have

AsySz[er(K; ck); Fo| :=limsup sup Ep[er(K;ck)] = o

T weFy

for all K € {rS;y,rKLMy, rJKLMy, rMQLM;} and some o« € (0,1), where ¢&5 =

«a
2 rKLM — rJKLM — |2 rMQLR —
« «

X; ., (@), ¢ = an (), ¢ =X, (@), and c = Cpyoupl@) are the

1 — « critical values of the limiting distributions of the statistics in Theorem 3.1.

Remarks

1. Theorem 3.2 shows that the asymptotic size of all rotation-based subset tests
is equal to the nominal level o for the parameter space Fy. Although asymptotic size
control is important for a good finite-sample performance of a test, it is well known that
controlling the asymptotic size does prevent this test for being conservative. For example,
in the homoskedastic linear IV regression model, the standard plug-in subset Anderson
and Rubin (1949, AR ) test with restricted LIML estimator has correct asymptotic [see
Guggenberger et al. (2012) and Doko Tchatoka and Wang (2018)] but is still under-sized
when nuisance structural parameters entering the testing problem are weakly identified.
One may thus worry that the proposed rotation subset tests could be conservative under
the same conditions. This is fortunately not the case due to uniform convergence results
of Theorem 3.1 that imply that the asymptotic size of the tests is realized for both weak
and strong sequences of structural parameters in the original model.

2. Under Theorem 3.2, uniformly valid confidence regions for §,, can be obtained by
inverting each statistics in (3.10)—(3.13), i.e., the set

tx(a) = {0, K <&}, (3.15)

has level 1 — a asymptotically for all K € {rSy,rKLM7, rJKLM7;, rMQLM/}, where
cK is given in Theorem 3.2.

To develop asymptotic results for the statistics under the alternative hypothesis
(i.e., 1 # 6,,), we first note that in Theorem 3.1, the scaled average moment vector
VT, (01,1, + \%) is O,(1) uniformly in § under Hy : 6, = 6,,. This is not always
the case when 6, # 6,,. Indeed, for 6, # 6, we can write \/TQETT(Ql,nm + \%) from
(3.3)-(3.4) as:

1) ) 1)
—=) = U (01,15, + —=) + VTpi7r(61) + VT parr(ng, + —=)-
ﬁ) 7 (61,7, \/T) pi7(61) p2r1 (1, ﬁ)
By Lemma 3.2, both W,7 (61,7, + \%) and /T pa,.7 (10, + \%) are 071<1> uniformly in
(07,0") € ©1 x Agg for some compact set Asg. Hence, whether \/T¢rT(91>7701 + \%)

is O,(1) or not depends on the behavior of v/Tp17(6;). Therefore, to fully characterize
of the limiting representations of the subset statistics when 6, # 6,,,
the following two cases: (i) VT p17(01) — oo uniformly in 6, for all ; # 6,, (strong
identification of 6;), (1) VT pir(61) — p1(61) = O(1) uniformly in 6, for all 6, # 6, (weak
identification of #;).'"® To simply the exposition of the results, the following notations

ﬁquT (ela o1 + (316)

we must consider

18 Note that case (i) includes the complete non-identification of 6y, i.e., when pi(f;) = 0 for all
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and definitions are used:

_ —1/2 —1/2 _
Wwooi= 2 (00m0) = A0S P00 ) My v e S0 (00,m0)51(0)
_ —1/2 —1/2 _
NEKLM = NEKLM (817 7701) = pl(el)lzll/ (617 7701)PM —1/2 lell/ (91,7701)P1<91)
51,72 (01,m0, ) MaRy
/‘LfJKLM = ME(,KLM(QDTI(H) :#35’(9177701)+“3KLAJ(9171701)7 (317)

where My = I — Py and Py = A(A’A)71 A’ for any full-rank column matrix A.
Theorem 3.3 presents the results.

Theorem 3.3. Under Assumptions A-F are satisfied, the following results hold uni-
formly in (01,9") :

(a) if VTpir(01) — oo uniformly in 0y for all 0, # 6,,, then K NS for any
K € {rS7,rKLMy,rKLM7,rMQLR };

(b) if VT pir(01) — p1(61) = O(1) uniformly in 0 for all 6, # 6,,, then

d
rST(OOI; R‘) - wrS (Mfs) ~ X2<S - mz; /‘Lfs)
d
rKLMT(e()l’ R’) — ,gbrKLIM([LfKLM) ~ X2(p17MEKLIW)

d
rJKLMT(0017R) — ¢TJKLNI(M3JKLA4) ~ XQ(S _pl - m2’/’l/72«JKLM>

1
IMQLR (0,3 R) | 72(60) > nsannlb 1,,) = 500 (12,) = 7e(6,0)) +

V02 + 7O ) = A0 () — by (0 7B

w’I’KLM(//LfKL]\/[) a’nd wTJKLM(HfJKLM) are Z.ndependent7 ¢rs(lufs) = erLIVI(/‘LzKLIM) _'_

,l/}rJKL]M (IU’EJKLM)'

Remarks.

1. Theorem 3.3 holds irrespective of whether 6, is identified or not, hence the power
property of the rotation-based subset tests is entirely controlled by the identification of 61,
as expected. Theorem 3.3-(a) states the conditions under which test consistency holds,
while Theorem 3.3-(b) shows that these conditions may fail, in which case the tests may
have low power. This is the case in particular when the noncentrality parameters of the
x? limiting distributions in Theorem 3.3-(b) are small or equal to zero. For example, if
p1(01) = 0 (very weak identification or complete non-identification of 6, ), all noncentrality
parameters are equal to zero and the limiting distributions of all subset statistics are
identical to their limiting distributions under Hy (see Theorem 3.1) for all 6, € ©,. As
such, the power functions of the corresponding tests are flat and test power cannot exceed
the nominal level a. However, the tests exhibit power as long as p;(61) # 0, i.e., when
the identification of #; is not very poor.

2. All rotation-based subset tests are asymptotically unbiased. Indeed, we know from
Theorem 3.1 that all subset tests are asymptotically a-similar and their asymptotic size

0 € O1.
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is realized under both weak and strong sequences of model parameters. Now, considering
the results in Theorem 3.3, it is easy to see that the lower bounds on the asymptotic
power functions of the tests is realized under the conditions in Theorem 3.3-(b). As
the asymptotic distributions of the tests in this case are non-central chi-squares or their
functional, it is clear that their asymptotic power functions increase with the noncentrality
parameters. Therefore, the worst case power in Theorem 3.3-(b) arises asymptotically
when all noncentrality parameters are zeros, meaning the asymptotic power of all tests
is at least equal to a.

3.2 Inference when R is unknown

The analysis in Section 3.1 assumes that R is known, which is not the case in practice.
In this section, we show how the tests can be implemented when R is unknown.

3.2.1 Feasible statistics

In practice, the subset statistics in (3.10)-(3.13) are infeasible because R is unknown. In
this section, we provide a two-stage methodology to obtain feasible statistics. In the first-
stage, we estimate M, and its rank msy := p[Ms] from observed data, say Msr and maor

respectively. From this result, we obtain an estimate RT = [RlT RQT:| of R following
the steps described in Section 3.2.2, where RlT Pa X Mo and RQT P2 X (p2 — Mar).
In the second-stage, we replace R; by Rir in (3.10)-(3.13) and implement the resulting
subset tests with my also replaced by mor whenever necessary.

As M, is independent of the structural parameter vector 6, the first-stage does not
require estimating the nuisance parameter #5 under Hy. To derive an estimator ﬁlT of
Ry, we must first obtain an estimator mor of mgy := p[M,]. The later problem has been
studied extensively in the literature,'? but to preserve the uniform convergence results of
Theorems 3.1 and 3.2, we adopt a methodology that leads to a strong (super) consistent
estimator mor of my. In that perspective, it is relatively easy to establish primitive
conditions on the estimator ]\/4\2T of M, under which the resulting rank estimator mor is
strongly consistent. This strong consistency will in general lead to a strong consistent
estimator filT of Ry.

Let {bT >0,T > 1} be a sequence of pre-specified tuning parameters diverging but
not faster than 7%~! for any v > 1, i.e.

bp — o0, T by — 0 as T — oo for some v > 1. (3.18)

Suppose an estimator PA{T = [ﬁlT : PA{QT} of R = [Rl : Rg] is available, where f{jT has the
dimensions of R; for all 7 = 1,2. We consider the following assumption on R;p.

Assumption G. For any sequence {bT > 0,7 > 1} satisfying (3.18), we have ﬁlT—Rl =

O(;—Ty) with probability 1 uniformly over P.

19 ¢.g., see Anderson et al. (1951), Gill and Lewbel (1992), Cragg and Donald (1996, 1997), Gourieroux
et al. (1993), Robin and Smith (2000), Ratsimalahelo (2003), and Kleibergen and Paap (2006).
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Assumption G implies that there is a scalar ag > 0 such that suplim supP [b HRlT —
PeP T—oo

RlH < ao} = 1. In particular, if by = V2IninT and v = 1.5, the assumption implies that

Rir satisfies a strong form of the Law of the Iterated Logarithm (LIL)?° uniformly over P,
ie., ﬁlT is a strong consistent estimator of Ry uniformly over P. It is worth noting that
Assumption G does not involve the full estimator ﬁT since the subset statistics depends
only on Ry, i.e., only filT is used in their expressions when R is unknown.

Let Q,r(61,m) be the GMM criterion in (3.2) and defined Qs (01,7,,) to be the
criterion obtained by replacing R; with Rz in (3.2), i.e., 1, = RlTQQ The indexation by
“r” highlights the dependence of various quantities on the estimated rotation. We have
the following equivalence between Qs (01, n,,) and Q,r(61,m1).

Lemma 3.3. Under Assumptions A -G and for any sequence {bT >0,T > 1} satisfying
(3.18), we have: Qr(01,1,,) — Qrr(61,m) = OP<%> uniformly over P.

Remark. As o,(-Z:) = o0,(1) under (3.18), Lemma 3.3 implies Q;r(61,7,,) —
p p 1T

TV 1
Qrr(01,m) = 0,(1) uniformly over P. Therefore, replacing Ry with ﬁlT satisfying As-
sumption G in (3.2) does not significantly affect the GMM criterion, i.e., the subset
statistics in (3.10)-(3.13) are asymptotically equivalent to the ones obtained by replacing
R, with ﬁlT. To be more specific, we have the following result.

Theorem 3.4. Under the conditions of Lemma 3.3, we have:
Kr(0y:Rr) = Kr(f:R) +0,(1)

for any statistic Ky € {rSr,rKLMy, rJKLM7, rMQLM/} defined in (3.10)—(3.13).

Theorem 3.4 shows that the previous findings in Theorems 3.1-3.3 do not alter if R, is
replaced with Ry in the expressions of the statistics in (3.10)—(3.13). The challenge now
is to find an estimator ﬁlT of Ry satisfying Assumption G. The next section addresses
this issue extensively.

3.2.2  Estimating my := p[M,] and R

As discussed in the previous section, to estimate R we must first estimate my 1= p[Ma).
As formal statistical procedures of matrix rank estimation— such as Kleibergen and Paap
(2006) (henceforth, KP2006)— do not often lead to a strong consistent estimator, we ap-
ply the tolerance level (or threshold) approach. This approach is conceptually simple
and flexible with regards to the choice of the threshold. Its limitation is that its imple-
mentation requires user chosen tuning parameters, and different choices of these tuning
parameters may lead to different results, especially in small-sample.

To proceed, let ]/\ZQT € M(sp,)(R) be an estimator of M, such that ]/\ZQT = % Zthl ]\/th
and Ep[ﬂgt] = M, for all t. Let 01(A) > 02(A) > ... > 0,,(A) > 0 denote the singular

20See (Cragg and Donald, 1997, Assumption 6) and (Ratsimalahelo, 2003, Assumption C) for further
details on the LIL.
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values of the matrix A, i.e., A has the singular value decomposition (SDV) A = SDU’,
where S € 05, U € 0,,, and D : s X py is rectangular diagonal matrix with elements
0;(A) in decreasing order. Define I = {1,2,...,p,} and let J(A) = {1,2,...,k} be the
subset of I corresponding to the indices associated with the distinct singular values of A,
ie,d>...>d;>...>dg, s0 Y5 o(d;) =ps with o(d;) denoting the multiplicity of
d;. Let {cy > 0:T > 1} be a diverging (but not faster than VT) pre-specified sequence
of tuning parameters, i.e., ¢ — 00, cr/ VT — 0 as T — oo. Consider the following
estimator of my 1= p[Ms)] :

Mor(cr) = card{j € I(Mar) : o;(Myr) > er/VT}, (3.19)

i.e., mor(cr) is the number of distinct singular values of ]\/4\2T that are equal or exceed
the threshold c¢r/ VT. We make the following assumption on the singular value of M,.

Assumption H. There is a sequence {kp > 0:T > 1} satisfying ky — o0, fiT/ﬁ — 0
as T — oo, such that o;(Msy) > ﬁT/\/T for all j < Jmas = max{j € J(Mar) : 0;(Mar) >
j

cT/\/T}, where cr is the sequence in (3.19).

Theorem 3.5 gives the conditions on the sequences kr of Assumption H and ¢y in
(3.19) under which mor(cr) is a (strong) consistent estimator of mq := p[M,].

Theorem 3.5. Under Assumptions A-C', E & H, we have for any e > 0 :

(a) limsupsup P [|Mar(cr) — ma| > €] =0 if kr = o(er);
T—oo PeP

(b) supP[limsup|mor(cr)—ms| > €] =0 if kr = o(cr) and cr € {(InT)"?, (2IninT)"/?}.
peP T—o0
Remarks.
1. No distributional assumption such as Assumption F-(7i7) is required in Theorem
3.5. The proof exploits the Markov and Bernstein inequalities for random matrices (see
the proof in the Appendix). Since the theorem holds for any ¢ > 0, we can choose

e =ep = cp/V/T and (a) entails that

lim supsupPUr?LgT(cT) — mgy| > 5] = lim supsupP[h?LgT(cT) —mgy| > CT/ﬁ]
T—oo PeP T—oo PeP
. |m2T(CT) - m2‘
= lim supsupP[ > 1] =0,
T—o0 PEP cr/VT

i.e., mor(cr) —mg = Op(%) uniformly over P.

2. Both (a) and (b) require kK = o(cy), whilst the two sequences grow not faster
than /7. Intuitively, estimation induces sampling bias, so in order to obtain a consistent
estimator of the rank, a higher tolerance level (or threshold) should be applied to the
singular values of the rank estimator. Theorem 3.5-(a) states the conditions for uniform
weak consistency of mar(cr), while Theorem 3.5-(b) is for uniform strong (supper) consis-
tency. The choice of ¢p = (InT')'/?, which is based on the Bayesian Information Criterion
(BIC), or that of cp = (2InInT)Y/2, which is based on the Law of Iterated Logarithm
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(LIL), leads to strong consistency for the estimator of the rank; Cragg and Donald (1997,
Theorem 4). However, LIL [i.e., cp = (2InInT)'/?] provides a minimal strong consistent
(MSC) criterion; see Hannan (1980) and Ratsimalahelo (2003, Theorem 7).

3. Since mor(cr) takes values in a nonnegative integer set (discrete), the strong
consistency result in Theorem 3.5-(b) implies that there exists a finite T (possibly a
function of the data and the parameters) such that for 7' > Ty, we have mor(cr) = mo
with probability 1, which is stronger than the weak convergence result in Theorem 3.5-(a).

4. As the threshold approach in (3.19) requires the knowledge of the tuning sequence
of parameters {¢;y > 0 : T > 1}, a possible drawback of the method is that different
choices of this sequence in practice may lead to different results, especially if the sample
size is not very large. One may wish to use a formal sequential testing methods proposed
in the literature, such as the the generalized reduced rank approach of KP2006 (see
Appendix A.1). However, using KP2006 framework to estimate mqy := p[Ms] does not
lead to a strong consistent (as opposed to Mor(cr) in Theorem 3.5-(b)) unless some
adjustments are made to the significance level (or critical values of the statistic)— e.g., see
Ratsimalahelo (2003, Section 5). In particular, to obtain a strong consistent estimator
of my with the KP2006 test, we must adjust its significance level, following for example,
the suggestion in Ratsimalahelo (2003, Assumption C). However, doing so also requires a
knowledge of specified sequences of tuning parameters similarly to the threshold approach.

We now illustrate Theorem 3.5 in the classical linear IV model.
Example 2.1 (Continued). Consider the linear IV regression described by (2.11)-
(2.12) and assume that Iy is fivzed. Under Assumptions A-H, we have

T
1
M, = phmf ;EP[fQ(Yt) ® Zi] = Qz711

T—o0

which can be estimated by .Z/W\QT = @ZZﬁ2T7 where @T = LTZ and ﬁgT = (%)71(%)
is the OLS estimator of Ily in the first-stage regression (2.12). By substituting Qr and
ﬁgT by their expressions above, we get J\//TQT = %Z’YQ = %Zthl ]\7%, where ]\//Tgt = 7,Y5,
satisfies Ep[]\//jgt] = M, for all t. Since Qzz is p.d., we have mqg = p[Ms] = p[Ils]. Thus

we can formulate (3.19) equivalently as
o (cr) = card{j € I(Uyr) : o;(Tyr) > & /VT}, (3.20)

for some sequence ¢y function of cp. Theorem 3.5 then follows with mar(cr), me, and cp
replaced by p[Uar], p[Ily], and ¢ respectively.?!

We now discuss the estimation of the rotation R = [R; : Ry]. Let Z/W\QT and mor(cr)
be the estimators of My and my in (3.19). We can estimate R through the SVD of Moy
Indeed, the SVD of My is given by:

Moy = PrDrRY, (3.21)

21Similar to Cragg and Donald (1997, Theorems 3 & 4).
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where ?T ;s X s and ﬁT : P2 X po are orthogonal matrices, ﬁT © 8 X po is rectangular
diagonal matrix with decreasing elements (singular values of Msr). Let Py, Dy, and Ry
be partitioned as:

. S . D 0 ~ SO
Py = [PiriPyr], Dr=| """ = |, Rr=[Rir:Ror], (3.22)
0 Do
Whel"€§1T15><qaf)2Ti (S—Q) PA{1T‘292><qaf{2T'172><(292—(]) EIT:QX(L

and lA)QT (s —q) X (p2 — q). Clearly, DlT contains the ¢ largest singular values of MQT
(greater than ¢y /+/T), while Do contains its p, — ¢ smallest singular values (smaller than
cr/vV/T). In general, ¢ > Mgy (cr) by definition of mar(er) in (3.19), with equality arising
when all the ¢ largest singular values are distinct. It is worth noting that the p, — ¢
smallest singular values may not be exactly zero due sampling error in the estimation of
]/\/[\gT. However, they can be viewed virtually as zeros since they are less than threshold
cr/VT — 0. As such, the SVD (3.22) can only be consistent up to permutations because
it is built on the ¢ largest singular values of J/\/I\QT, i.e., any permutation of the p, — ¢
smallest (or virtually zero) singular values of ]\/ZQT that leaves the largest singular values
invariant is admissible. Clearly, the conditions under which MQT is strongly consistent
to My are valid for RlT, but not RQT because RQT only consistently estimate Ry up
to an orthogonal matrix— e.g., see Ratsimalahelo (2003, Proposition 1).?2 Zhao et al.
(1986) show that if a matrix estimator follows the LIL, then the corresponding singular
values also follow the LIL. They also provide fairly standard assumptions on the model
under which a matrix estimator follows the LIL. These conditions match quite well the
assumption of our framework or can be adapted easily.

4 Monte Carlo experiment

We use simulation to analyze the finite-sample properties (size and power) of the rotation-
based subset tests. The DGP is described by equations (2.11)—(2.12) with p; = 1, pp = 3
and s, = 10 instruments. Two setups are considered for the errors. In the first errors
are homoskedastic such that (ug, Vi, V3,)" is i.i.d. Gaussian with unit variance each and
the correlation between u; and each elements of V; = (Vy;,V3,) is po € {0,0.5,0.7} for
all t, the elements of V; are independent. In the second setup, u; is heteroskedastic such
that u¢|hy ~ N (0, hy), where hy ~ x*(1), u; has the same correlation structure with V; as
in the first setup, and the elements of V; are i.i.d N(0, 1) for all £. The instruments Z,
are distributed i.i.d. N (0, Is,) and are uncorrelated with (u, Vi, Vy,)" for all ¢. The true
parameter values 0y, and g are set at 1 and (1,3,2)’, respectively. The reduced-form

coefficients TI; and IT, are chosen such that [TI; : ITy] = /u2Ily, where Iy = [co : Cyl, ¢
is a s,-dimensional vector with first element equal to 1 and the other elements are 0, Cy
is s, X 3 matrix with the last two columns containing zeros and the first column is equal
to the first column of an identity matrix of size s,.

Under the above parametrization, we have my := p[lly] < 1 in all cases, i.e., only one

22 We can normalize the SVD decomposition to get a consistent estimator of Ry, but since R; is of
interest, we do not elaborate further on it.

24



component of 65 is identified at most. We vary p? in {0, 4, 16,64}, where u? = 0 represents
the case of complete non-identification of both #; and 6,, u? = 4 represents very weak
identification of both, u? = 16 is for moderately weak identification, while py = 64
designates strong identification of #; but only one linear combination of the components
of 05 is identified (partial identification of 63). The empirical rejection frequencies are
computed using 1000 replications, and the critical values of the subset statistic rM QLR is
approximated with b = 199 bootstrap pseudo-samples with the conditioning of Kleibergen
(2015, eq.(37)). The nominal level is set at 5% for both the standard and bootstrap
approximation.

4.1 Size properties

Tables 1 presents the empirical rejection frequencies of the rotation-based subset tests
for sample sizes T' € {100, 500}. The first column of the table reports the statistics, while
the other columns report, for 7' € {100,500} and each py € {0,0.5,0.7}, the rejection
frequencies of the tests for each IV strength p? € {0,4,16,64}. The first part of the
table shows the results under homoskedasticity, while the last part presents those under
heteroskedasticity.

The results confirm our theoretical analysis in Theorems 3.1 and 3.2. More precisely,
the null rejection frequencies of the subset tests rS, rKLM, and rJKLM are very close
to 5% for both sample sizes irrespective of whether 6, and 6, are identified or not. The
subset rIMQLR tends to under-reject with 7" = 100, due probably to the quality of the
approximation of the conditioning statistic in Kleibergen (2015, eq.(37)). However, the
size property of this test also improves when T = 500. All these results are quite similar
under both homoskedastic and heteroskedastic errors, thus underlying the robustness of
the proposed subset tests to heteroskedasticity.

4.2 Power properties

To simplify the presentation, we only show the results under homoskedastic errors.?

Figure 1 show the empirical power curves of the rotation-based subset tests at nominal
5% level when p[lly] = 1 and p? = 64 (6, is identified but only one linear combination
of elements of 05 is identified), while Figure 2 presents the results when both 6; and 6,
are weakly identified (u? = 16). In each case, the Subfigure (a) is for 7' = 100 while the
Subfigure (b) presents the results with 7" = 500.

First, we see that when 6; is identified (Figures la &1b), all rotation-based subset
tests have power even when 7' = 100. In particular, the power of the tests with rS,
rMQLR, and rKLM are close to 1 for large deviation from the null hypothesis even
with 7" = 100, thus confirming our analysis in Theorem 3.3. The test with rJKLM is
less powerful because it tests misspecification of the restricted GMM model under H,
with 7y replaced by its estimator 7;7. In addition, although rKLM and rMQLR. seems
to dominate rS in term of power in a wide range of cases when 6, is identified (Figures

23The results with heteroskedastic errors are qualitatively similar to the ones presented here.
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la &1b), this dominance is not uniform since rS appears more powerful in some cases,
including when 7" = 500.

Second, when 6; is weakly identified (Figures 2a &2b), all tests have low power even
with T" = 500, as expected. In particular, the rejection frequencies of all tests are quite
close to the nominal 5% level for values of #; —6,, around zero, and they never approach 1
for large values of 6; —6,,. This confirm our theoretical results in Theorem 3.3. Moreover,
it appears clearly that rS can dominate both rKLM and rMQLR in term of power,
especially for large deviations from the null hypothesis and when 7" = 500. The power of
rJKLM is quite low under weak identification of #, irrespective of the sample size.

Figure 1: Identification of #; and partial identification of 6,
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5 Conclusions

The paper considers GMM inference for subvector hypotheses in linear models where
structural parameters may not be identified. Previous statistical method often used to
assess these testing problems, such as the subset S-statistic of Stock and Wright (2000)
and the subset KLM and MQLR statistics of Kleibergen and Mavroeidis (2009), can be
arbitrary size distorted if the nuisance structural parameters are weakly identified. We
show that for the class of linear structural models, there exists a rotation that leaves the
subset null hypothesis of interest invariant, eliminates the non-identified linear compo-
nents of the nuisance structural parameters, while preserving those that are identified.
Therefore, uniformly valid inference can be drawn for the subset testing problem of in-
terest in the transformed model by using the conventional plug-in principle.

On exploiting this transformation, we develop the score, Lagrange multiplier, and con-
ditional likelihood ratio type subset tests for the null hypothesis of interest. All proposed
statistics typically depend on this rotation, therefore are referred to as rotation-based sub-
set statistics. We show that tests based on these statistics have correct asymptotic size,
are asymptotically similar and unbiased, and can further accommodate heteroskedasticity
or serial correlation, irrespective of whether identification holds or not. The characteri-
zation of their limiting distributions under the alternative hypothesis shows clearly the
factors that determine power. In particular, we show that all tests are consistent as long
as at least one component of the vector of structural parameters under test is identified.
Test consistency may still hold irrespective of identification nuisance structural parame-
ters, so the power of the test is entirely controlled by the identification of the subset of
structural parameters constrained by the null hypothesis.

A Appendix

A.1 Generalized reduced rank test and estimation of R

As discussed previously, there is a widespread literature on the estimation of the rank of

a matrix.?*

Most of this literature formulate the problem of estimating the rank of an
unknown matrix as sequential hypothesis testing. Here, we present here the generalized
reduced rank approach of KP2006 because it generalizes earlier literature on the topic.
Suppose we want to test a reduced rank of Mj, i.e., the null hypothesis H, : my :=
p[Ms] = ¢ for some g < p,. To construct test statistic for H , KP 2006 suggest to

transform M, into M,
M; = GMyF' (A.1)

where G : s x s and F' : py X py are nonsingular (normalization matrices). The choice
of G and F' is not restricted, but the power properties of the test is improved if we
specify these matrices such that the covariance matrix of vec(M;r) := vec(GMayrF') =

24 e.g., see Anderson et al. (1951), Gill and Lewbel (1992), Cragg and Donald (1996, 1997), Gourieroux
et al. (1993), Robin and Smith (2000), Ratsimalahelo (2003), and Kleibergen and Paap (2006).
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(F® G)vec(]\//ng) is close to an identity matrix. Normalization such as (A.1) is impor-
tant because an appropriate specification of G and F' leaves the proposed test-statistic
invariant to any scaling of M,. The reduced rank hypothesis can be formulated as
H, :p[M;] =gq,ie., atest for H can be constructed based on M;.

Now, decompose M [see KP 2006 eq.(1)] as:
My = A,B,+ A, NBy, 1, (A.2)

with Ayt sxq, By 1 qxXp2, Ay :sx(s—q), Ny : (s—q)x(p2—q), and B, | : (p2—q) X p2,
where A} A, =0, By 1B, =0, A, |Ag1 = I, 4, and B, | B, = I,, 4. We see that if
A, = 0, then p[M;] = p[A,B,]. Thus p[M;] = q if both A, and B, have full rank. KP
2006 then suggest to build the test of H, k6 based on a test of A, = A} | M3B, | =0,
where the first equality follows from (A.2).

A, and B, can be identified by the singular value decomposition (SVD) of Mj
after an appropriate normalization. Indeed, the SVD of M; is:

pr o l[U
2 [Sl ' SQ} 0o Dil|| U
= $,DIU, + S, DU, (A.3)

where S : sx s and U : py X ps are orthogonal matrices, D* : s X ps is a rectangular diagonal
matrix with decreasing non-negative diagonal elements, Sy : s X mg, Sg : § X (§ — my),
Uy @ pg X ma, Uy @ py X (p2 — ma), Di : ma X my, and D} : (py — mg) X (p2 — my). From
(A.2) and (A.3), we have

A,B, = S$1DU} and A, AB, . = S3D5UY,. (A.4)

However, (A.4) does not uniquely identify A, and B,.>> Therefore, A,B, must be nor-
malized in order to solve for A,, B,, A, 1, B;.1, and A, uniquely from (A.3). KP 2006

normalize B, as B, = [Iq f BQ7q:|, where By, : ¢ x (s — ¢). With this normalization, we
can solve for A,, and By, A, 1, By, and A, as:

Ay = SiDUYy, Bag = (Uy) "Uat, Ay = (S025h3)"/*S55 D3 Uby (UasUpy) ™2,
Aq,L = S2S2_2l<s22sl22)1/27 By, = (U22U/22)1/2(U/22)_1U/27 (A.5)

where Sy := [S]; 1 S5,]/, So :=[S)y 1 Sh), Uy := [U}y : Uy, [, and Uy := [U}, : Ul,]'.
We can also adapt (A.2) and (A.3) to My, := GMyrF' to get
=, S5 Ao PO Dip 0 U
W = S50 (s s se ][5 g, ||

25 As the number of free elements in A, and By (i.e., sg+gpo2) is larger than the number of free elements
of an s x py matrix with rank ¢ (i.e., sps — ¢?).

29



which similarly to (A.5) gives a solution of the form

~ ~ L ~ ~, RPN
AqT = SlTDlTUu,T; B2,qT:(U11,T) Ui,

A = (/S\QQ,T/S\IQQ,T)_I/ 2§22,Tﬁ§Tﬁ§2,T(U22TU22T) 2

~

AqT,L = /S\2T§2_21,T(/S\22,T§,22,T)1/27 EqT,L = (U22,TU22,T)1 2(6/22,T>_1ﬁ,27 (A-8)

where §1T = [/S\,II,T : 8/21 T] SQT = [/S\IIQ’T . S/22 T] UlT = [UlllT . U21 T],, and GQT =

Ul T : U, 1l

Now, if we define 547 = vec(Agr), the we have vTo 4N (0, ©,) under Assumptions
B-F (KP 2006, Theorem 1), where Q, := (B, ® A, | )W(B,L ® A ), W = (F'®
G)Ey(F @ G)', and Xy is the spy X spy lower block of Y99 given in (3.6). As a result,
KP 2006 statistic for testing A, = 0 takes the form

rk(q) = TaqTQqTaqT, (A.9)

and is distributed asymptotically as Xz((s —q)(p2 — q)) random variable under H, & and
Assumptions B-F, where (AZQT is a consistent estimator of {},. As G and F' are given,
finding a consistent estimator for X,; is sufficient to obtain a one for €2,. Since, both
parametric or nonparametric covariance matrix estimators, such as HAC estimators [e.g.,
see Andrews (1991), Newey and West (1987)] apply to £, hence rk(q) can accommodate
heteroskedastic or weakly dependent data.

It is important to note that the asymptotic distribution of rk(q) is derived under
the asymptotic normality of the normalized singular values (diagonal element of KqT),
so the asymptotic distribution of any non-normalized singular value (diagonal element of
lA);*T) is involved. The singular values resulting from the SVD (A.6) cannot be negative,
so we cannot assume asymptotic normally for ﬁ;T Meanwhile, the elements of KqT
can take negative values due to normalization, so they can be asymptotically normally
distributed; see KP 2006. Note that rk(q) in (A.9) is built under the assumption that ]\/4\2*T
is weakly consistency. Therefore, we can only claim weak consistency of the rank estimator
(¢ = mar(cr)) that results from the testing process with strictly positive nominal level.
An interesting feature of the threshold level approach described in Section 3.2.2 is that it
leads to a rank estimator that is strongly consistent (Theorem 3.5-(b)), provided that an
appropriate choices of the threshold tuning parameters is made.

A.2 Supplemental lemmas

Lemma A.1. Suppose that Assumptions A -G hold. Then the following stochastic dom-
inance holds:

(@) VT16er(81.m,0) = b (0r,m)] = Op (27 )

T
V=3

(b) /WfT(eban) - /WTT(Qlanl) =0 (%)v

Under 3.18, we bp/T" = o(1) and bp/T""2 = o(1). So, Lemma A.l implies that
VTGir(01,1,,) = VTbr(0r,m) + 0p(1) and Wir(01,1,,) = Wor(61,m) + 0,(1). The
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latter results are weaker than the ones presented in the Lemma. In particular, Lemma
A.1 exhibits the rate at which \/T[&:T(@l, 7’]1T) _Cng(ela 771)] and WfT(Ql, 7’]1T) —WTT(Hl, 7’]1)
approach zero as T increases.

Lemma A.2. Suppose Hy and Assumptions A -G are satisfied. Let ]\//TQT = % 231:1 ]\//TQT
be an estimator of My such that Ep[Msr| = My for all t. Then we have:

(a) iﬁgEF[HM\QT_MQ‘H < 4d2zogT(p2+s) I 2dlogg(;2+s);

(b) lim supsup\/TEp[||]\/4\2T - MQH] < \/4d2log(p2 +s); where d := sup ||]/W\2T||
T—oo PeP Yy XV
Lemma A.3. Suppose Hy and Assumptions A -G. If further the sequence {cp > 0:T >
1} in (3.19) satisfies cp — 0o and cp/NT — 0 as T — co. Then we have:

(a) hmsupsupP[HMgT — MQH > CT] =0;
T—oo PeP

b) H]/W\QT - MQH = Op(\c/—%) uniformly over P.

Proof of Lemma A.1. Suppose Assumptions A-G hold and 6 is fixed.
(a) The Mean Value Expansion of ¢sr(61,7,,) around (6,7})" gives:

Obir(01,11)
on'

1T

éfT(ela an) - érT(ela 771) + (an - 771)

S 1L00) @ Z))Rirn, —m)  (A10)

1

N[ =

= QErT(Ql, 771 (

-
Il

N[ =
[M] =

= Gur(Orm) + (7 D_[RY) © Z] ) Rur(Riy — )6

&~
Il

1

for some 7, lying in the segments (1;, 7). The second equality in (A. 10) follows from
(2.10) while the last holds by the fact that 1, — m = R}p6s — R,6; = (R} — R})6:.

Now, under Assumptions A- G, the order of magnitude of the terms in the right-hand
side of the last equality in (A.10) are: = LS 1Y) © Z] = 0,(1), Ry — R))By =
O(Z)o)=0 (&), and R}, = (Rjy —R}) +R; = 0 (%) +0(1) = O(1). Thus, from
the last equality in (A.10), we have:

VT [brr(01m,0) — br(01,m)] = OWTIOMOMO (72 ) = 0,(—2), (A1)

which completes the proof of (a).
(b) As in the proof of (a), there is 7} lying in the segments (7, n}) such that

— — OWer (01,1}
Wor (00, 1) = Wor 0y, 1) + S0 (A12)
— — OWir(01,17) =, ,

& Wir(01,m,0) = Wer(601,m) = %’WRU ~Rib. (A13)

1T
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We know form the proof of (a) that (ﬁ’lT —R))b, =0 (;’,—Ty) . Now, /I/IZ:T(Ql, n;) is an esti-
mator of 71im var[v/T i (61, n¥)] by definition, and the latter is O,(1) under Assumptions
—00

E-F. Therefore, the uniform continuity of /WTT(Hl, -) with respect to the second argument
entails that OW;r(01,17)/0n! . = O,(1). So, (A.13) implies that

— —~ b b
Wer(61,m,7) — Wor(61,m) = O,(1)O <TTV) =0, <ZTTV> ) (A.14)
O
Proof of Lemma A.2. Let St( ) [Z\%T MQ] and deﬁne S Mar—M. =7 ST,
vp(S) = max{H Zt L Ep[Sy(T || _, Ep[Si(T) H} We Wlll show that
HSt H < Kp and vp(S) < KT for some sequences Kr and KT Then we will use these

results to established Lemma A.2-(a)&(b).
First, it clear that Ep[S;(T")] = 0 for all ¢t under H, by construction of the estimator
Msr. Now, we have:

IN

1 1~ o 1 Ly L1y —
IS = |7 Mo = ME)|| - < ][ Mar|| + = |[Me]| = [ Mor || + Z[| Ep(Mar)|| - (A-15)
T T T T T

IN

HITEr + 3 Eol] o) < 2 sup 13| = 3 o= s
Similarly, we can write S;(7')S(T")" as

1~ — — —
Sy (T)Sy(TY = ﬁ[MQTMéT — Moyr M5 — My My + My M) so that we have

T T T
1 —~ 1 ~
D_ERSTISUTYN| = 75 X | BplMar Mig] = MMy | < 75 3 || Ep[Aor M ]|
t=1 t=1 t=1
as My M) is p.s.d.
T
1 —~ 2 d?
< = M. == A.16
< 7% ; (o M) = 7 (A-16)

By the same way, we have 3,_ | Ep[Se(T)'S,(T)]|| < d?/T. Therefore, we have

L P 2P
HZEPSt N <z+7=%F

We now prove Lemma A.2 using the results in (A.15) and (A.16).
(a) From (A.15)-(A.16), the matrix Bernstein inequality [see (Tropp, 2015, Theorem
1.6.2)] implies that

maX{H ZEP ST

Ad*log(p2 + s) n 2dlog(p2 + s)

EpIS1] = Ee[|¥r - Mall] < U .

(A.17)

As the RHS of the inequality in (A.17) does not involve the probability distribution P,
the result holds for any P € P. Lemma A.2-(a) is obtained by taking the sup over P € P,
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1.e.

5 4d?l 2l
SupEP[HMQT—MQH] < 09(}72 +S) og(p2+s)‘

A.18
pepP T 3T ( )

(b) Since d < oo (as ¥, x ¥ is bounded), we have VT4 % = \/4d2log(ps + )
and /T249@289) 5 () a5 T — co. From (A.17)—(A.18), it is clear that

3T
| Bollsl VT BT — Mol < +/APTog o)
lim sup sup = limsupsup VT Ep||Mar — Ms||] < \/4d?log(p2 +s), (A.19)
T—o0o Pep 1/VT T—o0 PEP
ie. SupEp[||M\2T — Ms|] = O(%) : on average the error of the approximation of My to
PeP

M is O (\%) uniformly over P.

A.3 Proofs of main results

Proof of Lemma 2.1. (a) Consider R := [R; : Ry] € &(p) with Ry : ps X (po —m) and

Ry @ po x m for some 0 < m < py. As RR’ = [,,,, we can write (2.5) as:

o:(0) = foY) ® Z + [fl(Yt) & Zt}91 + [f2(Yt) & Zt]RR/92
BV ® Zt (V) ® 26, + [f2(¥) ® Z][Rs : Ro) ( hy ) (A.20)
= oY) ® Zi+ [1(Y2) ® Zi)01 + [(f2(Y2) © Z)Ra|m + [(f2(Ye) ® Zi)Ra ],

where 7; = R’0,, j = 1,2. Therefore, Lemma 2.1-(a) holds with ¢g (01, ) := fo(Y;) ®
Zi + [fl(Y;t) ® Zt}el + [(f2(Yt) ® Zt>R1]771 and Ay (n2) := [(f2(Y?) ® Z;)Ranp.

(b) First, note that for any ms := p[M2], there always exists R := [R; : Ro] € O(p»)
such that MyRs = 0. Indeed, if my := p[M2] = p, (strong identification of 6,), choose
R =R, = I, and Ry from the partition of R. If my := p[M2] = 0 (i.e. 6 is completely
unidentified), choose R = Ry where Ry spans the null space of M, and R; vanishes from
the partition of R. Finally, if 0 < msy := p[M2] < ps, we can choose R such that Ry spans
the null space of M, and R, is free (unrestricted).

Now, consider such a rotation R. From Lemma 2.1-(a), we have

Pre(01,m) = &(61,02) + N(n2). (A.21)

It follows that Ep[¢pi(61,602)] = Ep|pr.:(01,m)] + Ep[Ai(n2)]. Now, we have Ep[A\i(n2)] =
Ep[fa(Yy) ® Zi]Roma = [MaRp]ny under Assumption C with My = Ep[fo(V:) @ Z).
Since MRy = 0 by construction of R, it is clear from (A.21) that Ep[¢.(0:,6:)] =
Ep[ér+(61,m)] irrespective of any value of my := p[M2]. Thus Lemma 2.1-(b) follows
straightforwardly.

[
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Proof of Lemma 3.1. By definition, T¢(6,,, 7., ) Wrd(Boy,Tp) < TH(Boy, 70 ) Wrd (6o, 710,)-
Since /WT R ¥11(6,,,7m,,) " that p.f. and the function returning the smallest eigenvalue

of square matrices is continuous, the smallest eigenvalue of /WT converges to that of
Y11(0,,,m,,) " which strictly positive. As a result, there exists A > 0 such that, with
probability approaching 1, we have

/\H\/TQ;(eouﬁm)lP < ng;(eouﬁlT)/Wng(gouﬁm) < ”WT||||\/T¢_S<90177701)H2’

where the last inequality follows from the Cauchy-Schwarz inequality. From Assumption
D-(ii), VTH(8,,,1,) = Op(1) and we have VT¢(6,,,7.,) = Op(1). Under Hy, we have:

ﬁp?r(eonﬁm) = ﬁérT(eou ﬁlT) - \/T(QETT(QOU ﬁw) - p(eonﬁm» = OP(l)

where 0(9017 ﬁm) = p1 (001) + pQT(ﬁw) = pzr(ﬁm) with p1(901) = 0 and the OP(l) order
of magnitude holds by Assumption D-(ii). Therefore, we have vTpo,(6,,,7,,) = Op(1)
as stated. Therefore, py.(6,,,7,,) converges in probability to 0.

To show that 7,,. converges in probability to 7,,, we proceed by contradiction. Assume
that 7, does not converge to 7,, in probability. Then, there exist ¢ > 0 and 7 > 0 and
a subsequence 7, . of 7,, such that, for all T,

P[HﬁmT - 7701” > 7_} > C

By continuity of pa.(-) and compactness of O, the fact that only n,, sets pa,(11) to 0
ensures that the minimum of || po,.(m1)|| over A" = {n; € Oar : ||m — 1y, || = 7} is reached
at some 7; € A4 such that: for all n; € A, || p2r(m)|| > ||p2-(71)|| = T > 0. Hence,

[Hﬁle - 7701“ > T} = [(HpQr(ﬁle)H > 7_-}'

Thus, for all T', we have
P[llp2r (T, )l = 7] > ¢

contradicting the fact that pa,. (7,

lwp

) converges in probability to 0. Therefore, 7,, con-
verges in probability to 7,,.
O

Proof of Lemma 3.2. By Lemma 3.1 it suffices to obtain the limiting representation of

these statistics as empirical processes in (07,0") € ©1 x Agg, where Agg is compact.
(a) First, we can write VT, (61,70, + 5/\/T) from (3.3)-(3.4) as

0
=W,p (ela Mo1 + 7) + \/TplT(el) + \/TPQTT (7701 + (A.22)

IR 5
vT VT VT
Suppose first that Hy : 6, = 6,, is true. Then we have pir(6,,) = 0 and (A.22) becomes:

\/TQ_STT (017 Mo1 +

ﬁ) =V (90177701 + ﬁ) + \/TP%-T (7701 + ﬁ)

The first term of the RHS of (A.23) is such that W,r(6,,,7m,, +6/VT) = ¥,(6,,) uniformly in

\/T(Z_)’I’T (901 s Mox + (A23)
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6 € Agp, where 6, = () ,n ). For the second term, we have VT pay.1 (1701 + 6/\/?) — M5Rq0
uniformly in 6 € Asg. Therefore, we have ﬁcng(%,nm + 5/\/?) = U,(0,,.) + MaRi6
uniformly in § € Agpg, as postulated in (a).

Now, suppose that 61 # 6,, is true. Without any loss of generality, it suffices to distinguish
the following two cases: (a1) vVTpir(01) — p1(61) < oo, and (a2) VTpir(01) — oo. For
case (a1), it is straightforward to see from (A.22) —(A.23) that VT .1 (0y,, 1, + 6/VT) =
W, (6,,) + MaoR15+ p1(61), which reduces to VT drr (6,7, +06/VT) = ¥,(6,,) + MaR1 when
p1(61) = 0. In case (ap) it is straightforward to see that vVT'¢7(6,,,n,, + 6/VT) = oc. This
completes the proof of (a).

(b) The result follows easily from Assumption F and the fact that n,, +/vT — 7,, uniformly
in § € Ayg for any 6, € O5.

(¢) The result follows by combining that of (a) and (b), along with the definition of Q.7 (6,,,m1)
in (3.2).

(d) The result follows from Van Der Vaart and Wellner (1996, Lemma 3.2.1, p.286).26
Indeed, from the continuity of Q7 (6y,,7, + ¢/ VT ) at 0 along with the Maximum Theo-
rem, we have VT(7,, — 1,,) = 6*(0,,) = arg%réngr (6,,,6), where Q(6,,,6) = [¥,(6,,) +
MaRy138]" 511 (0,,) [ W, (6,,) + MaRy6]. Given 6
problem min @, (9 6) gives:

IJSIAN

Or?

the first order condition of the minimization

or?

RIMS1 (05, ) MaR16%(0,,) = —RIM3ET(0,,) ¥ (6,,). (A.24)
Since MR has full-column rank mg, we can solve (A.24) for §*(6,,) to get
0°(00,) = —[RIMaY (0, ) MoRa] " RAME ) (6,,) W, (0, ). (A.25)

Under Assumption F-(iii), we have ¥ (6,,) ~ N[0, %11(6,,)]. From (A.25) it is clear that
5*(0,,) is Gaussian with mean zero and covariance matrix given by

S5(0,,) = [RIMST(0,,) MaRa] ' RYMSET (6,,)511(6,,) 517 (6,,) MaRa [R M1 (0, ) MaR4] ™!
= [RIMSS( (6,,) MaR] ™Y,

which completes the proof of (d).
(e) From (3.8), it is clear under Assumption F that

\/Tvec (ﬁrT(Gl, Mor + - \Ij,«D (017 7701)7 (A26)

J
)
VT
where U (61,1,,) = T, — Zo1(01,15,) 211 (01, m0,) ¥, (01,7, ). under Assumption F-(iii),
U _(61,m,,) is a Gaussian process with mean zero. After some algebra, we find that
its covariance matrix is given by X3y 1= Ygo — No1 (01,1, )11 (01,15, )25, (61, 7,,). This
completes the proof of (e).

O

Proof of Theorem 3.1. We will distinguish the following two cases: (a) mg := p[Ms] =
0 and (b) my := p[Ms] > 0.

26 Also, see the proof of Stock and Wright (2000, Theorem 1, p.1092).
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(a) Suppose first that ms := p[Ms] = 0 (i.e., 0, is completely unidentified) so that 7,
does not appear in (3.1). Thus, the rotation-based statistics collapse to the ones in Stock
and Wright (2000, Theorem 2) and Kleibergen (2005), i.e., the asymptotic distribution
is obtained by setting mqy := p[Ms] = 0 in Theorem 3.1, as stated.

(b) Suppose now that my := p[Ms] > 0. To simplify the proof, we observe that
the statistics rJKLMr(6,,; R) and rMQLM(6,,;R) are functions of rSr(6,,; R) and

rKLMr(6,,; R), hence we only provide the proof for the latter two statistics.

01?

Consider the statistic rSr(6,,; R) first. By definition, we have

~ )
I‘ST(901;R) = Q?“T(9017771T) = QT’T(90177701 + ﬁ) + Op(l) (A27)

under Hj for some § in a compact subset Asgp C 5, where the second equality holds by
Lemmas 3.1. From Lemma 3.2, we have

Qur (6101 + jﬁ = [0,(6,) + MaRy6*(6,)] S5 (6,) [, (6,) + MaRud*(6,,)]  (A.28)

uniformly in (0],d") € ©1 x Agg under Hy, where Ayg is compact and §*(6,,) is defined
from Lemma 3.2-(d) as:

0°(6,,) = argminQ, (6, 6) = —[Ri M3 (6, ) MaRa] " RIMEE (6,,) W, (6,,)- (A.29)

Combine (A.28)—(A.29) and rearrange to get:

1

) ) _ _
Qu (Boss o + =) = U (0,)Z0 (00 ) My 1205 0, E07 (002, (6,,), (A.30)

= . — P _
(65, ) M2R4 s =12 (6,,) MaRy

2;11/2(90T)\IIT(00T) ~ N(0, I5), it clear from (A.30) that QTT(HOI, Moy + \%) = x2(s — my)

uniformly in § € ©yg. This completes the proof for rSr(6,,; R) since weak convergence

where Mg 1/2 is idempotent with rank s — my. Since
11

‘—>" implies convergence in distribution 4

Now, consider the statistic rKLMr(6,,; R). Without any loss of generality, assume
that the Jocabian limit J, = [Jl : MgRl} has full-column rank p; + my (i.e., 0; is identi-
fied). The case where J, has deficient rank (i.e., 6; is weakly identified) can be adapted
as in Kleibergen (2005) with an appropriate normalization of the Jocabian estimator
Df‘T(Qm ) ﬁlT)'

From (3.11), rKLM(6,,; R) is defined as

01?7

//\1/2 —1/2 —

rKLMz(6,,;R) = ng_ﬁfT(eou M) Wir P/W:fﬁﬁ Wir &ir(0o,, 1,7, (A.31)

where Wip = W; (0,,,7,,) and Dir = ﬁfT(9017ﬁ1T)~ From the proof of the result for
rSr(6,,;R), we have

—1/2

Wi Ous e )V T G570 i) = Mo £37%(6,,) ¥, (0,,) (A.32)

(GOT)MQR:[ 11
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uniformly in 7, under Hy, and from Lemma 3.2-(c) &(e) we also have

—1/2

W.

T

A . ~1/2
(Oor: D) Dir (Boy i) > 107 (0,,), (A.33)
uniformly in 7; under Hy. Therefore, these results along with (A.31) imply that

M, S17%(0,.)%, (6, (A.34)

—1/2
rKLM7(6,,;R) = V' (6, )21,"%(6,, ) My, 1> 2 s

P,
017 11 8y, )M2R1™ B

—1/2
111/ (09, ).

uniformly in n; under Hy. Since J, = [Jl : MgRl], we have

P__1) = P__1 + P,
211/ (0g,.) 211/ (05, ) M2R1 M21_11/2(60T)M2R1 i
= M__1) P__1)2 M__1)2 P
211/ (05, ) MaRy 211/ (05,.) > 211/ (05, ) M2R1 MEIII/Q(GOT)MQRIJl
= PM

_ J
Z111/2(90r)M2R1 !
and (A.34) then becomes:

—~1/2 —-1/2
rKLMr (0, R) = (0, )51, (6, ) Par__,, R IR 0,)0,6,).  (A35)
11 (g )MaRy

Oor

~1/2 -
As B (0,,) 9, (0,) ~ N(O, L) and Pyy_yp

clear from (A.35) that rKLMz(6,,;R) = x*(p1) uniformly in 7;, which completes the
proof.

on J, 1s idempotent with rank py, it

[]

Proof of Theorem 3.2. For some « € (0,1) and any Kr € {rS¢, rKLM7, fJKLM7, rMQLM;},
the asymptotic size at nominal level « for the parameter space Fy in (3.7) is given by:

AsySz[goT(KT;cg);}"o} ;= limsup sup Ep[goT(KT;cg{)]
T—oo we Fo

= limsup sup P[Kr > cX], (A.36)
T—oo we Fo

where c¥ are defined in Theorem 3.1. From Andrews and Guggenberger (2010, 2017),
Guggenberger (2010), and Guggenberger et al. (2012), there exists a “worst case se-
quence” mr = (n,,, Pr) € Fy such that:

limsup sup P[Kz > cX] =limsup Pr[Kr > K] = lim P, [K,, > cX] (A.37)

T—oco e Foy T — oo wr — 0

where the first equality in (A.37) holds by the choice of the sequence {7y : T'> 1} and
{wr : T > 1} is a subsequence of {T": T' > 1} : such a subsequence always exists.

But, for any subsequence {wy : T' > 1} of {T": T' > 1}, and any sequence {7, : T" >
1}, we have K, KN ¥, under Hy by Theorem 3.1, where

wrs ~ X2(3 - m2)’ erLM ~ Xz(pl)v erKLM ~ Xz(s —DP1— m2)7

and Y =

rMQLR

WJTS - 7_1"(001)] + %\/W)rs + Tr(001)]2 - 4[¢7‘S - erLM]Tr(QOI)]'

N | —

37



Therefore, we have

AsySz[pr(Kr;cK); Fo] = limsup PrKr > ci| = lim P, [Ko, > X
T — 00 W — 00
= Pl >cil=a, Bh=P, . (A.38)
where the last equality holds by Theorem 3.1.
O

Proof of Theorem 3.3. Without any loss of generality, my := p[Ms] > 0.
As for Theorem 3.1, we focus on rSz(6,,; R) and rKLMz(6,,; R).

01

(a) Suppose first that 6, # 6,, and vTp1p(6;) — oo. The divergence of the statis-
tics rSr(0,,; R) follows immediately from Lemma 3.2. For the statistic rKLM(60,,;R),

01? 019
“=31/2

observe from Lemma 3.2 that W.,. (6,,,7,,) — 21_11/2(90T), BfT(QOl,ﬁlT) % J, and

VT ¢,7 (04,10, +/VT) = oo uniformly in (6, ;). Therefore, we have rKLM7(6,,; R) KN
oo by (3.11).

(b) Suppose now that 6; # 6, and VT pip(61) — p1(61) < oo [p1(61) = 0 is allowed].
From Lemma 3.2 and the proof of Theorem 3.1, it is easy to see that

I‘ST(901;R) = [\Ilr (‘917 7701) =+ MQRI&*(HL 7701) + ﬁl(elﬂlzl_ll(ela 7701) X
[\I’r (01, 7701) + M2R15*(017 7701) + 0 (91)] ) (A.39)

uniformly in (6],7])’, where for some fixed 6, §*(61,7,,) solves

0" (917 7701) = alg Iggngr (917 5; 7701) = _[RllMézfll (917 nol)MQRl]ilRllMézlill (017 7701) X
[\I]r (017 7]01) + 01 (‘91>] (A40)

By combining (A.39)—(A.40) and rearranging, we get

I‘ST(901; R) = [\Ijr (017 7701) + 1 (01)] 2_1/2(917 7701)ME;11/2(9117101)M2R121_11/2(01’ 7]01) X
[\D'r (917 7701) + P (91)] = %s(ﬂfs) ~ XQ(S — Mg; M35)7 (A'41)

where /Lzs = Mzs(ehnm) = :51(91>/ (9177701) 1/2(91 7701)M2R1 71/2<9177701)/01(01)
following similar steps, we find

_ —1/2 —-1/2
rKLM7r(6,,;R) = [V, (01,n,,) + pl(el)]lzll/ (01, m0,) Pur__ 172 1211/ (01,76,) ¥
E (01, "7()1)]\42R1

[\Ilr(0177701) +ﬁ1(91)] = erL]\/I(/’[’EKL]w) X (pl?uTKL]\/[) (A42)

—1/2 _
where MEKLM = NEKLM (‘91’7701) = (91) / (01 7701)PM _1 Ji E11/ (91’7701)/)1(91)'

(91 n01)M2R1

Proof of Lemma 3.3. From Lemma A.1, we VT dir(6,,,1,0) = VT (0,,,7)+0, ( y_7>
2
and Wiy = Wy + O ( ) Hence, we can express Q:r(0,,,7,,) as:

Qir(00, 1) = Air + Aoy + Asr + Bir + Bor + Bar, (A.43)
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where

Air = TCET‘T(Q()U nl)/WrTQng(eop 771) = QrT(eop 771)

Asr = 2VTr7(0,,m) Wit O, (leé) = Op(\/T)Op(l)Op<b7T1) = Op(biT>

P Tv1
Agr = op(Ti{Q)WrTo (leé) S Op(TZ)Op(l)Op(TZ) = Op(Tfle)
Bur = Toyr (B, m) Op (22 ) by (6,m) = Op(T)0, (72 ) 0(1) = 0y (o)
Bar = 2/Thrr (0.1 075 )00 (=17 = 0,V D)0, (75 ) 0n () = 0u(7u)

0,0 ()0, (225) =0,k
We can thus write (A.43) as

Qir (0o, m7) = Qrr(fy,m)+ Op (Ta 1) +0p (Tij 1) +OP(LT*) *

TV 1
b2 b3
+O (T2I/ 1) + o <T31/ 1) (A44)
b
= @0y, m)+ 0O (TVTl) (A.45)
where the last equality in (A.43) follows from the fact that max{ T 5 sz T Tsu 1} = TV 1
when by satisfies (3.18). O O

Proof of Theorem 3.4. The proof follows easily from Lemmas 3.3 & A.1, therefore it
is omitted.

O
Proof of Lemma A.3. (a) For any scalar ¢ > 0, the Markov inequality implies that
— 1 —
P[|Mar — M| > €] < EEP[HM2T — M. (A.46)
By choosing € = cp/V/T, (A.46) becomes:
TEp[|Myp — M:
hmsupsupP[HMgT — M| > ] < limsupsup VT Epl||Mor ll
T—oo PcP \F T—o0 PeP cr
4d21
< lim Sup( og(p2 + s) N 2dlog(p2 + 8)>( AAT)
T—o0 cr 3\/TCT

where the last inequality holds from (A.18). Since ¢y — o0 as T' — oo and d < oo, we

have lim supsupPH|M2T — M| > & ] = 0 from the last inequality in (A.47).
T—oo PeP

(b) The result follows straightforwardly from (a). We have lim supsupP[HMgT—Mg || >
T—o0 PeP

%] = limsupsupP[”M”QTT_Mz” > 1] so that limsupsupP[HM”;TT_MZ” > 1]
T—oo PeP VT T—o0 PeP vT

= 0 from (a),
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ie., ||]/\/[\2T — Ms|| = Op<\c/—%) uniformly over P.
O

Proof of Theorem 3.5. (a) To establish this result, it suffices to show that each of the
events {T?LQT(CT) > mg} and {ffLQT(cT) < mQ} is unlikely to materialize (uniformly over
P) as T goes to infinity.

We start with the event {T?LQT(CT) > mQ}. First, observe that mar(cr) > my &
crm2+1(]\//_72T) > & by (3.19). Therefore:

lim supsupP[ﬁng(cT) > mg] = lim supsupP[amQH(J\/ZzT) > C—T] (A.48)
T—oco PcP T—oo PeP ﬁ

Now, by the Weyl inequality [e.g., see (Tao, 2012, p.53)], we have ‘Om2+1(]/\ZQT)_O'm2+1(M2)‘ <

HJ\/I\QT—MQ H We must distinguish the following two cases: (a) 0m2+1(]\/[2)| = am2+1(J\/472T)—

Oimys1(My) and (a2) Oy 1 (Ma)| = Oy1 (Ma) = Opya (Mor).
Assume first that case (a;) is true. Then, combining this with (A.48) gives:

Aot >l = gl (50 2 ol
< 117@j£p;22P[l|MzT—M2}I > \/T — Oma1(M2)]
< hjrisup]sjgp[HMQT — M| > \F 57;] (A.49)
— 1lgljup;2%P[||M2T — M| > ﬁ(l - E”

where the second inequality follows from the fact that o, (M) < kp/VT by (3.19).

As cp = o(ﬁ), we have lirnsupsupP[H]\//TgT — MQH > %] = 0 by Lemma A.3. If
T—oo PeP

further we have kp/cr — 0 as T — oo, it is clear that get lim supsupP[HMgT — MQH >

T—oo Pe
ﬁ(l - ’2)] =0, ie.

lim supsupP[fﬁQT(cT) > mg} =0. (A.50)
T—oo PeP

Now, assume (ap) is true. Then, we have

limsupsupP[ﬁ”LQT(cT) >m2] = hmsupsupP[amQJrl(MgT) ]
T—oo PeP T—oo PeP \F
< lizr{lsup;ugP[Hl\/sz = My > o1 (M) — %]
— 00 S
< II;HSUPEU%P[HMQT—MQH > \f \C/T7] (A.51)
— 00 S
—~ cr KT
= 1l Pl||Mor — Msl|| > —(— —1 0
im supsup P{[|Mor — Mol > “ (0~ 1)] =

Similarly, observe that Mmor(cr) < mg < ng(]\/zﬂ) < & by (3.19). Under case (a)
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discussed above, we have

Hmswpsup P{fisrer) <ma] = lmsupsup Plon, (Wer) < 7]
< limsupsup PV Mo 2 om, (Me) 7]
< n;nj;p;gpmz\?ﬂ — M| > % = %} (A.52)
= limoupsup P{|¥ar — 24| 2 (1 =)

where the first inequality is follows by the Weyl inequality |0m2(]\//.72T) — Oy (Ms)| <
HMQT — MQH & O, (M) — HMQT — MQH < O, (Mar)— e.g., see (Tao, 2012, p.53). The
second inequality follows from the fact that o,,,(Ms) > kp/v/T by (3.19). From the

results in (A.49), (A.52) entails that

lim supsup P [fliar(cr) < ma] = 0. (A.53)
T—oo PeP
We can also adapt the previous proof for case (az). Thus Theorem 3.5-(a) follows by
combining all these possibilities.

(b) If further cp € {(InT)Y?, (2InInT)Y/?}, Mor(cr) satisfies the Law of the Tterated
Logarithm [see (Cragg and Donald, 1997, Assumption 6) and (Ratsimalahelo, 2003, As-
sumption LIL)]. As a results, mop(cr) is a strong consistent estimator of my by (Cragg and
Donald, 1997, Theorem 4) and (Ratsimalahelo, 2003, Theorem 7)], i.e., the convergence
a.s. in Theorem 3.5-(b) holds.

[
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