Monte-Carlo evaluation of  integrals

We compute the area of a circle centered at (x0,y0) with radius r0. We extend the code of page2p3.m to loop over the calculation with increasing number of points in order to establish how the result improves.
r0=0.5  
x0=0.5 

y0=0.5  
r0 =

    0.5000

x0 =

    0.5000

y0 =

    0.5000  

for iN=1:7  
N=10^iN; 

S1=random('unif',0,1,1,N); 

S2=random('unif',0,1,1,N); 

for i0=1:10 

    Nhit(i0)=0; 

    for i=1:N/10 

        nu=(i0-1)*(N/10)+i; 

        if (S1(nu)-x0)^2+(S2(nu)-y0)^2 <= r0^2 

            Nhit(i0)=Nhit(i0)+1; 

        end 

    end 

    Nhit(i0)=Nhit(i0)/(N/10); 

end 

Nhit_a=0; 

for i0=1:10 

    Nhit_a = Nhit_a + Nhit(i0); 

end 

Nhit_a=Nhit_a/10; 

%'average number:',Nhit_a 

Nhit_d=0; 

for i0=1:10 

    Nhit_d = Nhit_d + (Nhit(i0)-Nhit_a)^2; 

end 

Nhit_d=sqrt(Nhit_d)/9; 

%'with estimated deviation of: ',Nhit_d 

%'while the correct answer is: ',pi*0.5^2 

Area(iN)=Nhit_a; 

Dev(iN)=Nhit_d;

Num(iN)=N; 

end  
Now we look at the results: the area is calculated with 10^1 to 10^6 points as follows:

format long;  
Area   
Area =

  Columns 1 through 4 

   0.80000000000000   0.77000000000000   0.77300000000000   0.77710000000000

  Columns 5 through 7 

   0.78452000000000   0.78556100000000   0.78547960000000  

The deviations are:
Dev  
Dev =

  Columns 1 through 4 

   0.14054567378526   0.04981447060324   0.01100504934615   0.00581918920151

  Columns 5 through 7 

   0.00107678075304   0.00057588032450   0.00013153267444  

In order to check out whether the data improve according to the 1/sqrt(N) prediction we graph the data in a log-log fashion together with the appropriate function which is multiplied by a constant such as to agree with the first (and least certain) estimated deviation:
plot(log10(Num),log10(Dev(1)*sqrt(Num(1))./sqrt(Num)),log10(Num),log10(Dev),'r+')  
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With 10^7 evaluations we are reaching a deviation of 1/10^4, i.e., 4-digit accuracy.

This does not look very promising, yet for high number of dimensions and limited accuracy requirements the MC integration method wins over traditional quadrature methods.

As mentioned in the notes: one of the challenges of random number generators for Monte-Carlo calculations is to find algorithms that give numbers with better properties. One can achieve an almost 1/N scaling behaviour with so-called quasi-random numbers, or Sobol sequences. Numerical Recipes by W.H. Press et al. do have a chapter on this sophisticated topic.
What do we need to do in order to calculate something else than just the area?

Suppose we want to calculate the moment of inertia of a thin disk described by the above circle. Then we would like to accumulate the distance squared from the point about which the disk is to be rotated.

r0=0.5  
x0=0.5 

y0=0.5 

for iN=1:6 

N=10^iN; 

S1=random('unif',0,1,1,N); 

S2=random('unif',0,1,1,N); 

for i0=1:10 

    Nhit(i0)=0; 

    for i=1:N/10 

        nu=(i0-1)*(N/10)+i; 

        if (S1(nu)-x0)^2+(S2(nu)-y0)^2 <= r0^2 

            fn=(S1(nu)-x0)^2+(S2(nu)-y0)^2; 

            Nhit(i0)=Nhit(i0)+fn; 

        end 

    end 

    Nhit(i0)=Nhit(i0)/(N/10); 

end 

Nhit_a=0; 

for i0=1:10 

    Nhit_a = Nhit_a + Nhit(i0); 

end 

Nhit_a=Nhit_a/10; 

%'average number:',Nhit_a 

Nhit_d=0; 

for i0=1:10 

    Nhit_d = Nhit_d + (Nhit(i0)-Nhit_a)^2; 

end 

Nhit_d=sqrt(Nhit_d)/9; 

%'with estimated deviation of: ',Nhit_d 

MI(iN)=Nhit_a; 

MI_Dev(iN)=Nhit_d; 

end 

MI  
r0 =

   0.50000000000000

x0 =

   0.50000000000000

y0 =

   0.50000000000000

MI =

  Columns 1 through 4 

   0.09448494412737   0.08861859321390   0.10058201588096   0.09842019395506

  Columns 5 through 6 

   0.09814136898253   0.09822519763770  
pi/2*r0^4  
ans =

   0.09817477042468  
MI(6)/Area(6)  
ans =

   0.12503828173459  

MI should be the moment of inertia of a circular disk once multiplied by the area time the mass/area. The result should be ½ r0^2 = 1/8.
r0^2/2  
ans =

   0.12500000000000  

Tasks:

1) Shift the point about which the disk is to be rotated away from the origin: try the origin of the coordinate system (0,0) and a point on the rim of the disk, such as (r0,0). Use the parallel axis theorem Id = Icm + Md2, where d is the shift of the rotation point away from the CM to obtain the expected result for comparison with the MC estimate.

2) Generalize the present calculation to move away from the case where the sampling volume is a unit square. Choose for the disk parameters (x0,y0)=(1,1) and r0=2. Find an appropriate sample volume, perform the MC calculation and compare with the expected result.

3) Try a more complicated example, such as a disk with elliptical cross section characterized by (x/a)^2 + (y/b)^2 = 1, where a,b are given parameter values for the semimajor axes. Note that the sampling volume has to be chosen carefully in this case.
