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Introduction: Literature review

@ Staiger and Stock (1997): Weak IVs, suggested to use
Anderson-Rubin (AR) statistic, as its null distribution does not
depend on the strength of IVs.

o AR-statistic is based on null-restricted residuals (their sample
covariance with 1Vs).

@ AR-statistic is inefficient in overidentified models (due to
overidentified restrictions).

o Kleibergen's (2002) K-statistic and Moreira's (2003)
CLR-statistic: Transform AR's overidentified inference problem
into exactly identified.

@ Andrews, Moreira, and Stock (2006): Normal model, single
endogenous regressor, homoskedastic errors:

o K- and CLR- statistics are efficient when IVs are strong.

o There is no efficient test when Vs are weak.

o CLR-based test is (numerically) nearly efficient. They do not
recommend using K-statistic.
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Introduction: Literature review

e Cattaneo, Crump, and Jansson (2012): Relax the normality
assumption of Andrews, Moreira, and Stock (2006) by
considering an asymptotic framework.

@ The null-restricted residuals-based approach cannot be used in
certain nonlinear models: e.g. models with latent dependent
variables.

e Magnusson (2010): AR-, K-, and CLR-statistics for models
with latent dependent variables and minimum distance
estimation (MDE).

o Tests are formed through identifying equations that relate
structural and reduced-form parameters.

2/40



Introduction Framework Standard approach Optimal robust inference Power comparisons General MDE
ooe 0000000 0000000 000000000000 00 0000 00000

Introduction: Contribution

e We study the efficiency of robust tests in nonlinear models (in
the MDE framework).

e Semiparametric efficiency: Choose your favorite estimators for
reduced-form parameters, what is an efficient test?

e Asymptotic experiments approach as in Cattaneo, Crump, and
Jansson (2012).
e K and CLR tests are asymptotically efficient when
identification is strong, single endogenous parameter.
@ Asymptotic efficiency arguments in the multiple endogenous
parameters case.
@ Loss of efficiency when identification is weak.
o Analytical power analysis of K-test.
o An alternative test: Conditional LM (CLM) statistic.
@ There is no dominating test, but CLM test can outperform
CLR and K in models with general covariance structure.
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Minimum Distance (MD) framework

o Let h: R x R™ — Rk be a known function. The framework is
defined by

h(r,~v) =0,
where

e 7 is a vector of reduced-form parameters. We assume that
there is a consistent and asymptotically normal estimator:

Vn(f, — ) =4 N(0,Q).
We also assume that Q2 can be estimated consistently:
Q, —p Q.

e v is a structural parameter.

4/40



Introduction Framework Standard approach Optimal robust inference Power comparisons General MDE
[e]e]e} 0e00000 0000000 000000000000 00 0000 00000

Minimum Distance (MD) framework

@ In this framework, « is (usually) estimated by

An = arg min h(7n, x)' A(Fn, X) (7, X).
xeRm

@ Inference on ~y is based on the asymptotic approximation:

Oh(7n, An)

A A -1
VAlin =) = < i A(%)ah(g;;%)>
XWﬁ(ﬁn—ﬂ)Jrop(l).

@ The quality of the approximation can be very poor if the rank

condition
Oh(m,v) ,._\Oh(m,7)
rank ( 0 A7) Y =m

fails locally: if the smallest eigenvalue of the above matrix is
local-to-zero.
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Example: Horowit'z (1996) transformation model with
endogenous regressors

e Structural equation: A(Y1;) = 0Ya; + X8 + U;, where A(+) is
an unknown function. Suppose that v € R.

o First stage: Yo, = M} X; + M,Z; + Vi, where Z; is a vector of
instruments, M, € RX.

@ Null-restricted residuals-based approach cannot be used since
A(+) is unknown.

e The marginal structural effect of Ya;: 9Y1;/0Y2; = 0/N(Y1i).

o l|dentification:

0 8Pr(Y1;§y|Z,-:z)/8zj

Mo: = —
Nly) 2~ " oPr(Vi <y | Z =z)/dy

forj=1,...k.
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Example: Horowit'z (1996) transformation model with
endogenous regressors

o Define: v =0/N(y).
o Let w:RK = [0,1] be a weight function. Define:

OPr(Vii<y| Zi=2z)/0z

B aPI’(Y]_,Sy‘Z,:z)/ayW(z)dzfor./:].,k

) =

@ We have:

h((ﬂ'é,né)/,’}/> = Al —m.
Oh
22,
oy 2

@ [, can be local-to-zero (weak IVs).
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Example: Linear structural models with latent dependent
variables

o Data: {(y;, Y/, X!,Z]):i=1,...,n}, where:
o y; = G(y?), where

e y; is observable limited dependent variable,
e y/ is latent dependent variable,
o G(-) is a known function. Example: G(u) = max{u, 0}
(censored regression).
e Structural equation: y* =~"Y; + 3'X; + uj, where

e Y is the m x 1 endogenous regressor,
e X; is the / x 1 exogenous regressor.
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Censored regression

o First-stage equation: Y; =M} X; + I'I/z’nZ,- + V;, where
o Z; is the k x 1 vector of IVs (k > m),
o Strong IVs: My , = MMy (fixed k x m matrix), or
o Weak IVs: My, = My/+/n.
o Reduced-from equation: y; = max {WiX,- + Wéan,- + vj, O},
where

e T1 = an"‘Ba
o mo =2,y
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Censored regression

@ In this example:

My —
h((7r1,wé,n,vec(I'Il)’,vec(I'Igﬁ,,)’)’,(fy’,ﬁ’)’) — (7:2”_1%2”5)
oh

877/ - I_I27n.

@ Since the first-stage: Y; = M} .X; + ﬂ’27nZ; + V;, the rank
condition will fail locally if Z; is weak (M2, = M2/+/n).
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Censored regression: Estimation

General MDE
00000

@ Start from reduced-form estimates:

M1 — 1
T2.n — T2.n

2 e (A’Ln - I'I’l) —rd N (O((m1)i+(me1)k)x15 Q) 5

A/ /
VEC( 2,n 2,n)

and assume that there is €, —p 2.

e MMy and MMy, can be estimated from Y; = M} .X; + I'I’2,nZ,- +V;

(parametrically or semi-parametrically).
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Censored regression: Estimation

@ m; and 7 can be estimated from

Yi = max {7T£Xi + WQ,nZi + vi, 0}

o Parametrically assuming parametric distribution for v; (a joint

parametric specification for u; and V;).
e semi-parametrically as in Powell (1984; 1986) since the 7-th

conditional quantile of y; is
const, + 1y X; + 1 ,Zi

for sufficiently large quantile value 7’s.
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Estimation (Amemiya, 1978)

General MDE

00000

Write

or

f1n=M1py 4+ B+ (Rrp —m1) — <ﬁ1,n - ”1) v,

7/%2,n = I,_\12,n/7 + (7,%2,n - 7T2,n) - <ﬁ2,n - I_|2,n> v,

ﬁnzﬁn[g]—i—[m’"],where

2.n
A Ri,n b Mo
" 7,7\—2,n P I_|2,n 0k><l ’
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Estimation

~ P Y M,n
.y 4| ]
who 3+ [

N N
o Amemiya’s OLS: [ TAOLS, ] - (H;Hn) ! 7.
BaoLs,n

o Efficient estimation (under strong IVs): Let X denote the
H . H / / !/
asymptotic Variance-Covariance of [n; ,, 75 ,]" (depends on )
",?AGLS,n (s —-11 -1 fe——1n
o } - (an H,,) sz,
e Amemiya's feasible GLS:

A -1
YAFGLS,n <AIA71 P fyre—1 ~
A ’ =(H X H, H' > 7, where
[ ﬁAFGLS,n ] n“=AOLS,n n“=AOLS,n
> AoLs,n IS @ two-step estimator of X.

e Amemiya's GLS: [
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Estimation of

@ The GLS estimator of ~:
2 Al s—1A 1 —1a
YAGLS,n = (nz nzgg I_|2,n> M 2,n222 T2,n-
@ Recall that
T2.,n — T2.n w
1/2 oM , N 2
n vec (I_I’zy,7 — FI’2) d [ vec(Wj) ]

Q Q
= N <O(m+1)k><1a [ 22 Qii D :
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Estimation of v under weak Vs

@ Amemiya's GLS is inconsistent:

=g (Wa+ M) 55 (Wa +T5) ) (Wa + Mp) T35 (w2 — Way).

@ Amemiya's FGLS is also inconsistent and has a different
asymptotic distribution: the OLS-based estimator ¥
converges to a random limit.
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Standard hypotheses testing

® Ho:v =10 vs Hi:v# .

@ Let 53 aors denote the random limit of the OLS-based
estimator for Xoo.

o Non-standard weak-1Vs asymptotic null distribution for the
Wald statistic:

Waldy,, = n(3arcLs,n — ) ( z221A0Ls n'ﬁI )
X (YaFGLS,n — )

—-1/2
(( W2 + n2) 22 AOLS (W2 + n2))

—d

2
X (W2 -+ |_|2)’ 52_2?AOLS (W2 — WQ"}/)H .

@ Size distortions.
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Robust inference

@ The usual approach to testing Hy : v = 7o is to use the
null-restricted errors y* — v Y .

@ The usual approach cannot be used since y* is unobservable.

e Magnusson (2010) proposes robust tests (Anderson-Rubin-,
Kleibergen-, and Moreira-type) that are based on:
2.0 — M0

@ Our focus is on the efficiency.
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Weak-IVs-robust inference: an asymptotic experiment

@ As in Cattaneo, Crump, and Jansson (2012), focus on an
asymptotic experiment with a single normally distributed
observation.

e m =1 (single endogenous regressor) and k > 1 (multiple 1Vs).

@ What is the optimal test of Hp : v, = 70 against
Hi:vn =" + 0,7 Here:

e 0, =9/y/n when MMy, =My (strong IVs).
o 0, =0 when TNy, = Ma/y/n (weak 1Vs).

@ Choose your favorite estimators of the reduced-form and

first-stage:

Tan | a N M2, 5 Yn gl Qo Q24
M2,n Man |’ Qar Qg ’
where we used the model’s restriction m , = M2 pys.
@ Q's can be treated as known.

@ [l , is the only remaining unknown nuisance parameter.
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@ An equivalent asymptotic specification:

|: 5"770
Tn?’YO

]i

5nn2,n

N
(|: (Ik - 5’7/\70"1‘6"

where

5”1’7

Tn”y

Y204
z24,'y
2445,
Ay

M2, ] L ( 0

2.22,50+6n 0
2 44,70+6n

7,%2,n - ﬁ2,n77
I_|2,n - A'y(ﬁ2,n - n2,n’7)7
Q2o — Y24 — Y2 + 72 Qua,

Qo4 — Y244,
-1
Qas — X2y 255, Y24y,
-1
Z42,w222,7'
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Asymptotic experiment: Strong Vs

@ When IVs are strong, the asymptotic experiment is

o enl Ll (5 )
\/E(Tnno - |_|2) _5/\%“2 ’ 0 244’70

@ Hp:d=0vs. Hi:§#0.
e [y is an unknown nuisance parameter, however: T, ,, —, >
under Hp or Hi.

e Optimal infeasible test: By the Neyman-Pearson lemma, when
M5 is known, the Asymptotically Uniformly Most Powerful
(AUMP) unbiased test is to reject Hp when !LR ’ > c,
where

LR: Y0 = |_|,222_2];’70 \/Bsna'yo rI /\/ Z441’}/0 \/>( Tnv'YO - I_Iz)

n,%o
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Asymptotic experiment: Power under strong Vs

o Non-central x? distribution:
LRi2o/Var (LRy o) 23 (2 (Mgt Mo + MoN Tt A2 ) )
@ Upper bound for the non-centrality parameter:

62 (MoT 3t M2 + Mo Tl AT )

o From the infeasible part (v/n( Ty, — M2)):
LR LAY\ V0 Wy W § P
e From the feasible part (ﬁS,,,%):(SZI'IgZ;;’%I'IQ - The
effective upper bound.
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Efficient feasible statistic under strong Vs

o LRy ., requires the knowledge of My for \/n(T,,, — M2). One
can relax this following the approach of Choi, Hall, and Schick
(1996).

e Consider a local perturbation My , = M2 + 7/4/n and a test of
Ho:5=0and 7 =0.

@ The power of the optimal test is described by the
non-centrality parameter which depends on 7:

82 M5T oy Mo + (7 — 6AM) T30 (7 — 6AMy).

@ The least favorable direction (power minimizing) is
" = 0N, M.
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Efficient feasible statistic under strong Vs

@ The effective power bound is achieved with Kleibergen's LM
statistic (Kleibergen (2002); Magnusson (2010)):

2

n (TI{I Yo Z2_21')/() 5”7’70)
K = i i N2 (82M5 2500, .
e T; Z2_21,'yo Tn,% Xl( 2me 2)

n,7o

@ The effective power bound is also achieved by Moreira's CLR
statistic (Moreira (2003); Andrews, Moreira, Stock (2006);
Magnusson (2010)):

C _ -1/2
S’WO - Z22,'yo wao?
T _ -1/2
Tﬂ,’Yo - Z44,70 Tﬂ,’Yov

L SN
CLRn;yO = nSIII,'YOSanO - I‘I)\min < T/,’YO = 7-/’70 7— o ) )

n,yo >~ n,Y0 nyo © N,70

o

X1 (62 M55 ,)
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Optimality when m > 1 (Strong IVs)

e m > 1 (multiple endogenous regressors) and k > m
(over-identification).

@ For A= k x m (fixed), consider linear (based on A’'S, )
statistics:

LSpo(A) = nSh_ A(AT2,0A) " A'Sy 0.

n,7%o

@ The non-centrality parameter for LS, ,,(A) (for
6 = +/n(yn —0) € R™):

S'MHA (A0 10A) ~F AT,
@ The upper bound for the non-centrality parameter:
M55o) Mo — MHA (A2 0A) L AT, > 0,

227
* _ / -1
AT = Thly .
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Optimality properties when m > 1 (Strong IVs)

o Kleibergen's statistic
Kn?'YO =

/ vyl B / -1
nSn ;Y0 ( 22,70 T”»'YO) ( n,%o z22 ;Y0 7’70) (Tn ’\/0222,70) S”"YO

o is linear since T, ., is asymptotically independent from S, .,
e attains the optimal non-centrality parameter §'IN’ 222 ,YOI_IQ(S.
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Asymptotic experiment: Weak Vs

@ The asymptotic experiment:

RS R (PP T E (o i |
\/ETn,'yo (/k - 5/\%4_5) My |’ 0 Z44,704-6 y

Note that 6 now appears in the variance expression.

@ The most powerful test is d-specific and infeasible since 5 is
unknown and cannot be estimated consistently:

LR”WO((S) = 25“522_21,70\5511,70
(VS0 = 01a) (T2 s = T, ) (VSna — 0T12)
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Asymptotic experiment: Weak Vs, K-statistic

@ The non-centrality parameter for K, -,:

2
((Nwwzs + (I = 0o 45) M2)’ 22_21,’Yo+5n2>

52 :
(N’Yo+5 + (I — 5/\’}’0+5) M) Z2_21,’704-6 (N'Yo+5 + (I — 5A’Yo+5) M)

where ny ~ N (0, 244’7).
@ Only trivial power (no power) for

0= <(NV°+5 + ”2)/22_21,%%”2) / (|_|/222_21ﬂ0+6/\,m+5|_|2> ‘
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Asymptotic experiment: Weak |Vs, K-statistic

@ The Non-centrality parameter for K, 5, with Weak Vs
conditional on N,y 45 = 0.
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Conditional LM test

o K-test: the reason for loss of power under weak |Vs is the
transformation that makes v/nS,, -, independent from the
estimator of My (so that x? critical values can be used).

@ Instead, consider the following statistic:

n( /2 22705 ,vo)

CLM"y’Yo: " y-1 f
2,n%22,~' 12,0

o Critical values can be generated conditionally on T, ., by
using the simulated quantiles of

(Tho + Mo S5) a0y V1S3
(Thno +MoSH) T2 'yo(T”'YO + M6 S5)
where \/nS;; ~ N(0, X2 ,) and independent of T, ,,.

e This is similar to critical values simulations for the CLR
statistic (Moreira, 2003).

30/40



Introduction Framework Standard approach Optimal robust inference Power comparisons General MDE
000 0000000 0000000 0000000000000e 0000 00000

Conditional LM test

e Under strong IVs: I£I27,7 —p M2, and CLM,, ., attains the
efficiency bound:

(I'I2 n22 705"7'70)2
Z22 ’yon2)n

CLMp g = —d X3 (0°M5T55 ) .

@ The critical values converge to x? critical values:
*
Thro —p M2, S5 —p 0,

(( Th 0 T /\705*),:2_2170 ﬁS*)2

2
—d X1(0)-
(Tho + Mo Sh )/22270( Thao +MoSH)

@ Under weak IVs: Nonstandard, nonpivotal distribution.
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Power comparisons

@ Model (censored regression): m =1 and k = 2.

Yii = max{fo + (v + &) Yai + U;, 0},
Y2i = I_IIQZI + Viv
U; 1 p
(v) ~n( 1)

Zi ~ N(O,h).
@ Degree of endogeneity: p
e Concentration parameter (strength of 1Vs): A = nl5M; .
@ Reduced-form parameters estimation: quantile regression of

Y7; against Z; and a constant for quantile value 7 = 0.75.

@ First-stage estimation: OLS.

We perform CLM, CLR, and K tests of Hy : 6 = 0 for different
values of p, A, and 6.
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Power comparisons: Strong Vs, high degree of endogeneity

power of tests

0.9

0.7

051

0.3

0.2

0.1

o A\=1225 p=00.
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Power comparisons: Weak Vs, low degree of endogeneity

power of tests
0.7 T T T
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Power comparisons: Weak Vs, high degree of endogeneity

power of tests
1 T T
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Efficient robust inference in the MDE framework

e h(m,~) =0 with an estimator for reduced-form parameters:
Vn(ftp — ) —4 N(0,9Q).
o Consider Hy : v = 79. We want a test that:

e Valid if identification is weak.
o Efficient when identification is strong.

@ Assume strong identification and local alternatives
v =" +9d/y/n.
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Efficient robust inference in the MDE framework

® /nSn~o = v/Nh (7, 70) X N (%{70)5, 222770), where

__ 9h(mv0)  h(7,v0)’
Y2240 = on’ Q or -

@ The power of an AUMP is described by non-central x2,
distribution with non-centrality parameter

Oh(r,0) ¢ O(r,%0)
87/ 22,70 a,.y

& d.

o CLM-statistic:

ah(ﬁ'nv 'YO)I &—1 8h(ﬁ'n7 'YO) ~1/2
CLMm’YO =n < a,y Zn,22,’yo 8"}/
8h ﬁny "o — N
% ( 8’770) 2”52770/7 (7t 70)

2
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Efficient robust inference in the MDE framework

@ The critical values for CLM must be simulated.
ah A"v S & -1 JaS
o Let Tp,, = vec (%) — 242,902 22401 (710, 70), where

) ’
° 244,7 = a?r, vec <8h(7r’ﬂY )Q 9 yvec (%W) .

_ 2 Oh(m,v) Oh(m )’
° Y44y = 5 vec( oy )Q -

o Generate S; .~ N(O, Zn 22,50 ) and let M}, . be such that
vec(I% 70) = Thro + Z,, 42,702,, 2 VOS,WO
@ The null distribution of the CLM-statistic is simulated as

2

S

71/
* * -1 * * — *
LM (I'I,, vozn,22,vo I ,’Yo) I'I,, Yo n 22,70 Snﬁo

”’Yo
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Classical MDE

o Classical MDE: reduced-form parameters (7) and structural
parameters () are additively separable:

h(m,~) =m = f(7)

e Examples: (i) DSGE models, where models' predictions (f(7))
are matched to empirical moments, impulse responses, and etc
(7); (ii) Horowitz's transformation model with endo regressors.

@ In this case, CLM statistics can be used with x? critical values:

<6f(70)’ $-1 of(v) > e

8’)/ n,22,vo 8*}//

of (70) & .
X é,YO) né2,fyoh (7Tf77 ’70)

CLMp o =n

2

o K-statistic reduces to CLM since 9f(~9)/07' is independent
from h(7n,70).
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Conclusion

e CLR, K, and CLM are asymptotically efficient (and equivalent)
when identification is strong.

@ Their behavior differ when identification is weak.

@ In general nonlinear models, CLM can dominate CLR and K
depending on a model’s structure.

@ Ongoing work: Understanding the conditions under which this
occurs; Comparison of CLM, K, and CLR to the power
envelope under weak Vs.
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