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Tha 2igenstates u§ the  Sehddinger- Covlomb problem

Wefe Prev\'cvsla found  ow tha  basis t% the  commutahon
: 1. B Zer |
rellokons  foc H=£5L . %2

Zwm .
sl Al p N
[R,C) =0  [u, 1=, L[ T-0
These celabons implied the existena o« common
set ”F a‘?"‘?“'"d’"“"‘s o Iz":]’:*-f\j*i: ) [,:L)
Gnnd Q, uhere Hiz pure Covlowb potendal  covld ke

Vef\aad also by amy centrad potenhal Vieey,
For e spectal cane aé: Ve =——: SOW’hM"\&: pasulias
l\aﬂw».g vhan  the eigsvaluas oce fovnd  for P

(R=0) s-stales, e (Lel) poshies | ek

Even "hovgh eme Solves different fadial eguakons

Zet 1 L4530
i ) W Fe Cerffrtng]

the ergemenergies € do not clapend on fhe quarhm

nomber £ which slec:;‘“zs the w\ard&vnﬁ < WY‘IU W0 B TU
i hydrogen: E=E, _not B, an expected. !

T
The sitvaken chamges  onca the potembval becomes 'Z“'%.
Wi come dopovdon co. o& e choarge expriencad en The distana.

Thos, in P alkali atoms (Li, Na, K. ) the nslysnm‘fr_;ﬁ‘%
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The  degemeracies i e spectoum discusgeol  befoce

nowedy fhe  indepandon ca of e ewargy  ow tha projedion
of  amgulel momentim  ew e guamhzabon axi's,(-€,m
(foc vur egamstates I:LI\PMM> = MR Vg Wita
W=z L, L+l L-1,¢) ave conmacted wth Huz
SF}um'ca.? Symmedey 4 A (which s obvious for

V) | but bss sbrisw for T = B | but conmackd to
tro fack that foew space is isocopic).
Qi what 53\«'\“2"\3 is responsible for fhe - independance

of Tha H-atom  ergomvatines 7

We will nok inveshgate the comsecvakon of tha
Laplaca - Runge - Lena vector - a quamity Enown from

The class. meoh. Kepler prblem. A=" T xd - =

L

We will, however, show *hat +he Schrddiuger egm
foc Mo H-atom com be Sepasated in amcthar set
of cordmates Anaw  sphencal polass , We leapthe
azimuthal omgle ¢ (amd s l:z as an operator whose
guomhima number m  labels The shate ) | but replace

Camd & by cosrdinakes 5 amd 7-

o450, 2okt

3 elo,=) N e Lo ).
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The coor dinates (il ' 4:) are ealled parabolic,

because 5§ =comst  or q = const. dafne surfaces
which are Fuabo/o-‘c{s abovk P z~ax's.
I Bohr units  (atomic untk) e H-atom

K=e=mg=|
Hamelhoniam  becomas :

R4 PR WNE A IR | DS I
) (35(535) *37(‘79%)) 25 39° ;f
Prob lem - muHs',olj HI¥O=E|¥ >  ihnis representabon

by i(j+7) and show  that = £(§)fz(z)e'.m¢
Separates o+ &adﬂnj o decovpled eguahons for ;f,,fz.

Problem :  use #he rules for ortnagomal curwlnzar

Coordinates Fo denve the Laplace cpwater tn (5,9, 4).

Note #he symmetoy of fhe abore epoakon i S amd p i
Por £ (5) amd £, () e hae Pu gementc equahon
43 2 (p) g 9

(8
L(s4f) +(§s —415 + By f =0

M whieh ?,,,_Piajd the rele of sparaken constant,

wh Z2=%2t%,.

The  peoblem of finding the raciak” egenfimchions £ If)
2

and )C,,‘ (7) s solved /n analogy o Tha usuad problem:

-4y

ploF off € Frumcate sen‘es sol’a 4o

new E —
g 20 polynemials - ergenvntues .





	[image: image4.jpg]We wil Just quote e amswer ¥ W-h'fb«, (in Mﬂf’z)
exp(-£es) i Frshl | £(s)=Ln’:M (€5)
A

) 3
= 2 (m+l
+ £ 2 )

£
4

=
i

n=in +in,| +m +1

N, 5 assocated with £ (§), M wik £ (y).

z
EL et l L2
= 20t

T tisra b
allows pne +o canskucf/ven'{?_ +thae eigenstates .
Example: For n=4, m=0 we have i +he uswal
15 eigenstate represemtabion : 4s ,4p ‘/JD) “f.
What are the four ergansiates n pacubslic c. sepapation?
We find allowed n, /2, combrinations:

o/¥g ; 1 /%8 ; 2/5/; 3/%g.

Four eigemstates emage wih the combinabons:

@On =0 ,n=3 @n,=1,n=2 @, B are
= equivalents o O @

z2=1/g, 2,=7¢ Z=g [ Z,=0 whe e roles

revecsed | e.s.,
Only combinakions wih 2 +7% =2 allowed !+ @®: Z,=7& ,2,=%
n=3 n =0

The demsi'hy plot reveals ;

- ejgenstaks  do net  hove +o obey e left -rght Symm

of e Hamilton'am | (W8 L* wycinstates can wolate fakonal
Symmedny )

- Uenstates 5f A o not hare o ke L% egenstaks
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o The newly found H-atom &igemshaies at given A, m

can be expressed as  (Wnear combinahions  of +ne correspondip
(n,m) L* e'genshates

The asymmety in the probabil'ty /chas ms. wtn respect
to the z—ix"s hqs in Lvm?anj gﬂ J%lem w‘ms,ua

aexternel elechc feld (Stark F(oblem; NB electoe  fredds
oce umavordable . The (abocatory ) :

Whin  caloslabng the emar Contnbubon  feom a Bald
albigmad m‘hf.? the z—j?rs:

Viz)y = F= whae  F = eleckic fold shogh,

Evidently

V> o= fy” (574=J(Fz)Y (£9,¢)

a0y, m 1, m

will be guite diffecent  for states (n, n,,m) which
place  more dans: &t 2 >0 as Compared Ho Those
Which have more at z< 0.
The avern ena (correchon 1o +he e wlunay goeo
Yp for eme ’QW Stafe , amd  gees olown ?‘Mﬁor‘ dra otuar,

This s not the cane foc L* -&jﬁw:fﬁ*‘es whieh  mastein
left-right 59 mmedy W't ,e;f.m.i +o Z~axis.

vy = }wﬂzm(w/&,@ (F2)¥,,,.(n%#)

Given Ahat ]'\J»MM}L s symmete for  z — -z

the 250 Wndbuhons camcd QJm‘,._vf the 2<O owmas.

Thos, e pacabolic -coordinate  eigenstates

when working on tha  Stark problem
Fz = $F(§-9)
Can be Mcorporated info the eguakons fut F (5)amd F(p).

offer an  advantage
" pw‘ﬁ'w/a.ria Ssineg





	[image: image6.jpg]Pe ctuc bation Theory : non- degenerate Iqo*spedmm 1
Gonsider e genmeral sitvakon: A = H, + W
whece e H, prblem com be solved exachly:

ﬂ°|%> = ENIg, >, m=hz,0, @ (abstact statement,

€4, Coordinate repRsehahon;
A <EIY,> = ¢, ()
W s a ‘weak’ addibhonal rakerackon.
. A
Example :  H, = Hydmgen atom Hamlton’an
W = macroscopic  external (aboratocy Fetd

Plroblemls I'?Il}‘):E/\f} Jxlal; (/;:, +W)I¥> = Elyy

Cannot he solved exactly. What cam we do ¥
DFormulate the SE | in an energy (mabnx) representabion
with respect 4o Hy wgenstates  (which are known).

(Ao + W) ¥> = EI¥>  prjeck onto ang 19,5

<YL (Bot W) > = E <glp> Ao Sz <huivr
tsert L =5 | ><q,l

me
= E G, Complete ness relakon

Kt l(l:lo*vll\)lcp,,,xwmlk}/)

M IMe

S use M, @gomndus problen
amd orthonormatiky
Yl ¥m> = 6,

Cn(E2S, + <tlW]g,>) = Ec

n
This is o maix eigenvalue prodlem| Wiyl
Tha projechion  was done on amy of The eiganshates,

n=1,2,.. 00

Thws, the equakon dascibes the gomae fow of & syshem of nis.

S.H ¢ llplrtidm."& Gm 00— by -0 madnx
- bl B Hgomvalitr poblew. For given
ey

egenvalie E, e associated 2gomveckor {Q::ﬁ,.g,)zln,}
is equivalent +o Knowing |V, > = ; TR
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So fac we have just revewed e mates foem ulahan -f am.

Now Lok at he stouchie of the Hamelonian matx (K ):

It has a diagonal | and a combrned deagonal § offcapomad
Ipart:

o
& oo Y :’n. is
( H}m> = b = £ + W'u 22 g
—— B S L s B 8
i the W- makix need ot be

H, is diagomal

falt, but has some diagomal
inAhis (epesentabion amd  off ~diagorak pasts

One poputar appmach o physics wnd guamtom chemrsicy :
o fruncate the full

o Mt Fo finik size NxN

¢ diagemaliee  (fird Cgenvales [ e'gamvectors)

el B Y TRt Pt S
obtainad from e <geavectors o) n=l,2,., N

* compannble *to the Foucicr seses approach (With Fumcahin)

This is numencak work . Cam we do somefning using povel popus’

R) Pecturbabion approach.

The matox elements W, . are uswall caleslated ra

Dnfigurakon Spac; shart-hamd nofahont [@> = [n>
Wy = <niWimS> = [[ded <nir¥e| Wic's <c/im>
R g

sty usually W (£)&(c-C'>
= f"' T g @) W) (N ) -L alacal potenhal

Thene integrals are uswelly used §erocry !

obtuinable in closed form.

If not, numencal tegraheon ...
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The exact SE is wotlem as: ‘parts “eparak ;‘s.,)ﬁ-«.w

17(&: +W, -E)c, t W, Cn j neiy2, . e
_mEn

To establish a formal power semes we [okodece o
Smallness arameter ~
A W = Auw

Somatimes  fhare s a natucd Smaliness patametes which
Comtls The skepgth of intrackons , Such as Tha fne-
Shucture  constant e® |
L= = L
33 37
Postolate tha exislence of a power sedes in A of fha
vnKnowns jn the eigenvatud problem:

[ w 2 - (2
e B O L A U LT EL EOL O T EEL |

Now do some book-keeping : insect the expansions inte
Hu oxack SE ,  grogp expressions acccrdxna to power i A,
amd them make careful e©bservahons,

Step 11 A=0  (+ha lowest oeder)
(g

e Ew)) AU Only He Hy problem /s left

How com we sakisfy this equabion?
We can achieve @ by sethng EP=E° . Then & i
ub-'ku; , but will be sef ty noc malizakon  constcarnds

For EP¢E° he c? hae o gansh s =4

This stales that withoub pecfurbakion (A=0) The
allowed energies E£=E, o.)xjive-. by the I~;;

tigenenayies EL T wrresponding eigenstate 14>
is obfaired as [¥>=3 emlf> =§a2,,,l¢,,,> =G>,





	[image: image9.jpg]Step2 : ) +0 hsert Sedes expamsions into exact SE ¥

[e-E9Te® + 2 5 tu, SED I (6] C,.“)%zbfm‘f..’_?
nen

{00, £ 9160 ERe® 1 [62-EP) 0 + T W 6"

EL IR =0,

This is skl exact. We will proced, however with successive
agproximahon , I e, am {temabve appcoach.
Impockamt point: we did not label the evgenenergy E

The eigen rector also s not (ALEIEJ‘ the jndex  refers 4o its Dmponat
The idea behind PT:  assume a non-degenemiR spacivm

at this stage =D a  sne-+0-0ne Correspondenc  exrsts
betwesn  eigenvalus amel elgenvectror

A Ao +25
H, ‘7:""’—5 S Ae] Commeshon ——
: 4 cam be represenied
By i Ey 9 A=) an a funchon
e T e b
quadcabc +..
L 1 E, A=) Condriubons,
| W E + Corte ordifly
A=o0 A=t A->1 oy T
!’nmasfvlj

Step3: avaluate (A

We use the estublishad  A=0 solubon, amd ignere @AY
omd higher derms .

Cg -1 Vami NS anua fha A=0 etk
+ LE, —E’fc“)-\-Z z
B Sor 0= b

eigemstaie of H° ormd c_AlwiaJe ite correchon.
&Pk ML n=o egn from the infmite set. e oxapt ihen
also: re-wnk the lagd temmt Z_«J:MXM_ Wiy (1= ‘n) \) hfm

o+n{Cw,, -e"18,

+%)=o
Now piek 4he o™

4"‘0
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[ 2 _Eu\] Y Lcﬂ/(\\ /

r| D °

The ficsh-ocder correckion o the = EJ ¥ <@ IWIG>
ﬁo vy @qenvalia (s givem by the expectaion valua of
O addad intaachon, whase the o egenslak s wsed i<W,

Note how we caledlalke it & (X)) the wnergy correckon
on the basis of +the O™ order Wawefuncom (R, eigemfunckon

Now we he €quakons for  nEFot:
A{o v [er-erle® )

A=1,2, . el ety

The warefmchon for State o +o O°(A) is determinad
by specifying e expamsien coefficients G, for 4 oL Msiake,

Pchualy, we don't hare eve oefhicient, the owa for n=at !
Fortunakely, we won't naed k.

Stepy: Calalake 4-.\._@.% at O(F) &0 @
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The onergy +o 2" sedec in A :

: <QW LB, | WG, »
£ £ v <l iy ¢ 5 BN o0

°
mE E,( ~ m

Interpretakion :

o The waxn% (Uneas in }) correchon Iis givem by fa average
valee. of Calalated w'dn unperturbed  fig eigamsiates,

"

¢ The next - 1o - Leads O (A*) correchion i Tha [nterachon W
bumps stale lx> Shio amy of e ofhar staiS Jm> ; hen it
acts a 2" hme +o bump e pashcl. back +o stale l«>.

* Tare bumps (vicwad framsidons) ace more Ulaly -+o
Aeighboring states 7 close 4o E:. For wdely spacad
Shates Mz emargy demominator  Suppesses Frams/ hans
—B some hope that +the infinike Sum Cam be drvmcated 7

A g2

The Ho problem cosld ke the frea-parkele problom H°=£;’-ﬂ

For systoms emcloned in a box F wapuld have discrele
ol gamvalues, In Phis Case the intecpriahion is i he interachon
bumps the free parkole foom oia emwgy state fo amothal.

@t When is The pecturbabion weak easugh for This methed dowek?
AWy cam be shown Fo be a consiskm
na
J =0 _ro << coterion for the successive “Fpﬂb((?
ES-Ef
Q:  Does the scoes converge 7 I may work only for

small A omd only up fo some fncie order. Offew it
/s asymptohc (.sem-'—conw.rjen‘t) /n chacaclsr (of. G-A.
ad lal dol 1] s A fiffken)
© Given H=TH0 ) A= Bt when Vond ) have
| y .. Beware, as low-ocrder PT caw
defferent ws ymptobc- behanor : 5.-«'m.-s(<adc._9 e
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Vibrations. of diatomic molecales

7o mahvate our example of non-degenerate partucbabion Theoy
we consider tTha nuctear mohon ( a daatomic molecule.

The problem of Fuv nucki amd N #N, eleckons will be
Looked at in some deta'l (atec. In +he  Born-Oppenheimer
appoximaton one Solves for the electonic ground state
while the nucle! are held at a fixed separahon R.
This provides am enirgy carve Ey(R).

The elechonic +otad curve Ey(R) serves as a
otenbhal  evas F09eAF widn e puclews—nucleus
Coulomb repj?s.-cn Vi=2/Z /ARl | For many  atom- atom

pairs this  net ensgy  has the featuces :

< small R : sheong cepulsion , PLE dominates ove £ (R)
¢ large R:  some cancllabhens , net enagy Cam appronch
Zero foom  below

* intermediate R:  a Pakmls'a.( minimum at megah've ensgy
occurs deatomi + all |
g+ E'T:‘ vrS for mamy drafomics (o )

P "met.",,n&;:::iks Ro —» bonding lemgth

Nuciear mokon is guantum
mechanical —b Zem-point
Viin i enar
& potenhal minimum 39

¢ Near the minimom ‘ha fa-{'em#'al for e relakve
mohon of +he nucler (redwced mass: po= MiMa
s hacrmonic. M+m,

« Anhacmonicibes due to the lack of
The EA{R)+vc(z) enugy Culve are important.,

« Intecested in  vibratonal excitahons of The mokend
parhonlarly e low-lying entrgy speciom,

3y mmewg of
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Gonsider 4he lowest- ordec correckon 7o +ha  hamonic

oscillator pe}eﬂl\‘a-l H X=R~-R, (R, = bond length)
Vix) = L maw*x® + W0, Woo= chwi?

G = dimensionless  wypling skergth  (€7<0 in ouf case)

FN —  emsvres envgy d-imension

X2 X/R, = dimemsionless distomca scale
AB Mty
hifed
e
08 Ve
¢+ For fixed energy € the  classical -fvrm‘nJ points X, | xg

are no lemger “symmednical aboot X =0T

The motion /s no longer barmonic : the oscillabon persed
depemds o e enarge. T=T(E)

The Lassical motvon at Constomt E  cam be decomposed
ina Founer seres: (F has condobubions at (pesed T/E))

frequency  f= o, P4

¢« Rccording o classical radiakon thaory (Larmor powerd
radiahdd is emitted propocrtional *nfk]L ch. oA packdas
accelerabon. This is obtainod fom X (£) Ofa?:m +s
Foun'er sfeck./m.

© Dominawt radiakon at freguemcy  f= 'Vp(gy , but
also at hacmonics theceof e, 25, ,SJE) ol
* The quantum reswlt i35 slightly different ;: the harmonics

are not eguispaced (molhples of £2), but depand on
the energy differoncas of tue allowed levels befow E =E,

n
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let us construct fhe matnx representabon  of W = A RS

Recall the (adder operator approack, 10 the hacmonic oscillatel
(also called: createn/ann’hilahon ofuhiar qffron(.l\ I
Liboff: chepter 7.2 ; Cohen-Tamnoudji VT, chaprer T

) LY i
H= EP;: +-2me"X?' [x,p] & R
Dimensionless operators s '%"J X |
= =
Defne ; = L : t= Lol
R S V'f(x i) Commutatan
R T T " relahion :
il :Vli(;*“ ), Begaa) 2 [a,h7054
Nomber operator: N= ata 4= atari = N+1 s

R depiad as Hfgo 4 .
We need to caleslate the matex representabon of X ~W

A
)(s :v—_L (q++u)(a++q)(a*+q) using aat-ata = |
& [RSPRI  FW  7 E C pe
stact witn

z 2
@*rra)(at+a) = &* + aat +ata +a* = atv2a% +] +a*

oy x
ER3= (at*42a%a +a*+1)(at+a) = a4 2ataat +a%atrat

+ at*a +2a*a*+al

+a
3 2

= a*’ 4 2at(1+ata) . ra(irata) ¢ ot +ata 2atat rat+a
3 2 >

= at’ 24 +2a'" a 2+ ateel)a rateata t 2t pa’

5.3 &
3 2 _ a*+a?+ 3Naf+3(i)a
=at® 1 3a* 4+3a*"2 134 + 3atat rad T (s buk-forced

atig,> = lavrly>

Now find Tthe ma i'x represemtahion u.s-‘-é i i
a lg,y> =inly, >

<nila | n> —> more ©mpect nofahon!

<l alyg> = m<gly >=mJ

n',n-1
<l @ lgy> = ol <yl = b

amd .y, <a’l a¥|ny = (m<nllakn=1> = a3 <R'jan-2>

=¥ “1y(n-, ’
h(n-1)(n-2) X,L‘ n

=3,
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« With some roubne calesahons we Know find +he enly non-zero
madyx elements of W 4o ba:

" n+3)(n+2)(n+l)
(lfnﬁIWIlf") =chw i

<g W 1g> :Gﬁw@

by

<¢ I WIg> =35k (”—;‘)J/‘J- < IW]p,=35he (g)sl".

2 Using Prese resatfs we cam assemble Tha matax  amd Look

S diagomalizaNon after Fumcahion 4o fintte N.

We can also leok at pectorbahve Correchons Fo g
hacmonic oscillator  emaryies.

a
« Note: <n|X3Iny =o0 ho first-order corceckon.
This is olso obvious from evaluahing the matnx el@mant
M  coords'nate Space
P, ) is even or odd;
PIxr s am even Romchio
P =, %)

2 5|
| gpeo xPdx =0
Alﬁ\'_"" s

even -+ odd = odd

 Thus, we consider fhe 2™ ordec amurgy correchons:

=0 <o lw 2
B e sl il 5 1< 3 TICHIMIRAT T

s
St ek | [ECEL
oo AR includas nf=nii amd nl=nt 3
only!
vp 4o
5 = (n+i\% 96t fnetP+ 0] g% fmninsadtnsd + nfr-e
ocder: E, = n+Syhe + +
(indly Bhw 1) R (hw - 3)
=" sigas in nomerator : inhedled from  En-E, 4 er &€y <o !
IS = = 2
T R R TR R
The spectrum 15 Mo lemger
Ll L E=E L i =R [I - lé;s"u] equidistamT; Smaller phoion

energies qmech neighloonng Levels
of higher n..





	[image: image16.jpg]Expecimental venfeahon of molecular vibrataons

“Consider molecuies made of different atoms: (AB). Suck a
diatomic s called hetecopolar. The elactrons ase aftracted
prefeceniially 4o ene of the fup atoms —v permanent- dipole
moment. " This dipole mament is a funchan of e internucteac
Sepacakion R, r.e., D=D(R)., We Com expres r} as

D(R) d, +d (R-RY Ro = equvl’baym Sepumbia
do,d, = real constom?s,
do = D (R,)
clse a wave fonchion [V, > fo descibe +he nuclear wbrakonl
state . The elechon states ace datermingd by am advabuhc
prnciple - for each intermvclear separakion R 1‘1\.:] Fond air
enwrgy miafmum ( Born - Oppen hemer appoach) .

[0

*Suppose The emsemble (s mof in a pure egenstate , but
¥, > represents a supecpasikion of i osg-‘ga‘for statesl >
For >uch a mixed state (Some mol€cules are in n=0,
Some in M=), ebc. , due PO thermal fluctvaRens ) e
oweragr  intecnucleac sepatakion

<R> = <RIV = JdR Ry,

oscillates with tme, Problem ; caleslate <x>(8) for a simple
mixture of hatmonic oscliator eigawskies,
* As a result e cleckrc  Prduc am awimakon of | WIF(E),
dipole mamant D(R) oscillates abet dy with some froproncy
In #ne harmonic apprximaben Fhit is only e Bokt fegsemey’ T
Wy? <G T(R-RDI G > #0 only for nen!sl . Tramsthons are only
possible betucon naighbecing Shates. The classical Rurer spectinn
of a fincar oscillator has no harmonics, This chamges whin awhamorc
pectlbatons are included —e a weak senes of harmonis appaars.

/L

=R (t)

+ The vibrakon of D(R(t)) yidds a Coqpling betuween Fha
mol cule and tre eleckomagnenc fredd  (in tha infraced
regime  for our probiem .

B heteropolar

:WfI"V“WM i 5 0 wolecule (s “ackve’
Py SR :Ilgy £ =ho T conshamily  exchages

5 v i
e ~EyEy emhed  =EE..  cadahon g«mv
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Raman_effect

« A homopolac molecule (A,) has no permanent dipole momait
A ks "inackve ' fn the IR radiahon t\'a/'m&.

Now suppose an enwrge bc DlpJ\'c‘u( ware  (visible regime)
of freguency R/2m hits e molewde o e poat where
am eleckon'c excitabon o«ors . After some short
time the elecionie confpgurabon  de- exates sponten
—& Ragyleigh scaﬂer.‘nj of ULght from fhe molecule,
iso bopic emission of e photen.
© This will also reswult sn a nuclear vibrahon.

© Two +hmescales : fast foc eleckonic emcitahon
Chigher ophcad  Srequency )
siow for intecnuclear vibrehon
(ower , infoared frequemey )
modulates fhe amplihule of fhe oscllating
eleckore depole  induced b:, incadanm?t bight
W,
* In the frequen domann

we find Ahree sgechad Linest Rayleigh
N/pn MPresemts dhe  incident Raman-— R"ﬁ"s;«
Light + simple scatiwed  (Raglegh) b o s

and shifted (Wnes (Rawam- Stokes)
T ank- Sholas
L & 9w
The §reguency skt ‘z%r = vibmhionad B o | 4
frequemcy of e molecule . —> Raman seffedng = evidence for

Vibrmiren
o Careens fof photown pichuce s

19>
D) sphcal photon stokes A, molecule AN
in stake | Py> e kg
24) Ragleigh scattenng , 14,y remoins, G
K photon wﬁrt\—ed T

2b) R Stokes scah 19,5 gwa
5 3 =
a;\n&:_ u) p\oo::nnﬁ\%' b5 v, Ty (R2-w)
A<) Ramavi- ank Shokes: 19y = > ARl
! QTL«»“JW o LreE L “n.. R(wd
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Anharmonicity_effect in diatomic melecwle yibratyons

a
Let us demonstate  first how the added intecachon W=6HhwX
mixes the harmonic oscillatolr e gemsiates in perturbakon theory.

Genarally, W
Sy £ T e S
e E-E, i

ht

Humcated 13 order
wanefunchion, used
i 2" order envgy

Given that only a fincle number of the <n'IWIny %0, we have

¥, 3 wedasl
o= 1> 3o (1, w302 ig,> Ep]

11-3> shis,
_S [traynen ey 1 > + E fannin-a '“/ > o
L e ) 3T 18 [ || "8

We cam now analyze the pooblem of how The perhurbact

states  absorb radiation from e infuced heat bath .
At roem temperatue  wrually Kw >> RT amd we stact
wh e molecade in iFs V:'Zralronaf Grovnd state, e, | ¥>

In the dipole approximahion fo the photon freld +ha electoc
fotd E e s appoeimated by E, (1 4R 0 ), th fack,
eren e vanakon due 40 ReC i omided , sina the wavelengin
A~ is much largec tham Fhe dimension of the molecwie .
Thus, ot is sufpcent 10 considec an Fhe operator causing
e eamsibon e potembal b =-ER =, X.

© The shength °a[ IR absecphon  for exc Fabion of vibaabined
bvels =051  amd V=022 /s thm givem by
mate'x elements obtarned +o 15 order in G (Execcsel):

L . 1A e i —
<HIXIY> = b= <‘{',_1X1‘Pﬂ>-r£ NS AT AT o
7% weak 2 no lewger P dua o

YacyShewit (615 small) anhacmonse ity
1 A
Somdamentad excitohion,  called harmonic @] B

€ -E even Hhough

CRER i SREL AW
h v, = SEe £y,
"

NB: I0)w~ [KSIRISI™ lovks someuhat Like Hha

classical Foun e specirom  of X ()" 1 sdoon
Avndemental , weaker ‘harmontes', 3
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Nonlineas oscillator: classical Fevder spectum

While studyring quamtum mechanics we often rsolate
the problem of cqlwlah'v energy levels from the
Context : 'why are we jntecesied in them 2'; "how do we
measure fthem?’

We also tend to focget abovi the L‘)r(fqund:'nfa c lassicel
mechanvcs  Context. This context /s # interest foc
sevecal reasons :

* eacly guantum theocy (Bohr-Sommer fokel guanhzabion)
‘s based on ik, amd ware mechanies apprax/mahon
techniques (WK B) are based on classical Frjectones

® the emission of elechkomagrehc radtabon by c
LYI73Y undn%o.'»j acceleahkon (s moe eaufb indersteod
an

in clagsical in guantum mechan/ics .

© Thus, it wil b staightfocuard 4o understamd ot
i Gontrast wth e Schrd'dinger dascopbon (whickh

dascabes the mechanvcal namics w'tuout  coupling
to the radiabon fiekd) the " exciled stufes do decay
spontameously emithng  elechomagnebc radiabion -

priman’ly in e’ form a} electrc dupole rachakon.

.t Larmor Form./lq i classical e lechoma s ned sm;
Radvated Power: P =% eb |2 (Jackson,y, D, Class, EM 3%,
3 cB Eq. I%.22) .
o The Fovner decomposibon of tha '/Yha'ed-etj r (£)
in telms of the fondamen tal Ffﬁ7umcg, axd (s
hatmonics © (mulhples of the Inverse aig'ﬂw. penod)
then implies that the dipoke (amod hisher mulbpole)
radrahon has a discrete spacdrom . For a eckory
desca'bing an  exc'ted stak Madiakon at
fondamentat F"'i"‘"‘s imduces tomsihons 1o the
hesghboring Lower level. Radeabkon at harmonic Freg's
descabe s sihons  to lower lauels. Drffeenca mQn
is Mat The spccicom 15 not ejurda'stamt 1 genasd,
For fhe ravghbor (evel : Hersenberg corcespondime pincpic
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°For some’ nonbmear oscflators the Founer spectrum
cam be caledlated in  Aesed  form.

* We emphasize a nvmen'cak method , which rs h"s"’y
use ful i many bramches z;(( physics, namely Fhe
di's crefe Founec Mvams forim .,

5= . 25 =0 Circvlac /re:,uwoa, @
Notahon: w=arf = & S

° For & nonlnear oscillatoc the penad T depends
on e chosen ewur of 1he oroit. The funchion

T(E) represemts a pachal soluhon of The problen.

cThe Founer decomposikion of I = (X(), 3(t), zch)
Cam be obtared from Fhe ‘Founer senes or from
a fasl- Founter “rams form.

model for
Eymp_'_e_: M\iﬁ: (moleculac vn'!m:hbms)
2 spm ey in unck whae tie daatomec
H= B+ (=% Tl d A AT e
o coupling stremgtn = |

w(E) = [2C-B) NB: classical Lm'k E=0O
Sow= 7 cp=o
9=0)
haemonic oscllahon
Umi'F aboub minimum <g=p
v Pl e L T g FL
Vgl ~ 9°-9 +;Z'7‘f+...
V(op
for E>1
1 9nbound solukew

E= | dissocrabon Lmt

Analyze fthe penodic g (&)
an a Founer senes.
E 2 0 : harmon'c mokon, e,

eml a fundamental (nohacmoni)

Use the Larmor rad-akon
Formulo o undersiamd

Do | daidccete | Padzabon| | o of TiaeT
specky, Vi brabonal
e levels

|
& branching rahos for radiahve decays Fo Louu»(,fUQV
Vibrah'chal states
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The Stack effect  (dc- Stack)

Consider a bjdmgen atom = a homogenesus electoc Rud,

= eep By e Lok EEFR
Hlzi M |+eflz. |= g -defz R T

e Z

—e (™ eledvon charse = ~€
Hece F is 1The [ild stergtn (in afomic units H=m =e=I
the ST unct [V/m] 15 converted +o az)

* For laboratory [lalds the expectahon value of the
added inferackon 15 much less than that of “Fre
Coulomb potfemhal : I

®Fz> << < T >
which joshpres the use of pactuchakion fheocy.

. ! i il s 3 ([iNa =T/,
Note :  foc grood state (r):r_ﬁ_(:a) %

Is

+o
the frst ocdes worreckon: eF < [2lg > =o LI
Caleslade in sphencef

2. no_enecgy corcechon o ficst ocdec ! e il R

. <ol wlps
- The wmotfunchen in IMorder i [¢P 25 J;J_'_’_S‘.’;Lz 1905
mEn Fn TEmo e, !
+I]  lLads +o a quadrabc
EP =3 1< I W15 Stack effect foc Ana gromd
i E° —E,: shie; absenc of Unsar
Stack effect.
Intecpretatvon: The Grovnel stake is sphen'calty sgmmedvc  Fhus
has no electc dipole moment S. no infEachbn energy

e 2™ geder ensrgy corceckon :

Mm%n

However  fne E fictol (nduces a dipole moment uwhich
lkads +o a 2" ocder (quadcabr in ) ewwgy shift,
< Detail: the obpole moment B, = [(elpl)z di =-c<pizip>

charge demsily | _ o
+ Calcdate i+ for I(p;">: o

i RONEIR Y
Bk d %: _H#’fn’ 2 ‘f,_:*‘f,;”) Y z W,:Iz P2

2 ok AT g
(s £ i
2 non-vanisking connbvhions —w F = dimle
Noke: 3. inclodes the hydrogen cophinuum.! =% Pojanzabilty
-

o #Cis)
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+The induced. dipole moment of the hydrogenic ground state

is /;mporbam»l to the fredd strengin F.

*The dipole polanzabidliy (s a matedak propecty. H is hacd
to calcvlate due to fne (npnite sum over Tintermediate
States 1§25, which is not Limied *+0 4ne bound states !

*Rathec than doing tie defhicelt caleslahon we provide
am upper bovnd based en a simple calewlaton.

< The 2™ ocder enaify correchon : E®= -5y F*
<P 2l (2 105> e2F2 T P P T
IEP = FF 3 Acze: Chplzl iRzl e
miis EQMED_EGZ 1514 T

=2 s mxls
St o _3
e £, -ES 2Ry
£ Ry z-13.6eV
zz/2‘7‘,

Femiis By >Emy

Now we cam nse a Compledeness:

Sgs<pl] = L 1935<y ] amd

meis

3 yerF® o ° o . . o
1e®] < ;_RJ [<“’«slzzl‘f,5> AL WEIT Y|

ag> (caleslale!) 0. 0
o lal
z=
o %:F ar i %q: £
3%,

*
Thus, am v‘pferbound foc e di'pole polanzabrlity s

¥ also called:LInaar elechrc su: ph-b.‘/—.'é i
A Long Calculahion yrelds:

.3
% 3[?’.8’7'-/3-‘q°‘!J= %,
+ Suppose we need o caleslate

f. R.Shankar, chapter 17,p462
tme chamge fo fhe emugy Jpeckum, | Tha resulf agrees w'th agenment
ot just “me grovnd k] ot the 1S % level, Wiynot hicd

6 .3
dd< 3 a,

enecacies i the H, Spectoom prevent us from repeatng e asove
calcslaton. At n=2: g, b, s L,zfﬂ = four- fold dagenemey

We will davelop pecturbabon theocy for fhe dogenerate care
latfer.  Foc now use tha Hy soluhon i parabolic coocd natks,





	[image: image23.jpg]23
IC Stack problem  jn parabolic coocd inates

We recoynize that the polembal of he electkon i e
homogensoua DC freld , eFz, com be WhHen in paraboloc

coordnales as i ik
W=eFt(s-g) = 3eF§ —LeFp
Thus, we cam skl separate The problem for H,*W in Thee

coordanates | The addad term J.‘r.laLr Slightly dffaent €9's for

the MWD funchions now. For Y(§/7, )= 75(5) #}‘7)8"""6
we obtain the eguakions

4 dfi ) +(L¢g It _Eeel s =0
d;(f,rg) (1 as 14,5 +2,)415) 2022
e e = e
— . le of
B e e e
IUostrate Rrst tue  potenhial AEperyy fPotentiot $
oxpesenad e e

in Cactesian coordinafes .
Graph o cat of the potemhal
(Covlomb + DC stark) along the
Z-axrs .

We calcsated in 2" order PT how _ the L

Ground stafe (s polanzed by the E fretd, ki [

amd how it acquires am emagy  shoft. d-f'”-".‘,‘;:"
e er

Now we will discover that tha physics is more complicated.
The electon can funnel throygh +he baceier (wWhich really shodd
be drawm at negatve z , an we swfchaof tha sign ),

DEfznd:'nJ on e Value of F thae exisis a Threshold

i enegy abore hich the Concept of perturbed bound
states “will make no lomger sense’.

The. bound states (ind-/dv'nJ The n=l, n=2 shown i1 The graph)
become  umstable . blcome (esonances with ensrgy
posihon (shiffed egenvilue) amd Lifebme agarnst -/u.umv

. Once Tha electcon has tvnneted & picks Kinepc
ener frowa The elecinc fold . It escapes Ho .}.z.'g_
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Before we solve The coupled equahons ford§) amd £G) we
pecform an amalysis i tecms of fra effechive potemhial.
For 1his pucpose ‘We re-dafine fhe "ocbitals® f amd f; such

that the  kinehc part resembles a free parele
m ome domengion . B 7 " 45’)
13 —dg g /P
fug) = 48 Flon =22 .
This ‘»’n'e(d;; dovide SE by VT

Likaurse foc y-epm-

i BT -
Slagisy+) € L I-m] | F z (§) =0 ]
45*39 [z*qu J’r?']?ni) M::.z%,':t;
4 E  I-m* F Z g Onn.—d,.‘mm".
a0 Bt frrialer o
i i i s S 0g§ <=
Compace These o The radiol Schaddinger egs o, ok

with  Covlomb + cemiafugal potemhal for choson €-vatue
(£=0 3 s-states | f=(= p-stafes  etc.)

We pick  m=o2.2%k3,.. To visvale V,#lfj ) g (p) we
make « chorw for 2, /%, , e.3.,,Z=2F=".

Yor Moo

In recognihion of the effeck of
e elacénc Stark potembad we

m-l _Z E
G =37m ~f el
LmE g E
LAME T TR e 1 '\w ]
dommated

In the g»channel the guantum mobon is confmed amd we
cam solve |+ as a bound-state problem . Solubons exist-
for_all enecyies E.  g.(5) has fo be normatzable. This yiedds
allowed values for Z, vsing g, (§>2)—>0 with afinife nomber
of nodes. Once we Know [, 9,(S)] ha correspond.in

Za el | 31_¢7)3 Soluben is cbtalned by (vgrabon off BE
These Standsing~Ware. So(uhons discabe eleckons scatien'ng (while having
4«;4.@:( onorgy £ and  geting :::Fp“( A;/s.';(‘_;m Po%;«h‘glw,jssrn'u
,..T:f:w-/f; R R b T T S BB el et Tiriadeses





	[image: image25.jpg]Hydrogen Atom: Positive - energy (corhpuwm) solutbons .

« We have mostly studied guantom systems with doscrede
emergy spectra s harmonie amel ambarmonic oscillators,
£<0’, bound states of hydrgen.

Lalal 1ol
 For frea parhiles the plane wawes NPT %P ER° B
Were' found to Saksfy | Schrtdingec’s egumbon win E= b
corhnueus . Thase oS not admit the usmal probabitistc
infef,rghd.-av. where [P (F€)]T Rpresints the probubility
10 fad the packde at Lowakon © af a given hime.

o Instead we could normalizz thew Ho the S+ funchon :
SPIFD = <¥lw> = Se-p1)
Free- Pur/v‘cl( solubons can he Fravelling wowes whrch

are egenstates of He momentum operatoc. In addihion
+o saks fying Bt

F = = ety
oo lfd=glp> = Elp>
ﬁ&j 5al\xfa ﬁlF) ;‘B'[/E‘>
P aperator & RN C- number, momentum vector
v

T et ;’,;':”;:_m which (abels the shate. .

© One cam also form Wnear combinakons which represant
stomding  wewres . In one dhmemsion Cospx , Siapx wre
wordinate N.Pm,(%‘f‘nﬁ'ovl.\ of w states 7{ Yhe free -
parkcle Hamdlfon'am , but not e, e momeéntum operator
(because m:# mix left- amd r,'jhf~«-velh‘na states ),

* For the '\Jdrvyen atom poblem we have E>O soluhons
which represent electron -proton scattering. In classial
mechanics sach solutons would be hyperbolic” orbits .

© One classifies (labels) Huase states by er enurgy , amd
the asymptohc wowe number vector k.” Depending “on a
choica ‘of  boundary Condrhon one cam dufne ©utgorng,
tacoming, omd | Stamcing Wwiwes. Usually, ene consinicts
eigenstites of L%, as for e E<© bound states. One
looks for E>0 solatons sof fue radi'ad Schddingec egn.
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* For a given infeger valus of £ we have in Bohr uniis:

B ey 1 e + e
(f e I B2 =L s E b
£
where  peF) < 4y () Y, = sphenical harmonic
Et4m r Am il

*For bound states we used the poncipal guantum nomber n
instead of E= - St as a label.

*The radial ocbitels are labeled by E amd £ amd don'
depend on M (#his degeneracy of the Ligememwrgies (5 a
Consequence. of the rotabional symmelty of hc Hamiltonien)

« Consider fhe Rydbery states: for lacge n Hha egenensgies
opproach E =0 from below. In +he small—r region
e ochitals  UE (r) should thurefore Look the same

for att ., ast £ becomes negligrble +nere when

Compared to +he potenhal onergy .

'ﬁ+ta\r3errﬂmahm+oud.‘ﬁemnf; near e
classical Jvrn.'ry point the balance of kineh'c cmol
poi&nb’d emergy is delicate  omd Hthe slight d.(f’fe(enf‘
values e, E, = - Ry/n* {-ur ne,:’hbon'w(j n-valves do maka
substunbad  clfferemcas i addibonald plodes + Lobes appear.

© To exhibit The commonality of the high-n ecbitds at
Small r ane has fo nocmaliza in Sach « way
Ahat tay stack with jolentcal Slope at r=o.

of »  Hydrogen Conhinuvm . mus

e Thus , ++ is clear that foc small E>0

conhnuum solabions
exist which look the samz

at small © as The f,Jhej orby'dals,

 However, as these is no classical Hurning poiat for 20
there is no incenbve for Trese orbifols +o go fo zero
us (== They will he normalizable only in #he Dirac-d sense.

* One cam stvdy dne propeches of +the Coulomb waves, in
Far‘h‘wlar -M::Z usyhihvh'n behzn'ar, We llushrate somd. of
Hom i the Maple wrcksheef, These stafes ace neadeol when
Cﬁlallqb'nj lenizahion due to radiahon or pachele -'mpqc‘t
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Interackon with eleckomagnabc rad-ahon

- Considec a quamtum  system (atom, molecule, nucleus )

exposed 1o a beam o photons . Descobe fhe latter
at the leve( of o classical Maxuwel foeld . Begin with
an clacime frdd  descophon  (magneie feld effecks ace
Lss impoctant in  pon- relahnsdc” Systems).

In #mis approach the EM frehd 5 a soucc (or sink) of
emergy . Its effect en The guamtum systewl is olescbedl
wa N - depandemt  eleckosfahc  potemhal

V(F,t)  obtamed via  E(FA)=-V VFt)
Ls fretd associated whn
EM  wawe
Trme-depemdent Schddingel egm (TDsE):
AL P L onergy of The quartm
h2 s = (H,+VE&YVD  sysom 5 no longer
g i

consesue

In this moded e assumphon & That the EM f[reld

j.e.y 4ne source (sink) of enargy 5 not affected

by fhe absocphion of phetons when exc'tablons bccwr

i the  guamtum S«;éfﬂf: (Goantvm systom = guamtom mechamol
Sy sheny

The model s sSemi-classicak in e semse Anat

the num bes of  photons that form e EM wmwe 1S

considared 50 huge that ene decon't need +o count

e, The systewn (atoms, molecules, nucler,..) is

no longec closed , emwrgy need not  he Conseved  re,

<Flyy =y (Ft) +  9cF) exp(-5 EE)

Similar situatons aose n collision physics: r;npux:f:
of a prton, eleckmn, fon Cam be descosed classically-
response of The guamtum System asing the TDSE.
A‘ppfox,'mn‘b'\ matuod o calcilate fhe response :

hme - dependomt pecturbakon Mooty (TDPT)
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* The quamtuom system withoot patucbakion is defrmed via
Iqo' “747 E E,‘ “Q‘> 45902y e (&:de:e“tsﬁk-r

with bme evoluhon .2; he Wﬁ e,'?m-gu}es accocdimg oz
L = exp (£ a}t)ly:f) | a5 fhey seksfy each:
P lyws = ﬁolx&a» = & Py D] (e

*The pecturbahon is assumed #o ack over a frnife
tme  0<t < T, and a smalness pacamets A is defonad:

V) = AWt WEI Lo for Eenl T
< The fult Hamilhoniam: H(E) = f, +AW(E)
* hrkal condi'hon: ,at T=0 prepare The system in

N

an eigamstate of Aot IV D = I (e)> [h el

< Objechve : after tima E=T, when the achon of the
patufbabion /s over, 1he  systewn aga-n s governed
by A, . We need 40 find oot how The guantim ensamble

[¥ (£>T)> /s destibutcol now over The ergomstates /\f;),
ce, what frackon has undergone tha Feamsihons

24
T 2By - etaske channed
I %% IY&> V= &‘ wr EI T evetahinn
EER L ajeck

Y= ”,, wth il'<%" = da - excitation

. S-Fnr{s’vaﬁpm;nt: Matix representaton of The full TDSE

Cvdn D0z A +AWA)) in terms of I?o evgemstates.
This yields  exact  “covpled - channel " eguahons

Then  develop a er furbahon a.,ofr‘o-u:A and  am
intecpeetahon of reswlis .
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ALk
“Noke: [YWIE)>  sabsfres The full TDSE with HytAW.
cWe expamd i [W@E> = 2 <t Iy, (h)>
i<0 ¢
Jashf,mhon(m'h.wf amy indicahon of proof-)
—the o,?wmm flo, iey e [§> span Hilbat space
(form basis for any stakenacy phoblem of simitar Fype)
»{‘Dr each o

These e fnow The  enact hime evolubon under
e Hami(Fonianm H, Tha lineas
principle o

A of +he TDSE (.
of PPE)  emswres 1‘? t

Cp = Complex-
17 v

ecposition
at  hime- dopondant Soluhions
c a4 problew edl similar type (Hamiltonran A) com
represented a Uneac “Combinahon of Tht evolved
cgemstebes of Ko, ra., The Y (00>, 47,2, o
= Thus,

sk iyy = A lv> ¢ AdY>

‘ﬁZ(c > n(w)) i
e i=e

W 5 +AZ€E W(ﬂ w>
470
Now peoject onto

Ivk&» amd  nofe The Fo//cun*.

It
<YW YE> = }_Dc ® <Y, (t)/yce;) Zc 5
4

ﬁ‘«a,,/q)
i=o Pl
T N N T AT T U
< - ¢ ;‘(
<k +dh 'ZC;WVK'VJ) = %_cd.e- AL
+ ¢ < ;/(t) .
- Co ~channel  form A%‘J el 142
of THSE 3

chc, =2 ch

® CH | Wm] ¥ © [
J=n
Typreal inihad cands/\'oy\ £

. Cp(g)=L ; all othr Cig)=g
t=0)
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In_swmmary : s a rewtt of using |«,3.<e>>-_e" ng

F—or e mabox reprsentahon fhe TDsSE Fakes The
Simple form : L =
kg =2 §_ wa, (63 ¢ 18
skt
ch g1 =0 +)

n the close-covpling appeoximahon Ao the coupled ~channd
vahens ene fruncates tha infnike System  and Solves

Coupled  diffecent'al equadons .

In TDPT one avords The soluhen % 00Es for tha 5.
Ome expamds: &) = ) + A ¢l + AT 1

Isechon into the  coupled -channel TDSE  gyields yeon
isolafon of erdess of AL

A kG 2o n (e) = const (iniked condihy
" I Al " 1 (o), 7
A T AR JZ.“"A(*”W(“W?(“)? () | Socesnive
ERE: B N ACIAAC) cv."’(e) k iohi7 e

: ¢ Contnbeahtrs
Formal solubon:z consider tha case : Systewm 15 peeparcd
inchally in P=0,ie, The gromd siate -

7 (Ol ) _§ 1 for R=o
WE 2 lools @l cko =i o -{o else
Tham @ ocdar {3
ctepys L ft ' ' / Lol
k=R ) SRAWED Y, @) 4o [Cglwienly) -

° :
Interpretakon : at tme t=T, “explE (508,00
wWhom e perturbaiion is over, we lkmow A

the occupahon pmbabitihes for all &;zfnsfnfes of H:

RY = leiml®. Guesken: s TRO. 1 2
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what' s the physicad meaning of the calcolahion ?
D on the RHS a‘é The equabon we used at ol
HBmes o<t ¢ e u,.',umrh.ul wizawe fon ch'on
cJ:“)(U =8 (2d7), iees, we assumed am
umexhaushble supply <f atoms (systems) in Fhe
inthad state ( ground stebe for The purpose hae)
2)  while this m be reasonable foc weak
partucbakve l'nﬁaeh‘ans W (t), thrs
< for  later himes

am ol

a\{ e
A amsi

assomphion
When depopulahon
inihal stabe  begins to affect the
‘bon rate (R = ek en))

3 Iclusion of higher- order contobukions i A
allows Ho buld up Cocrecled H'me histooes
refaxing the assumphon sf am I'nfonrle sopply
‘Zf tnikal-stake  atoms.

4)  The complete reswlt 4o frest ordar :

. t o .

[ a) 1 ] £ (€ %)t oW

Q@ ® ¢ v Ay =5, - % uje v, ek
whre v = < vanled = A<p I WEp>

s)

Queshon i should we freat ¢, (t) = C () senously
at thes level 7 :
' DR 2
Tramsihon pababitihes s P_(E) =E‘I§ s Vkomat’/
'
(&= + (Ek'5°>)

act 2
fskead of B 3= ]1=£ <o iwanig |
we cam defrne  en The basis sf",,o,m comarvahimm

Pl ei="11- > ) bé:elnp‘% fiest-ordec PT

A when P, pl6> <</

0
for alt k.
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We use the firsh- ocder result Ck“)(f) +o _sfm,u/? Fre
secomd -ocdss reswl bt

dl "

= & Lot .t
e e ot Yt oY% Yig
CLLI P Jj:ofoat OSJ{: e R oe <y il

. < WS g
e = f
(w"i =% (e, ig))
This allows to deaw the Foll'_‘.w\'né cacteons
1%t ordec B Z"'arder:
Hime t *
wa) /e

T v k.
fo
0

The. diagrams  have a

one-to- one correspondlence
to the

indegral expressions foc fha ' lorder reswat

Prachcal appl-cahons of h.bkepcn.ur PT are possi'ble

repeated fime integrals over The mato'x elemonts
com be calculaled Ce.g., fm Maple oc Mathemahbca)

Intecpetabion o the first-odec fomsihon amplitvde :

Given & pectuckaben funchon V@) Veoft'
defrnad on e intecvad O<t'<t [ amd
assummed 40 vamish ovtside ttars inferved —>

Evaluate the Fevner Haumsform of this _J

finite - intecval  pacticbatbon at e freguenc o t 1

W =leg=ed/h  F° obain the Humsihon probabiity amplide
(Up +0 simple factors) . VoY

t
Tt Tt
»;Xg“ y e =3 &“tvk Wd — e
2 =

& w, e
ES < ko
Nole: for t > moany cycles of a monschromakc puse |
of fequeney o > resonana peoblom at Wy,=o!

D gy w
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We denve a wd rerudt from hime-depen damt pactucbabon ‘/)ua«q(
Which  yields the adiababic apporimaton
We begin wdh the first-order solution for the probabilily ampliida
of omy excted luel (kto)

- t lw, t
ekl |l e
qeo-%J

33

slowly varying pectucbadkion

(ot %ot
e \/(t) BN
LE o] gy \%4 ﬁj C o (4 vﬂr
s

QV(Q')
z - ol
LG % =y gy e"“ﬁot - <l/,,IV(tllV’o)emL't9
Kw ko £ _ ¢
Y Y tigenenyies
assuming Y, (0)=0, of e
Now assamble The wmwefomchon +o 15 ocdar:

Iv> = wlvw> + Z ERCRRAY

Haw, »g e
4
w.;vlﬂlgp gt pa“
ENR AP S éo £ e (N7 fﬂbﬁ
<RIV 105> -4 g9
-k il%) + %ﬂ Eb"\‘i,,“” s }e,

S O e 9 S =
Take V@) as a paamedsc ia t  stabienary
$] condmins 4o 1%

stabonary P T

pertrbaton o fi,
ocder Wawefuackion accocding to ren-dugenaate

. Defra it 4o be |%lt>> e 3¢ sedsar acurate
apgrox makion Fo Awe igtnstate of A = H +Va) .

Iy % 19wy € 25E

Really: £,6) = £+ <ol VDI > |

No ExCiTATION ! (4o 3+ oeder in shat. PT.)

We denved fnat oo do o phase (g0 vs £ P) e system is
descabed by am eigenshate (e gromd staje) of +he Combinad
inshantanéous  Hamiltonian R = fio + 0.

Applicakon

in slow atom-atom llisions, B:’,;«%’:f’f

quasimolecules
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We now elaborate on the phenomena explored i TPPT. muws.
Consider harmonic pecturbahons In oma of Fwo forms:

W) = W sin 0t (D or W& = W caswt . (2

In e second cane we can Fuke W20 and explore +he

Suddem turn-on at t=0 a constamt, imterachion (n hme
descnbad by The statonary “obsecvable W, The matix elemonts
of s observable  are dimoted as W, = <FIWIL> and form
,},Jenmz.l a complex Symmeinc Maten 30 that Pa overalld
Hamiltonian s hecmitedn (th 4o have real L}MM},

For ioterackon (1) i# is convenient 70 express i using exponentials:
: W ; ~iwt
W @)= Wosinot = A (LA s e

% i
This makes the calcslabion of tra 1% prder ompwtvle easy cumd
allows for a wseful interpretahon: for excltabion <>

1o semz bound (evel Ind:

P g ]
[ - W Clwn ra)t i, —a)t
e, () - [w i Jat

T L R ET ik
2o - g
i gl 1y = g2 Wacl® &
The transibion probability B (4) .Al# |C...3)

For interachon (2) +the @rresponding  expression is

Prog ) = Wﬁ;l‘] A e““’ff“")*—r—
= —

4R et " Gy mw
Whidh o dke LUmik w0 : (DC perdurbabion N
Jurnad on suddent:
— ) lk/g_.]’- “_e.ﬁwﬁt)z R W, [ Sin & et = Y
o ——5——‘ ¢ e S 3 i
< * Lo
Depending on Hna ducakon £ Awa Aransibon B
probability £ at eacly hmes , Hhom peaks, (w=°)

Continues 4o ba valid? (decreates again).
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The expeessions foc the Framsiton probability  emphasiza
tuo resonant  condikens

Cohan-Tamneauy
s~ alia Y E —T‘_' b > po1293
B ——@r—rg> TP
~ resonant W -w . resonant
Sty excitakon # do~excitation

1\101‘(\’\1"\ fw is absocbed

Quamtum KW is emited due
dua Ho resonant  pecturbaksn

4o shmulabon by wesonant periutbh
cNoke thet whom wxw, or w -k, one of fhe tup

teems dominaks dhe probability . The two amplobeles are:

[ excluded

(W, ;
: i ol W W)t T (Wt w)yE 5;“3(:%; +9)
-k = O T 0 )
* Lonsider now the cane lw-w,.| << [w,.]  which W,
3 §¢ *
dominafes , iie., A, cam be neglected . We $ond:
P, L 1% lh/;; et §(uﬂ_“> ﬁﬁ'..;llt)
i T T | A iy
7 (W -w) 4 aw=

*Assume t  (ducakon of Awe se) vs fixed.
As a funchon Mz Pomdamantul  frequen:
of e pﬂ!’iﬂfh:{hv\,wl uwe obserre A ¢
resonamce uwhan W =W .

% o w
o Width of e resomance V| /puise dummbia Rooks L?K:\.‘t:r“diﬁfhck‘qv\
(long pwlse —> Hnly imonschromabc) i

« Tha infensity e!r e resonance (pmh&lp-‘(.‘{y ak peak) i
propoctonal 40 the pulre durabon squacsd.

* for @ shoct e we o a  broademed venc Aruen
omd  cam MF:fQ g khﬁ‘e:lknvp happen ev.f:'? iy z} zﬂ:ﬂ_
tuned v actoraiely 40 Wil but the Homsibion probabilhy
is reduced, sina tha “max imoli T value s capped at a
lower value (~t%). Thus, we connected om emwgy ~hme
(frequency -tima) Uncirfaindy  with Hhe  external pectuchabion .
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Some comments opn the validity

“The argument that A con be neglected as compaed to A
W baned vpon (W -wp | <« Iwﬁ.l. Fox small W, r.e.,

lany—wrewn_.,ﬁl of DC pectucbahions fhis  condihon Gannot
be met. To understamd what happems ene draws the

A, contnbubion alewe, uwhich yields a mictor image of
fhe }}_ﬁ plot , anteed en @ =-w,

*For short perfucbokons e wdth Awx %r Cam  becone
so0 large fhat The fup poofiles ovecl Than, the approcinhin
+o Isolate amd Wtk ot ena condnibubon falsy and inRrfresa
betwezn A, amd A bewmen impoctamt,

* The Unmitng condikon +o avoid overlep: o << A1yl
¢ Togethar with the width formia ‘%" welw ) o £ ~':—)'r

%
+ The condibion for the pudse : tmplien that
the pubre shewld contain many cacles .
¥ 1296
< InThe DC Limch the amalysis @ skoight forwand "f-:’:,m_-,-.)
© Valcdihy of 1% ocder TOPT,

Consider the Wumsibon probabil"
2 2
F’“}: (t, w=uw) = X i‘:ii] >, CGonside lenger, and longer

se duratons t. Clearly, at soma point tne expression
“txeeds unity —&> nonsenie.

e reSenand ; W=,

2
* The ralidity cpiberion  on resonand : tee 2h
AWy |
* Nofe , we also need: t o>» 20 _2m resonance )
w P

These are necessacy condi'tons. Suffeieat condibons woold follow Seom
eshimates of nagligble corfeckons due o higher orderterms.
* Combine. the huw hewssary condihons : W e ¥
ﬁ v “pz T AW |

= E -E; = 5 o ‘ +o
B e e e ||
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Tramsikon +o final states in+he conhnvum

% 1%
If the final state 1> belongs fo he conhmuovs i
Fuf of The speckum & modificakon s rguired. g 19>

A
« Continuum stutes, i.e., egenstates of H, labeled by a continvoua
index such a5 the positive emergy are ot normalizable inthe
wual samse amd thace iS5 am infincdy o tham wHhin an

interval CE;-AYE, g toE].
z

In experiments involving such stafes any mesruement /s pacformad
Witn o finide resolubon. One datermines ,e.g., the protabil;
of finding electmns i am energy window an the ove  above.,

Thes, for a given stafe |y to be amalyzed in tecms

of States [§ > the quambity j<-p5i|wm>1’- can only

£ "
mean a probabilily density. This dansity is to g rmiggomied
over the  BE window o gietd a probabrlihy Ho find Fhe
pacbicle  wthin EE;—%E, E;ré_zsj.

Density of stwtes. Consider The case wher the potentad
in the Homiltonian Hy Vs of short range (#his excludes +he.
hydogen atom peoblem). The combnuum stedes tham ace similar
1o The freo-pachcle states | because a&yMr‘l‘DfiL"lj Jor aze T
the E>0 pakide  becomes free .

© Poalyze e state IY&>7 in tecms of eigenstutes of
P oamd P2, i, intems of B4
Ll plane woves: <TI@> = - = F
P ey

= Frobabitty density associated With momentum Measure ment:
[€6 1 ¥O>I" 2 [<KB v
* Measurement™ intecvals: E’,_ = Elt éAE_; entsgy resolubion

2m
amd  solid angle A.nf about E angular resolubion
n I
-7:»{5 ;Luﬁus a domain i P-space: Fen, ¥ B mﬁ-n§‘_‘§
roba l'l-"’y contnbubon; 3 B, S by
AP(p},t):fPE‘f%P I<plvasi> Ry S b
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< Now the mememtum integral shall be converfed +o am onsigy
integrad in ocdec 10 ba onsistent with Hhe TOPT expessions :
&) = demsity of final

d¥ = pdpdn, = pE)dEdn, 521

A, = d2e =
- Here : E)= p*¥p o B
e fe pE) = pf :l—fE‘ = p

. . s = = 2
Therefore: AP (f, t) 'Leu{, d dE p(E) <Pyt |
Eeag,
¢ This acgument is genewalzed +o the conhnuvm eigasimbes af
ﬁq Lnfzd "j contiouous index &, which are Dirac-d normabzed:

L)y = & (ct-’) o caw be a set of indaces

*A goup of final staks is dafred by a domain D, with
pammeters o comdeed about o . The probability

AP (o, t) = [ do | <] yew2>]?
oA €D,

;
© Now instead of o use the enargy E amd addi honal
PA(EM'/!I‘S (1o characknm The final states

- 5 @E)ApAE o APl 0 dﬁdE.F“E)F/SIF/H@T
Fermi’s goalden cule. EEAEi
“Use fhe [ order TDPT expression with | ¢ = IB,E5 for
the Hramsihon pmbnb 4,.0:7 from a  dasccete .n,;.-l state g7
sint £ (8 -6
I<(s,E|+(ﬂ>] x‘ |<mEl Wl W
N "’ 1> for o constamt perturbakon (>0 Wmik of @set)
« Now sum +his pmbnbrbty demsity :
AP (g, ,t) = f,, dade g (4E)[<gE Wi F ot BE)
e
EEAAF%, The funchon F = mexican hat sAap( (sine)

where e Sf""f-ﬁ(E-E;) 5 cantved orL_E E; , has width, 4
7T -k Ak aent ste-e)
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< Now assome that the pubse is sufficiently long fhat fhe
Dicac-§ appoximaken +o F js valid wmder the iwiegrel .
This is joskified provided  p(B,EIKEEIW] g 3]* vapes
slowly Py onergy E. The €-miegration becomes Frivial .

» For small af and smooth vanahon the  indegramdl with /3
an integrak'on over B yields infegrand ~ fimes 4@,

© Dishnguish D canes:

(@ initkal enecgy E; is within e domain BE, abort B :
o
AF (g 0,10 = 4 TF|<A -5 W14 p (4,626 ;
@) £ is not within AL : OF (@, a;,t) =0,

We can only mduce fransibions befwean states for which
E; ond € ‘are within The enesgy interval Ak fy | becawre

we cwnsidued a constamt (wW=0) ,nan‘url:«h'an,

For the allowed dcamsibions +he Pmbab:‘&'fa grows L‘n.aa.rﬁ
with time. Thus, ene defires a Tramsikon rate
- d T Shant i Bive !
Aw (g, ) = 5 a8 (g ,et) ! e A
For convenience one defnes a Framsihon rate diffrental

in the vaciable (3 (which offen is Ry )

Aw(y;, o) _ ar ) 2
s, Gl = I<pe g |Wigo*p (3 E =
FERM| s GOLDEN RULE

For & monochomahc pulre of Jrequency W amd ducrahion
we Guple stakes fom E; to E ¥ E;+Rw. Dngéohv? A, prob.
amplitude  con'butes —> we Lose o factor of 4.

AWy ey _ A %

20 = % |SB, g = E e Wiy % (3 g =g 40
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5+a.4s'ana.:7_p¢r4vrbnls‘on of dagenecate levels

We have avoided so far i statonary PT +he case when
@ Fz(-fvfba-h‘ovx s .a.,ap{;eﬁ( Fo  ergenstates of Ho Wit
repeated (degenecale) €genvalues. Gien a Sitfvahon

Ho=H, +IW H,Icp‘j> =E;l%:.>

Felang,
o
9% dfferent egenstutes hare he Same egemalve

& degencracy level

They span a subspace {de> ,o‘=r)1)..,3‘} fny binsar

Combinakon of hese Shfes 15 am eigensiade Wtk enegy Gl
< The problem: Witk A£0 we cam eupect: degeneracies to
bo Ofted amd ta e

gemvectors ef _H,¥Al) 10 b2 unigue .
How &5 the pertucbakon calcalabon

supposed +0' figure ot which of  1°° s
the ®-ly many possible Combinabions g° g'
yields Hha wetect eganvector ! “ b
Task : valike i e non-dagénccale & Eage
care  where Hie zeroh- ocder wavefonchon Ho

) T A
was Known + used drectly to caloulat Ey°,

we have Ho let the caleslekon deformua |Fg> T 1fapd Cungud
the correct Unear Gombinakon | 7>

Lo Linear combos of 1¢“:>
which will +urn into The cocrect zerotn-order
State for The perturked enwgy. caleslabon

[0}

Prsatz: Eyp = ETAAES NEMe 5 Ipg>e lj.ﬁ A lgE> e
ins::“-’;h h":an(:r:;'kvjref;w\‘nhkm of tha) steabimacy S:Z&d-hjereyn.
order 0 Ryl NN &> Aoegn

Lo B> e WIESs = el v +Ef(?\q;d;>

w Wl q;}’> Wl ‘f’d:-%

"

e @ Wy, 0 ) ~o
Bl T EI0 D BT 6
The maiox repesentabion follows by projeching Hhe equahions onto
the unmixed [9,0> avd wsing

= mixing coefficient. Jo be determinad | l ke ' Fun = Q,:;
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Xepal & e = el <
The. A -aqp gf“"*t'W'Ej;)"M’“;fi): Gt Yal gy

R =l gy

This is a matnx eigemvalue problem [ size x :

vk Sl FEG Rl R

« For each d.e_jcnude H, u’gﬂmsﬁ‘e labelad by o with %
degemerate eigamvectors we need 4o solve this™ small matvx
problem 4o find the pecturbed  elgemvalues ) (-e., e ewargy
cortechons £ | iciig , Ho form E. v B +AESY.

EER ] % ] o %)

© The eigemvectors of this Small maiwx problem can albo be
Computed fo determing the corcect zerom-otder wawefumchons
for solving the  Hoea wgenvalves o furst ord=r in 4.

.+ The eigenvaloes ESD follow rom the condikon foc o nondrivial
solohion sot o +Hhe ) homogeneews sysiew. Use wJ.: =<2 10N>
Charretensic eqm!, )

W\T-E,‘\“ wl;: W fas Yu roots:

det S ' = 10)
“‘I;I Wy, mEy < Z 50 Eg; salng
W T Y L Some coots ma
(N Tk | shill be dagene ,34&.

Note: in e basis of foind egouvectors Hhe matsx WJ: s

Niaganial s g
<‘F:L] W“f:é> = E:; SLJ' Ly=lis$a

Higher- ocder_coffechons. These aw not as stayghtforwatd as i
$a non-degene mbe care. We wote 42 completenass rlakon by
sepucahing oot te dagencrale states for level o amd using fra
" roth-ocder stafes: § ~ ° o
proper ze Stafes 112,%’)(%},”2!%%%;
i ¢ pax
Lndl | Sptd i
o) <Ny v gy 5 e )
12y =
fy > k% "&AW%“@) -r[\?_‘“llfﬁ)(\f}sllfq >
epansion coefheients to ba datarmined
With the poper zeroth-order exgenfunchons fl(fx} >, (pﬂf one.

can ge into The expressions for  nondegenarate PT +o caiculate
Hhe 374 ordec cocrtechons, che-
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Applicabon: Lineac Stark effect in H(n=2) atoms

Recall that due fo e left-night symmetcy w.c ot z-axis e

Hus)state  Wan showm +0 hare no dipole moment, amd therefoce
no Lnear Starck effect. Naivel

ly ona mght <pect the same
for  H(25) of H(2p,). These +wp States (aswel as H(2p )
are onarjehically dogenerate amd Share the mzo agnahc g Rmbol:
+ Compute the requiced maidn'x elements:
we'm! . . .
Wotm = S Prtmd 21 fgimr? B = Rag ) (2

7 z=rowsd = 4T LJ?.)
= @_gr‘&r Ryt R 0 de [ % L @524 ’/—

Selection rules detecmine whem Hhe reswt (s not zero.

Angdac integrals:

Hhese are evalvated in Ferms of
momentum couplin

&
g oeffralents (Clebsch-Gerdan c., of 4he
related 3‘}' Symbols ) which have selechen cales .

e Nfe e
[ [32 oy 0, o= " Varmncaen (£ o i

2 00
Clebsch- Gordan coeffieant?
bbb\ gl expansion oeff. for
m, my g — <am b "‘z’ & -ny gt :n%«hr m::im
i ————— in 4erms of
& uncoupled Pm«ﬁmk
(*- &z),) e Myt Emy =0 13 my o1, m >
m; My My

|

L3, ] € 3a € ity, Adamgle imgqualiy
hHo h> 40 (ff hitdaTh =even
000 FAnamgle nequalily

Note : Maple
Cam calclate Hhe

indeqrals, but
This yields: cam't prove or
9 [n=m’) ond (AL=t'A=t1 wse tha seleckon
consult books /chapters on Thtory of Angulac Momawium b B

integrating .
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Complete the Caleolahion for a hydrgenic L-shafl?

{9, , PN LFiP.,E are degenerate | represent {If";)}

C4-by-4 block diagonalizakon: s
° A =
%mr S %4»- ‘ w E ! LPLLIM' £ aLIm‘ =3

¢ Madx clements :Wz<2s| eFz]2p, > | alk otwers vanish,
o e s

23 2po 20 'L"" real symmednc = <2 leFz |2s> =Wy =-3eFa

B [FEY Wiz 6 9 Boh retss
_gm W\ g
R N (E7)- €V wi=o
! b =1 2 v 4z
ol 0 _gw ekl
fac L Ysoukons: EV=§0, 0, 4w, -W,]
3 (1257 +i2o>
*The o vechors  dascobe which E 2p, emain
combinakions yield States +hat ace =2 G
pecturbed  peoparly , amd which have g w22 -Rp>

the appopoale emergy  corfeckion - ::F

+ The D electnc ketd along the z-axis  masatains the
azimothal symme Crotobional Symmetry abost 2) contasnad
M Ahe Cotabonalsymmetyy of fha Codlomb Hawmittontam Ho .

N
© Tharefore, m cnbinves +o classify He  egemsheles ot Hols
The 1207, 12p > states cannct "be mixad amow s lves
o ith the m=0 states 25>, 12p>. This is signalled by
‘e zemes in e W-madx.
1 emer coccechon |
w2 ns2

~ oo - 9
El. L Elols lq5:‘>;l‘f":—|) ; Ed=L =0 “PF:.)“ \L?2h>

w1 T2 " » T TR
llfys i ‘E(W’zﬁ*wsz)i E;.— Wizt |t=q)_ﬁ(lwﬂ)']v2;f).

¢ Nole: the new zed-order eigeastwes have pecmanget eleckic
dipole maments whose steengti is  indepondat of fhe fold sheagh P!
The H-atom solakon in pacabolic cordinates obtadned Hhese
Ggamstates dicectly. One shaje has moe  eleckon dusly af 2.>9
Ahe other at ze5. A tHny pertucbabion (aWj Seld T he lab)
Makes these stabes Hng worrect eigonstates . ..
The enecgy cortackon is Uinear in F. In atketiatous (LiGs) 557G nodogenscy!
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Ato fine stcucture

Now that we have a computatonal methed for approximati
sgomensgies amd egemstates of Hamd(toniams made up >

a solvable part plus more compleated parts we Cam Look af
atomic spactan, and the H-atom in parhrcvlar more closely,

The Scheddinger - Covlomb problem produces a HUs) state 7o
which thae must be cocrechons from special refahivity.

The Bohr veloc: foltows already from the old quamtum Fhaoty |
Guonhze nﬂ\?«uof momamtum !

mvr=nk =12, ‘elds for n=(: LR r—a—f‘i
W=k nshz ey o=l “hp TR
2
v S e 2l E] (fne stvoture constant o = &5
r 137 1l ) Ko
T 137.04

What' energyy cocrechons cam we expect ?

+ The nonrelahwshe  Scheddinger - Covlomb omargy vself:
it me2
o o meny ot e
=~ Sis ~aiie, O(F))  as «=f
Relabvishe kinemahes provdas  O(x*) correchons fo This enayy

Magnahc [rold effects beyond electostahis alse contobute at
this level.

. Fine shucture = O(x")  emugies from special relabws
(magnehe effects ae @ consequenc of S R)

Detar(s:
. Kinehe e = rebbinishic
Kinemahcs: T = {m2ct +p*c> -mc* n_ﬂ?,aesf energy
i i .
foctor wt mc® + Taglor expand i £ (Small)
yy I 6 = 5
= T s +&6°) Calculate perfucbabon of
eigmenergies due o
Q: do we need do worry 6;___1_ '15"
abost degeneracies rn Hy speChrum? T T dmic*

" i 2
A No because H_ has rotahonal symmeiy <., f’:l Indm>
bases won'é become Inappropoate dua +o H.. NB: Pz symmenc
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Caleviate: g _ )

T 8 mic™

2 \* 2 Enowled:
Ay 2 ~ 2 wre  Knowledge
P’ o= 4m> (L ) =4m* ( H, + %_) expectahion v:fm

<ntm| B nemd by e dnck.

EGT I °y2 °apl 4ol
e e e e B e

2
Vitial theorem: In +he classical Kepler problem Hi= b .“T_
for e peciodic orbis eme calcdlates the awergs 2"
over ene pecod omd  fnds PN r gEree
HEE 2% |naaes St S avesge & >=-CKH»=-F=-3<%>

The same relakon holds  for Schddinger expactahon values.
Calevlahon —> exercise
Also  (R.Shankar: Exercise 17.3.4 wdh some hinfs) :

¥ N 2
8> =B B id yelds fhe ol
T ot | a0 (2415) A+l fanemahr corcechon :

PO | Nofe. how Dy beume
[E,. = =g met)x [‘ Gt T TR || es impoctant for high

Spin=orbit interachon, The elechmstakc Covlomb infecackon -S4
would be the complete interachon if the eleckon were <_x\+ res?:
In e e resk frame tha proton moves at wvelocidy -/, amdl Can
be oughi of forming a curfent lrop. A magnekc potd is
induced  according the Biot-Savart (aw:

ol A LY The eleckon's spin hea a magnekc

by moring profen c =] moment /;; z- 2.2 asseceleduwidn K

me

8 -

a2 o s Al e*s.l

Interachon e : T B =] e (pke] w2 JRISH

BRBORERL Hso b g (pre) me (27 ez

This naive considerabion is weomg by a facror of 2 (Thomas fockr)

The eleckon et fame s not e inerfal foame . Cocrect dedahion

follows  from fha relakvishic Wowe egu for spin-i parhties (Dirac ega),
£ 2z A5 2 Ny A A -
e L LLE Elleoc® = VEY

Bl St aree fret Sj} T o DAE; T

2is

Expectakon value calelated in Schabdinger —Pauli Hnsory: wF = wiiy. X, .

Spin
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The detuils foc covpling (Iﬂkjer) ochital cm
States Habeled by £.=0;l52; with (half-inkger) spin states 5:51
can be found, c.9., in Coham- Ta\nna.u(, et L, p.lO20 =3¢,
follow +ha gonard  ideas o wuplin angadar momenta
and Jied in wordinate repreée{:i-\lson a States i hJo
representabons

dncpiadd (Fy=R Y (2)[! -
bjen::fs( \rlz-‘;mmszizr) ne Yﬂm )(17> dicect

m omentim

P TP product-
.
85 = o) states
AN LN TR AT Y
"3
opleds Y F) s R (umg AR
9] Vzes] o
4;3;»«54‘4:3 e r—"l_mlz YLM z.m)
6 Ft0de "
ghess o @) = R ] R Y TR
=l 5 \f/ il - M
4 (B {22+ oy
2 o USTEEAD At

goud qoanchom nombecs (are dogonall T dhss basis | 1, and 8, are nct!
The covpled shates are special cases of the copling scheme

Fmasy> =3 N emylsmy
"l"lj
Coefficients c'sIM = <4s

sy 5 momg [TMLsy

are obtwined by diagonalizing < As;mmg (F2Ls;m' m!> as

the a.gu.mhm which corcespond +o the allowed aigemialuco

of T* na.nlL’J TT+1) with T=14-51,.., £+5 . In our cane
4= lrg (pper state) “omel 4, =h-4 (Louu’sl-le),undhw_
mixing oeffrcents a fue up.:ss.an

The Clebsch-~Gordan

Expectahon values pow (nvolve Zjdr o take care of The
o -Component nature of .

s, <T'MG 041 A, IJM L>=48,4.8, m,{g,,,)

W for §
bmc <f* e (m) fr 3=

oA I A0+ 4]
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The regoined matnx elemont <% = [a L (L] s
Culculated as indicared ™ €xeccise 17.5% n R Shankaf,

Inthe cane of £=0 Auwe is ho .sfrmorb.'} interachkon yet
the expression yretds a Pl result. [+ agreas with ain
addi bonal 4erm  due to redabirshe Ka'nemehes (Dariin feom),

Thus, tne total  fona- stonchue  enargy shaft i

Em =E_’(_‘)+EO> - meta? u‘-( |

WG ol AT S - 8 o pad
Fs S0 ze n 7L Amj for =423

Romacks.  Noke that takon separately €2 ond £ ol
break the degenara Mwm%swl?mmmlwq‘
Tojethas the States “conhnue to e digendal , a fack which
persists ia fhe Dirac eguaken. FPrecision speckascopy on
hydogom in tre [190ies reveaded that Ep< By (Lamb shifd).
This Shift is beyond guantum mechanis as such, ks
explasned in  guamtom €‘€Ch?nqm|‘(,§ which includas iz
radsahve deczys of <xcited staks (amd other effects ) .
1252 cam enly de va  2-photon emission (T ~0.)se<.)
white (2P> s by Single- photon emission (T ~1.6 %0 %)
Both stakes ace rﬁmllj resonanes ; the 2PD aguites a
bigger shift

from Fhe Dirac (or Schibdinger +FS) €gaavalue
than J25> dua to its much shorter Ufhnme — split

of the odegenercy . The amalogous sitvahon helds for n>2.
Alkald atoms. The FS gy shifls  are calclable wh
Fra 1 + 3 Ldv V ois e
o N I A A IO
poronial Acxpesjonad by fhe valenw cleckon, Which is o
modified Covlomb pofenhal. A famous txample is e
splitng of Tre yeliow soddum L Na Bp=23s) into a
4°v51e¢ (8.6 nm ‘Wavekngth diffeceace v5839 nm) which is e
swlt  of the postae forming 2P, amd lP'/L (zs*ILI,.QM»..S
«
The EF;) <xpression pred.‘d.—s this T depondonce of the enzrgy .
The fnal stwde is 25, in botn inShmes > 2 Lves.
2

Consalt atomic Spactascopy tables To e that frne steucture
many - e lecton atoms Cin piasy om impordand role ; inner electong enagel
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Hyper fine Intecachions

The peoton was assumasl to bhe a stuctureless Chaspd perbicle

So far. In realchy vk is A mulh-guark system which behaves asan
effeckve spin-i object  althoggh wth & Nonkvvwdl magneb moment,
which 15 a reflechon of ifs substuctire. A nowton alfhossh

Wit ze net charge also has & magnehc moment associated
with rés

spin.
For fha poton the magnehc moment cam be wohen as
M o= g s 5 = 5585 (ot fmdamental )
f o fn i M= eh nuclear magneton, is
Nofe : poton and electron

ZM/.
have the Same Spin amg. momentom magn tude

Svppressad by e
but fhe magrehc momeut is Suppessed by a

s
Ve, mass raho, C/,r:

to Bohr magneton.
mass factor, —> hyperfine effects” from &
fveleon -elechon magnebe intecachons.

Cohon - Tannoud |V eF ol , p. 1247 ff denve Fhe approprate familionim.

Isotope effecks reswtt. On am emwpy scale ~2000 Hmas fner
than fine stuchure Lerel splithags  occul That differentrate
what totak nucleac spin om s, has. Precosion spac#vscp)
(not on a regular dischare toke where pressuce brocdenigs
cblferate e effect) confiems e phanomenon .

For the hydmgenic ground shate, a poton of spin 5 inkrds
with am cleckem of Spinl Wit zem orbitml omgolar momexhan.
The HFS interackon is dma +o the magnebc interackon of ta

tup spin magnebic moments. The stale ’s chacacterasd as

v,

3
Se

=|. £=0. z0: L. L4l
\V»-JL-G) m=0; i msP_i',_>

The FS shift for Hais shte of T=3%

¢
(1s,) - EFS‘):-én\e:‘x"
Cobom-Tanmoudji (p. 228) caledate for M, =4 83, wsing

Al 1o el
genshules of ol spin F= 5,48 1 15,4528 F >
shighs for both stales. whee  F=0,)

£ = gF2) _gF % impoctant in fadicashonom
A [~TFues i AR o Ze bea ety 7 Seimsigmeny |
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. Eiaskein coefpicients

R Liboff

Wa cetuen o the subject of indmced Hromsibons  betwean
discrete levels by o radiabon fietd . We menkoned Hhat
resonant fetd Cam exuite eleckons hoton absorphon | amd
de-excife Hhom Shmulated emission. We sh'll have 40 lmroduca
spontameeus ennission (in classical elackomagmadsm  the equivbent
Vs Larmer radiakon of an accelerated charge ).

Souppose ue hove @ Lav\%
a radia¥on fretd

a

rade vp of atoms in the wwlls cund
taside” The excited states of the atoms form

quasi-conhinuom. Why? Hinds for Hhis behariouc are prondad

bi Guary molecw lar

©

%( cwrrelabion) d'agrems Which show bungk.‘.\J
sy Lavets w tndernvciear quasi -
Sepacakion is vaced. When more atoms Copbinuym

are added so-called emargy bamds foom.
Permodic  ona - oL’ momsional  5quare - el
potenhads  yiedd emargy bamds (kronig-

Penmey moded of wz?d.«cﬁm)

The Cadlakon Happed inside the can'hy exchamgen
the eleckonic states

, indicated for (evels 14y w-llt>7}

bove
sHmulated emission rate RS = (271 paporkonal +o N, (mumber
of atoms 'h |R> ; also To the number of photons ef W hv,
givem by *he photon energy aa,.sdy uw)r 4

Spontamesus emission (ak

only proporblonal o Ny

u..[A +8, uw)]N %

The absorphon Eo—> Eg L] \*.u/:'x e P
olepemds  on e number Spontamaous awd skmulakd emission .
a} atoms in stde (4,

Total tramsmission ok E ~*E,:

Ne jamd ew tha  photon emarpy dlms,‘—ia Uy

Wop = B = N, In equilibrivm abviously
k wee N, w7
= R B Wep =Wy, (Flanck)
. Ay
LN A Bt g oo Mo | o BF fom shat meck.
oy B wir) Ne
SRy A

Bex exe(BF) ~ 8ot
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2
From TDPT [+ is obvioos +tnat B ~|<LIH,, lk>|"~B
which yields Planck’s radiabon law wivd= 8THPS 1
3 exp(h¥)-)
RrT

Detusls:  Hy represents the intgachon betwem
Hhe dipele momemt of Hra atom d it the electic Fedd of a
radiakon mode at feguemey @ =2TY, i, B, 2 woswt (standing. wave)
ot = -d-£, 2 cos wt , Me have calcolated absocpkon in TOFT.
The Hamsihon probabitity [atom) g, = 1<RIE-d | 0] Sw, )
wnit hime (= rate ): *
£ fd i ly onented (isotnpic)s 1< B3I DU,
T E, pdd is ramdqmj on'en (dah'::(_). X Bl i
The emasgy domsity (eleciomagrebsm i Poyning wechor): @)= & <E2>
4n® z
T,y = e Uy [ dgf 78 (wyp=00) = B, W) § wpe-0)
Note: uw)=Uw) & (wy-w)  Thaus, the Bnsletn-B coefrcient is related
Ho tha dapole madix ejement i
g L R
Bk = T lctid o] s
Thus, e radiakon formola :
BTh®  can be decired fiom
0 € e ho classical
& Uit (Rayleigh - Jaans)
e determinakion of Ay /e, has am importamt implicahion.

Al
B

Withoot advocaking  quantum electodymanics We KFrow fhat the
Spontamecus dfcay rate sl am exciled stale Can be caleslaled
frem o quamtum wmechanical  expression, fhe elackic dipoke
matvx element !

Aht = pachal spontomeens ducay rafe: Level 1R> — 14>
A= Zﬁu = bl decay cade for Lovel IR

By, Note: Scheadinger- QM Saus ¢ exciied
5 Lowels aze o0-ly long-Gved, e
T, ='/ = Natural Lfekme  dopondonce : erp (4 €, £

K k of stake |RD Erysical reasoning —> funcle L fehma |





	[image: image51.jpg]51
Atom - Radiakon imtecuchon: semiclassical Hami(toniam

We how formoalate more fvn.(-mhu? than before e dascaphon
Of atoms interachng W a classical elacho b uuwre .
EM wawe is made up of phedons, and the most accurate
dascopbon  (in #eims of photons as guamtum parhcles ) wauld
requice us 1o skl guambee e EM fald. The crfent semi-
classicall desciphon is & precursae to field quamhzahon.
< The futh Haméltoniam is the quambizad version of a clssicd
mechamics descaphan 'Zf’ a Charged pachch inam EM Srekd

made up of a scalar potemhind V() omd vector potenbiad A1)
)

A=t [f-2Awa] « Vi)
AL Y o . L . -t e
Al A A 2 (B aver)) + (-2 (BR+Fp)) +

m

Now expand [ I+

ﬁL
The last tecm is usually neglected an it is small.
We nad makix clmsnts <k |H1€y =-2 [y*(3.A+R-F)pdt
R, stomd for all quawbmn numbers 2 IY" (¢ e
needed to classify the simte.

product culs.
cThe ferst teem: 1

ﬁ;{ %¢F)=-:.'h 7. [WL) =t‘£ [«p( v *(ﬁ';)‘fi]
Choose the Codomb gauge  9+A =o

R =0
] ’ g o e GI-'
Traefore : CRIHIRD> = =t <RIAPILY mc(klp Ale>

Interpretabon.  Syppose A represents & monochromahec wave with ©-aw

The first form of fha mamx elament : - £ (R fw |P IL> represents
, mc i

emi'ssion of a photon while going ]

from eleckon stafe 18> to In> | sine ARt represonts e wave.

Litanse the second form <= (k|| 4w, L) descabes absephion

of o photen while in i

stute 127, yiddding state 1h>. The equality of the amplhues

states e~ micOswoprc revcrs:b.'l.'ij of absocphion /emission .

For o plome EM wawe: AEt) = £ A, cos (-7 - wt)
polanzabon wnt rgor =1 7

POrmelizing aupltule , e, one photon Junct volume
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1The. hing-owiragsd_omerig MnsiRe <Uy= | SED = B 1<BD | whae
the magneic Foud 3% R e T

s BT set tis equal +o B2 and choose V=) onits
i

& AFs @"“fc‘

Here k=R =wavensmber | not to ba confused wh, 1>
ol = T
= jat s
“Now we Feomits goMin rule. and remambes how osut<i(e <)
aioa ) Ll 'y o
Aebh [ﬁ;(hr wt)+ = SR -w )J = A, + A = photon absorpbon ()
b o o5 L + ewmdssion (-)
Now: H'= H, ™  whee H  has no bime dopondonce and
acts betoeon Hhe Stakonagy Sovnstales
+The makox eloments : o

A 2 giRd
= A 2 £l
<letIL>——';’-;f*';_" <nlZ p e 1e>
Thase are Areated approxima and_yield Hhe nohon of electnc
dipole , guadivpole .. Famsikons. For ophical framsihons M
nocmal atoms the uwswelengths ace hundreds of nanomefrs,
while the wawefunchons

# elechencc states “lLve* 1n the
fewi- nanometer ramge . Thus, i1 e madex eloments The integ camd
contobutes Whow © R <s ], amd R T xy 4O R+

*h the dipole appromimabion we kiep enly the 1
<nffire> =-

P
yiotds guadnpdle
e a

AR <n| €~/>I—@>

oA
Witk a commotator tnck  bared ovpon: $= B [Hm,?J ene.
woles: »

RIPIL> = ;’" <R HPF 2 HOY = DM n P 1L

*More

MW <KRIFIL> , w= G, =§(E‘°-En°) >0,
W“ 3

CRIAILES = < RVA 1> =ie fzme <n £.714>
absarphon prowss: inihul stale 14, k> [ortain s phadan of
emission W finek v In,R>

woare vector
spontancews decay <0, R p\_ In>
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Given that the final state involvcs a photon W wavevector R
iF s necessary Fo invoke Fermi’s golden clle. The Humsihon prokbitty
rale: . (E) = damsity of photon st
dur =3 2—: IHM,}Z 3(€)dR S o teet ,a;bwfd’;gk AR
& D
L O o HE ey
=L S5 ETINMR g aw -2 [fpumas] e
d 2

c

e
e T

2 polanzabon states

The sum owec polanzakions: () pull £;0 o of maie clement

(L) pick Tha plane spanmd by T oamd R v
s A "~ A e
D € ,8, ,k Form a dght-handad sytew; gy &

Thom - %— . Fll?——_l’i:\‘~<rn',kl?ln'>[k+[a-fv\')})?lnﬂz & s o o
t g7

is plama
= csind

o T, diffecemiied provabiLs
I<n k| €indl smz\?’c@ rate g‘:‘s “f
B N i I
The makix element decont really depond on R , ly-on i P,xumfy
mi-e_lrg.l yieds the :.f:sk‘—'wh Coeffcient: - tategral - 2w factor
A = J0700 = & E5 w17 10> | CELTLE
——— i

(n']\()fL)I"+l<n’laln)l"*l<n‘|7.ln-)|=' dea
Nole: Hhis result Vs Consistent with oot predous amalysis of ELEe
Look at  AdowicLiferima . mws B

Radioled power.  Simply mulhply the rate with fhe encgy ha

nn’
I 15 astomacy o Compare the radiaton ascalwlated to +hat
of classical Dscillators, Atomic state M5 has many decay paths to
\W> Wt E <E, (provided the selechon rules” permik it} .
The encited shate acks as a superposibon of oscillaters with

_aett o 2
0Oscillatoc steengih: B = 3 5 KWl

shenghs S = AR <n!(Flasl For classical osc. rakadon o
! " pe Larmor formda!

o Liboff (2.9) proves a sum rele for T Spwe SN
Exomple; v 2] 3] Ml 5 } mplies 1 ransibon cale 2P 15 fasher
nP-is .46 0.073 02.029 0.01Y4 Aham 3f-’|5)¢k., although W yor naueds

4obe Tonsidewd as weld .
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Mu(heleckon atoms/molecles : N-eleckon poblem

ldentical pachdeo are not disknguishable in guamtom mechan/cs.
To umdapstomd the onsegucnas wWe first explon the 2-electon
problem  while naglechng (fgroring) e e=e” repulsion .

© The 2-packde Hamiltoniam :

o Ll b 5t o ae R
H=H +H = A ve) + v vig)
2m, 2m,
Hee m =m, =mg (or reduced mass?) ; VEF)= Vcrd a common amiml
slenhal = - 2T e nucleus
¢ The prublem  factonzesinto | body problems: SlioncRion
A ~
E ’ T states
Hig> TE 1> and Holged> =g, 19,2 v ety
A=l T of He saune
+ipe
© The 2- boay problewa:
product state :
Ri¥> = ely> 18> =16,>19.> =14 9,
. . = = add’tve
quuc#. & Ept gy, g tg, pmabities?
SWapping fhe packdes = ste of same E: B o,

1E5 2 [0, 9,5 s digenerake wh [¥5=19, @)
=Degonsracy of 2-parhcle emtrgy E  under pactide exchange, I-¢., pecoviaba,
¢ Product basis for 2-packicle Hilberl pace with propachas:

orthonormality : <@, 4 19, Y,

2n

> = ol f,2}< 8, Vln):a,;m 5&\.

Wtk Lpackde innec product :+ (G 1YD = [ Wy &', LE,L)
boned wpon: v+l

PR INEE S

A= ekl " HS,

20 o0 “
Comple fenesst % ‘%I li{m LP2R>< e lfuf =1

;" ex?;'fi::; K PRE %_Wm A RCUNE

omy 2€ 9
! Probability amplitude Chyt = |
o find parbra L i stade IR and porkda 2 in 14>
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o To discuss .'n&sﬁn%u;shabn'b.'i} effects s permutabion operator
~

P L2y = ga,n>

exchange Ane. pulsdl( Coordnates
I T -
The Hamithonian @ mmotes Wit Pt
A A £ n
T HA ¥y = Z—L e G 1 e ? —‘E(Ckc B, (g8, 1>
95 1 s
=>-Co (& | = | -
% o ¢ et g q’lh lf,€> H ﬁz (72 M plefety
An ~ A
T LH, Pod =0 common ergamstates to H and F, Can
be d. This gevasalizes to ot
A obsoarvables
Proper bes of_Fo:
tepeated ackon :

Pl Pie u?

>

o, A
Fo o> =B le, 00 2 lg g0 =k EI50)
Eigenvalues 7 J%L luy = clud & f:]m =y

omd B iny = Fiws =y
S0y
lw*> 5 [_W’mm) & l‘f‘l ‘fzh>]

Eigumveckors T

c=+l
W (16,00 = 1 )

c=-|
Spin - Stabs hcs Theorew:

Fermionic. (half - integer spin)
Pukcus fequie i Systems of idembcal  fermiens have

c=-|,
Bosonic parhdas (omeposite pashddas only, as ol fundamentd
matter parhidan are fermions) require =l

Leads 4o fundementally different skahsies: Fecmi-birac for
fermions, Bose - Einsken  For  photons(S§=1), pions (q-§ shake),
2He® nucled (superfi ), €-e Coopar pairs (svpercondectivity),
BE condewsakon of spin-0 atoms + molecwles |

Pntisymmetnc many-eleckon wavefunchen  ynade up from single-
pachcle orbitals™ Slater determinant = om symmebnc
wndec Pe(muhzkmsA
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- Suppese | |gfb=> s Reyg @) are eigemstates of @ eme—
il¥on

hicle  Ham. Jam |, & complele set l-pachcde  Hilbert space .
po )@ comp (spam l-p spm
Assemble an  awh-symmednc  N- packde state
prs— >
PSRN D
Ry ooy Vil l:
P, %3t e

Slafec durerminants changes sign under Uxchange of Colvmns—>
packder  m amd N ore \oer.,\.;knl,—?an*'symw#&

.

These stales ob. Completeness i N-parbils Hilbert space
of O B 'sg ramedac state vectors  (a Subspace 6f N-pakcle HiS).

S Any amNsymmedNe state for N packeles cam b represomied as
a soperposibon of Slater determinants > configurabion
intecackion in quawtm chem,
© The amb-symmeinc States  incorporale the Pawmli exclusion poncples

Two idenkeal femions nevec 0<cupy e some state |

suppese R = kj.‘ Then +wo of the fows winwda, det =0,
Z non- existent stade .

L 1> 190

. INe : (= T | .
N=Z example: %O & (e -1,

vz
lLPlL) l‘”zﬂ
Nolet o simple produmct uwmefunchon g 1y > s hot™
acteptable | objects are erfhur fermioms T2 o bosons |

« Nofmalizabion, Effect of 4a '/VWT pre-factor:
=1L PRy

ETTEDS S [y, Pl 9> < 9 %>

S B T e T ] < L

o0 zo.0

Even though  N=2  we wormalzad o unity . Semehmes
notmalizakon v N is chosen .
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Cooc danate = amd spin- patts of the wawefunchion

We cacry oot the doscussion withoot fine stwctore. at s poiety
e Hdmiltoniam contuins

Kineh'c + Couloimb emergies, No spin-
dopondont intecactians . Nevertheless, we ned to ook wt spra !

Considece N=2 ¢ Helivm atoms (+ He-like, incldes Hg, Cd)

.

The tuwp electon spins 8 &, cam be coupled to Sorm
L VR, Y A
5 = 8 @5

5 2z
; S, = 8,48, | ST e operaters foruhthi
5y N
[4,81=[A81=0 S has cigamvalves U5 (541)
5 Wit s=o, |
+ The Schfdinger equakion S, has Mg=0 WS“’;”;;-\S‘E‘“
»\ B
Hi¥> = E1¥>

is soived by ¥ = B, EILSN)
€., we Constouct JDIn" eigemfunchions  for ﬁjgt §L
Our wgenfunckons  &F,7, 8 M| ¥> =YslM:F,,ﬁ_\

Cam saksfy pecrvtiabion  ambisymmeicy

-

= i &

é X ombeymmeinc coondinale x symmedn spin parks

These dishact chotcas wil) lead to different physical states .

n e ways

symmertaic cooflnale x Gnmdisymmetdc spin pork

Tuwo - aleckon  spin wale funchons, Steck wikh 1€ spinors .
=4k

LGLTT ARG EL BET S NPT N ILER

Two-¢

& product shates: th 24,31, L, but wamt eigonstakes
of 3% 6, .

singtety (S=0, M

0): K00 = § (')(Js&x_lg_)-)(_(s,))(f(&z)l Folet
(521, Mgz oyt ARG = 1R (D Ro(8D 3 Sy mmaie
Aeplet

% 3 Symmetne shakes
(521, M5=0 0 11,09 = Hg (K,05) XL(S,) ¥ XL K (8)
(s=1, ms=125 KT0s1d = %, (5) %, (5,)
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«The spin warefunchions will be combined wyfh e spabil funchions

+ s = [ r = - =
& == ( <.
§m,’\;_ e =z (‘pm“' 1 (?n;“» R fn, % ))

RSN RN RN
A (9, @ 0, 82- 9,604, @)

+The intuikon about the singlet - helium state :

;‘I amd ;}_ ace  vectodally addad o Qo tha shorlest
skt vector  (lemgth g | posjechion #).

nlthe dgelet -ltalim stales ;

§| and 5, are vectonally added +o foom Aha Longest

tomltomt viror (lemghin L, pryeckions 1,0,°)

* Note how similac (yet different) the (520, M=0) amd

(S=1, M(=0) uawefunchians are. The Symme coper
o\.‘sﬁh)ﬁ\&ssus Hhem. e sf il ka i +}

dt is Mffcutt for radiabve dramsitions Yo connect

pora and  erthoheliom states. Term diagrams Kaep buck
of thom sepacately. Chawses in elechon spin ate not aliowed

in the wost Fmbable electic dipele  tausitons . |§+m,&dn

oot (With small paobability) them it is 5o, sine the present

pichice Vs based on a zeroth-order Hamiltoniam (Gulomb saly),

+ The ground shade of helium (and He- ke configurarons)
clearly occors e §:20 sector (singlet spin, pacahelivm).
Why?! ” T amsymmetrc  spin funchon  combines it the
symmesized prodact n oordinate spaw ¢ * 5 .
This state ous  My=n, =1, emisprKcally Moty
e lowest state .

In the orfhohelivm sector fhis stak (s fochidden, the
lowest -possible  stute wpold be A=), 0, =2 , cleady am
excited state (which hao a hard hime o decon dufo spin).
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lndependont Eleckon Model for Mauy -Eleckon Atoms

+ Hydmgenic atoms cam be solved eyactly in quantun machars
* For the helium atow we hawe conskucked appaximate
e wawefunchens o highlight the vole of spin  amd

e associated fermionic character of tha eleckons .

+ To wnderstumd e principles behind the panodic Hable
we how consider The ground -stak problem of atoms @nd

Yons, Z potons and N eleckvns —» penalic fabk of
elements |

Ld Ham-'tbnmn N

‘ sz. e
) ‘+Z“

KR R A

c=i R O ML
2 ? <
electonic  kinere elechon - nuekeus, electon - eleckon
onegies afirachons repulsions

© We assumed an infintely heavy nuclews  for simplrcity,

+To solve for the possible states (electonic jrowa’s'luk
or excided I‘f“ﬂkmv\f-,"a.om#mns) meams  Ho frad  wavefmehans

YE(;” Tl f—:‘/\ ond energies £
hich sah.
i Hite> =Elt>

amd  permotahion symmedy for ang  pair (L)'A',)
i A

< 2200 s
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<This repeesents @ dauwnbing task . However, the first

two sums in H  contain only eme-body opecators, amd
the e-e” repulsions  a sum of fwd-body operators.
clf the latter waon't thwe at all | we wodd separate
the N—bo-la SE 2

PTG = ¥ @) YD
would be an acceptmble solubon amsate , becawsa

82 Ap: Az

would e o Humiltonian of N addihie ener gy
Conta'bubons  from independent eleckons. The simple
podict s not  compabble wnth  permutation symmety
l;%m’y), but we cam form Superposihions of products

which are —o Slater determinant.

WE) Y@ - Y
YW E, ., 0) = et (v o) = [ %y
interchange. Aso columns z YT o %(‘:;)

coordinale exchange < <>
sign of ¥ chamges.

whot Labels #ra rows I The orbitals Y, (F) all sabisfy

T seme single-pockele Schiddinger exgenvelue  problem
(B zer + | e cleckns have fo bo put
G- 52 MPmg, ¢ ) in difeent Sige-packels
States Y, F) oc Yi.)=0!
Paki exclusion poadple
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cUndec the, complete naglect of fhe e’ repulsion +he

orbitals would be hydmgenlike egenstates . Dus +o The
dageneracy steuctue we world assemble , e.g., for N=Z=ig
‘e, a neon atom Phe  configurabon  Is* 2s* 2p°.
Nole:  spin degenecacy (a0 spin- depindent Porces)

= fackr 2

omgular momentum _dagensacy : 24+l stades
Yo M=%l

© How weful is tis 7 (fo neglect alf of The ee repulsion)

* Two quank hes fotad _enwzy  (binding emesgy) i

= = - 72 25 )
Ele pBy r2f tée, 22 e o ggom
Sum of ionizabon poteuhals #1..#10 — 3.5 keV ~ 5.44 keV
lonizaton poterkad = emtrgy of ta last occopled stake
{3
‘2—2_—2,. = 2.5 aw— % -340eV
ridculousty Lage, cf.
o Obviovsly electron- electon ;"; D Q.54 eV
repullsion effects are so i: ";03,36;& ¢V|/
A ‘ : WY, e
md—hd thay Com'f be YO T S
an a Peﬁwhﬂ.hm. o '/u' 4
H26.2 e
« Constmet a cental freld e{; LSRG eV
apo@xi makon. A common G {3 ReF3ev
S;I';en"cul Sqmmednc. b ) { & 2391 ev
Fomhi ik | snchodes Kshzu{ 70 rll ;:S‘i‘s;,?,?e‘(/
: . *

2y o [ petadi o
Vo™ = ) Tmm L PP el @)

the (spheacally averaged) eleckastahc repulsion betwem tra &





	[image: image62.jpg]The peoblem involves @ self-cnsistency step.

Ingredients: ) full N-electron Ham'ltonian
2) wawe funchon form fhat is exact only for a Sum
of siigle-elecion  operators
3) Vanahonal pnnciple bared upon (Y[H[¥>
(Y= Slater determinant of Freely vapel ochi'tals)

Resutt :  effechive single-cleckon problem with N lowest
orbitals tv be frlled for ground state
5 o

Ry 10> =enlvd> | Ry ==X vieg o)

J
g Bohe misa, cantel, phenanlly
i I Symmete. pofontreg
ZP‘L
= Uogs (0 includes Screaning effects
(Poisson Solubiow for €™
tepulsion  amd ";leckvn-ud\hglu
inkerachons Y
it i interpolates betwrewn
Ze =
? v '% = bl eledon- nuckews interachion
eren tre 1s* elechons * 3 S
o B amd - 8% - potenhal experienced b
dewt “just" see dne noeleus, g Pq_ R_yd\oer“ electon ¢
lovkec'Screaning effects (-10%)

(N-| ofnas el s Sereen
g Nudear CK&JS,& oclown
o o sigle charga).

S Vg0 denved From W ie, ocbital - depevdont:

Hackree- Fock  model  (achially am inlege -
differSahal Scheddinger eﬁ

* Troly locad  effechve potenbal | o funchon () ef fhe
eleckon dms.’jj —>  DENsITY Funchonal THEoRY

For He(1s") dhe o models wincide 5, one ockital

onl,
(sin dagensracy) | con be solved approxi mately . 3
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»The Re (15®) case  will be discussed explicitly  (in Maple) , an

it is possible tp agpoximate the |s wawefunchon by a
simple hydmgen-Wke form for which the repuision Cam be
o culaded A

by = -k g . 2" zfl«y @nl* s

N L MR AT T
NB: ¥ (F, 0= 7 B XA,

—_——

pasaheltvm Sywemetnc @ndieymm
g=0 @odirale WP 3P WF

genecal case i HE or DFT:
need o Poisson solver
+ hecabive procadure .

ror heavier atoms the challenge s 4o descrbe the proper
HlUing ocder of orbitals

Not all ocbital enargies have physical meanin only
ovtermost ochital yields da'rcd'lj the st Tonizafion pcﬂmf\ni

For the 2™ onizakon potowhial (26 Comoval) one meads
a neu selfconsistent calclahon fof twe {on (T prstens,
N-| eleckens ) —o new 2p - eneryy M Ne 26 ey !
Likeusse for dhe 374 potemhiad , etc.

Foc heavy atoms /inner shells — relakvishe correchions !

(Simple)
HoW accorale is HF/DFT 7 «1% on 4otal en

~10% on lonizakion potewhsdls
Reasonable alfernahves i wodel potenbals Vg () tuned

1o repaduc  atomic SpeciDsopy  overajed over Fne stauctule |
Complete pictore i orbitals are used only as . basis

to span e N-eleckon Hilbert space —» Con figu rabion
mixin ( CI , MCHF metheds ) —o correlation /;roble-m
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Atomic_steuctu€ :  some examples

+ Helivm  ( conwnuahion  of F,S?\ , stack with naive paurbabion mekad

o Ze‘) ARE] e* NEF
i (Zm K AN FTIAT AN S N
ignaring 2; yields for fhe ground stwie (parahelivm, §=0)
le
<l =25 L 2% g 9 £ =-79.0

E, - ( -z ) A “}iiﬁv Conpeed o €, )

\/_V_’ e

2 hydmgen-L'ke  Bohr

15 eleckons enargy 7.2V

2
+ Now caleolafe tha first-order emergy cosrechion dut +o e?i
At %

The spin-past aé,'hw. wae funckon s ictelevant
@ e
AE,” =<& | %‘zlé‘) <"?‘§‘"I“"|s‘”| | Q) 9, (51D

3
;e’jﬁr‘ 543,1 e @) @) & 5‘* 5.0 gljtqwrl

il e, =t 1§-%1
ety

5 0 cledmsﬁ:k eleckosiahc
Das_a mulbpde dacomposibion Rttt e polemiial of €,

-5
of 7' — only the monopele charge of
d z J mz‘mu jun*u potentral dua 40 @,

tecms  survive

Q
iy i ononmalst
i = Y* T use ordnono
- — W F 4
1£-7 ‘lfrtzm E‘- L) il L as YLM i . ;""‘ i
WY ol
o Calcllebe| dvrechiyt : I L
or cCalwla D y: S‘“‘_I S‘m_ —-—‘é—| <« pick z-axis n; 7, 4o pont
S §‘ e 7 elong G- Tl =, a5,
AL, —— Sh snddd, ———— EE.
\ﬂ AR r—z Tergrzened, v (Gre-15-e)

kS
s yields AEQ“) =22 % ymoev o E m-THBeV

aboor HeV doohigh. Lacge Birst-order  correchon —» Nwgher ods
Q) comt!
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The Vaonahond method: consider Fnal wmotfunchons [¥>
which dem' solve Tha  grsrd-state e lgmyatus  problem exachly,
but whith may ke considercd to approxinate [t Look at-
e ewsgy expectabon value: KE2 = <¥[A]¥)

© We wmume the doal states are normatud <¥1¥> =],
tuingy we would have <EY = <t—<';7%‘

+ Even fhoush we don't Know 1he solabions fo T eygenvatac
poblom we cam  erpamd formally i V= 2:‘_‘6"150,,),
whece A‘/wp = E, 19, >, Use This expamsion twice :

o 2

CE> =3 cYcn <qlHIg> = 3 o 6,<4,14,2=)I50E,

ma mn = M

© For the ground stale wnusy we hawve: g 3¢, Vi

c Combine this wth P probability  comservation S lgitl
=

to show That for any stak [¥>  we have ta upper bound

ppecty: | <¥IAIY> 2E,

¢ ldea : Farametze |¥> using some Linear, oc non-biaar
parameters (¢.g., hacmonic oscillator  bas's i osciliator consfaut
& a nonlineac parameter | expansion coefitients = linaac pacametes)

Obtara El (ot ) = <?_‘/ deI H'Y*w-*,? amd vary
with respect to the  {u, .0, ] . The lowest emarsy e,

the absolute mirimam in this search (subject to <Yy . 1% >=I)
will not fall below g, 1 T
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For the helivm grovnd state we now ask i

* Suppose the s -ocbital s not P,gdgkm:‘»uzd an the egom-
stake of (B - EEY bt i gt flexble an e egenciate
of (f’-:-t%f“)’ whee R 5 am effechve nuclear charge.
(which reflects some mutvad ekecton M(n-‘vxd). Com We lower
the calawlaled mestfﬁ’e 9"’“?3_@ ﬁ'ﬂdn‘rg e best @ valve ?

* The calwlakon is easy after a rearcamgement of e .
Nole H+H(R) , we jusk add +subbact ==, b2

Ham ttonian;

o (p"_ Qe* s £ 2
H’(E‘n'_{)*(fﬁ‘cﬁ-j)* @-2)e*  (a-zle*, e”
) 2m L rl f‘; V-IL

4 (@ )’/z - 4, o chack Hat 155

s The +ral stae : <?lya> = et
nNormalizd

i\ a,

* The calalakon recycles Imv-ou; ones :
viric ofem(gy-zk:—&‘

@ [-@ -a [wha  wbs , 5q]d
[§ g 2 ee b g
) g_" « fuadrabe Pfonchan tn @ wHr minimn
B b L
7Q

= (Q -2z +§=

We know that +he e energy

s s
5‘0 s min E(Q) = E(R)=w=-(2-5) % x =774 eV
-79.01eV [l Sty
From tha et
« Pekeris (Phys.Rev. 1S, 1216 (1159)) used 1078 vamahoua(
7
parameters  to obtain’ agreement anth wznmmt Sich a
vanakonal warefunchon wen W, 0, 0,), a corfelated
state, not just o prodact.

e Vadabonal calcslakons using paramebers are fhe best knouwn
metnods for Fwo-omd Fheea porcle  systems

o Hacles -Fock :  (sthe best protuct-type Vanabonal wave funchon
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“On pp. 5459 we prepared tha grovod for the descussion
of excited stofes in helium ( pacahelivm 520, and octhoh. (s=1)
We consides now  configumhons of type (15 ; ndm) where
o elochon is excited while the othal remains i fhe jromd stafe,
+ The emphasis will be on  n=2, where at the simple
Lovel (withook -,Ei_) one  eppects four degenerat states:
2<,2p,, 2p, ..
* The coordinate wawefunchions are symmetc [antisymmeic

. (spin part ensumes
for para amd Moha/ﬂ/m‘ respechvely ’:w_f:n“ ant'symmedy )
§+/- s
e =

N R i s N
- £ (0. @0 PR

¢ Now cCalowlate the ensgy corfechon fo firsk orter:

BE = <EE 13> =T K - Covlomb +

4% 1$,n0m Is,ndm exchavge itk

I 2 Yem (B 1545 Coulomb repulsion

3¢ jdr, 1o 3™ [ [ntm 5 a7, i s
L L5=621 Cholga dsdnbihiong

* ¥ = ]
) s (5)  non-classial,
2ot (e (g3 B ) Vatm(@) Fnim (6) 415 (5
K'S,.‘M e jdr‘jd (A !r:-r":_l o

=0 fanh) Symmebnizzbha
Cgonntum effect )
¢ The sign of The exchange emtrgy depemds en fhe spin
state. Thus, spin Cnarmally assoc/aked wibn fine shuctuce

i€, small ) will give rise to different  eleckostmhc energies .
— Has maoc consequences i molecol€s  and soifd~ state
VB physics /
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* The exchange enasgy vamishes of the orbitals do not

overlap with cach other. One cam inderpet it as the
repulsion  betwezn Charge demsiheo focmed  from fre
product of orbtals (15, and (1lm) m,mhwg(). Thas,
i is posihive defonite , and smallec in megnituele Athan T,

* The .‘n#ejral cam be caleslated wsin elliphc covrdmates
GFldgge : Prackeal QM)

£ = 7o be added +o
T,s’zs = 1l eV Kis 25 = 122V - =
= Fa (VM
Ty, = 132eV Kz, 209V isZep =z (2 )a,
did = -68.0eV
= -
E = =2 (e Ve F
i5,nt 2 (I ""> -t Iﬂs,n( = K1s,n(
N cxchange enwgy Gfis
diect Covlemb energy — dageneracy betuesm
Lifts 2s/z2p dageneracy Ofho amd paca helivm
N S0 =1
::é;mm Cparad (Su(»h.n) i
152, _ }1.8ev 3 +| notahy
16, 55 P Jigev o paallle 0 LI T
HeV
g s B L s I =
1

Govleto 0,1,2,

15> ’ ine stwctne splits
- f i ﬁm_ T :v“ev!/?cnvj-{!

The peoduct-type wavefunchons work well for higher
one- eleckon excrtabhons —o E,dng sen'es - fonizahon Lmit

M8 £, o =8 et Lo vl g s, 15 fonizakon potld
et TET eV e T e U e

One cam also calelate  doubly excited enasgy levels | e.g.

He (25*). This is a bound stake whose enacgy 5 above He
facst ionizabou pofendiad . [+ ntu.:,; by o e~ = 1s e athar
emarges wth a vnigue enargy —o auﬁ;;%.iaz;b'm (Augerd
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The simplest molecule : H;_ (hydmgen molecular ion)

s exacHy solvable (n He Born- Oppenhermer approximation .

* Foc [red iaternucleal Separabion the eleckonic pablem !

i =
A:-ELVZ—‘—l_f-_?'+E_Z = &
2m, \'R rB R i I’E

* Conservahon faws: A 8 £
—R——

[ﬁ‘fL],a,burz L )I?z_'l +0
Cylindaical  Caxial) symmetey , but ne Cotabonal symmeky .

States ace (abeled bj A=Im|: Al ol
nawe: | & | S|

Homonuclear case (&:2‘8: 1) : Pacty is a good quantm nr,
refleckan Symmety Wet z-axis (intecnucleal axis).
States are calied  gecade / umgerads  ( even/odd in Gecman)

f’wch,Rhwsn?,ﬂ , P F0 = FR

Effeck of P i 2 o=z (refleckon)

Naive vacabonal calwlabon Set vp a Linear combinahbn
SLEEIVA | ~Tala,

of twy states: (€)=t il

f . o e e

has e eleclcon in the Is skde on nuclems A, amd He
coonter pask N (F) = A= &®ae . Oue il state  has

a8

the feadom 4o Linaorly combine 1¥y> omd 14>, and leads
10 approximabions +o te lowest 9,uzu(4. amd Ungecade
staes 19 amd 16, | doponding on e relabve sijn of

fhd e, moleculas orbitals as Unear combo
e mixing coefficlents. T of efomic prhiveis  MO/LCAO
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le¥ us label the stales by numben : 1LY =7, 12721,

omd calclate +the Hamillonian madnx .

IRAMECn)
4|4
FR [ 3o

1 Caleslate wsin, =1
G 53 %, I moncpole hens of mylbipsie dacomposibion

a2
Hy =<l £ —§H.> - a2
&__‘,‘_J

By symmeiq Hn = H/
H, = <L] %;‘; 512 -<i? l2> +f£<1|z>

| L .
= (€, + &) <tie> —efar —‘—y&—"—&'&@
-]

Note s the basis is not or‘hmyrmmiJ Hha pverlap depands
on RY 112> = fde Yo (418 ¥ (7, R)

Again, by Symmetay Hy = H,
A meud u?:mmém. problem He=ESc nuwds
4

+o be solved | Sip=l; 5n=sz‘ = <1]2> =<21L>
The eigemvechors ace : [ ( ' ) rosutbing  in waeforckas
v Vaz's, \%l

with eigamonssiies an a
z  funckow of separaton R:
E g o= HiTtH,
(eV) T —
; = 7RO 1ts,
Bohu emergies Ey (R) ;9 ~13eeV, Onlythe

evew -pacty state shows bonding 3V at
-5 4 E(18,) R=1.3R. Exactly: R=1.064, BE=2Bev!
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U= B9 -2y o (B
e A/f/)
hh(l) +leB(?.)+ Vv,

u

A ~
= Hy ¥

~ f A B

Note: hp ,he ose hydroganc P=E e

Homiltonloms  —» zeco-order problem ¢

AEYTs (= E, \§+/_> &Y - permutnbon symmetor/
q,,),;sjmnemg wordmale WE
hy 14> = €, AR R 4o be combied uwnth
‘°°=_ amhi-symmeine / s_,mnuk\L spin
holyy = Ely> s gg=- S pasts For $=0 amd L= respachinly

2e,

2 > 1 lag
Eozgﬁ‘\'gaz-%p <r‘|kvA>: “_%‘e.“ , e

GLIEY s = N[G@) 4@t ¢@ 4, @)

<ET BTy = NF(2rasy Spp = <¥p10g> i
Nocmalized grosad shake: = o g g

Xl IS \paa?,waui £ @R e R
Jz(\:s;,Bs = £ for R» 0o

In omalogy 4o e H¥ jen cane: E=E,+4E =-2 ;Qt;
T
]

QRY = - <yl EF:‘%*“% AT +<ufmqul lqmqa >*e_‘

Q)O(Dmb em.r:u

o

AR) =5, B € 145y € 4 el & 14, 4, 8

exchuV.Je integeal
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The energy . cucves Jor e singlet amd Aaplet states:

what is a ge0d quantom
nomber 7

Nokabion: A =Ml My=0: 5shte

Bits Ao, |i]z]a
nawa| 3. | T A|E

As in the alomic  (helium) case eve cam improve
The oamsatz bj \'n‘k‘oduu'na an effechve d\ruzg patameter
(Heitler - London-Wang , 1928) . Results for bond lensth Ry

avd  dissocsaton enasygy D (inev):
Model Ry LA Tev]

Heitler-London 0 87 3.5
HLW 034 378 }(mtelakov\s are important
Expesment o741 43S

In complcated molecules one alse has to get tha
geometry nght — bonding amgles

Moral: Even thoogh the Hamiltonian is not spin - dependamt,
The spin symmetey imprints o s,mmek:j propecty en the

spabal Wave funchon — spin singlet bonds. Spin comses

enecgy differences tn e several eV camge U“‘”": "[ ""‘b!)





	

	

	

	

	

	

	

	

	


