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Projectile Motion: Conservative Gravitational Field + Non-conservative Drag

Knight (2013)
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% ### EXprojectile.m ###      2020.01.28  C. Bergevin
% [REF: ex.4.3.2 from Fowles & Cassidy 2005]
% Purpose: Solve/plot 2-D projectile motion for spherical object w/ (optional)
% quadratic drag (x is horiz. position, z vert. pos.) 
% ---- Notes
% o v0= 143.2 mph ~ 64 m/s
clear
% ------------------------------------------
P.g= 9.8;     % grav. const. [m^2/s] {9.8}
P.drag= 0;     % boolean to incl. drag: 0=no drag, 1=drag {1}
P.v0= 64;     % launch velocity [m/s] {64}
P.theta= 39;     % launch angle [degrees] {45}
P.D= 0.073;   % diameter of object [m] {0.073}
P.m= 0.145;   % mass of object [kg] {0.145}
P.coord0= [0 0];  % initial [x z] coords [m] {[0 0]}
P.tLim= [0 10];  % time limits of integration [s]
P.tRez= 300;     % # of (interp.) time points for integration interval {300?}
% ------------------------------------------
% --- derived params. 
if (P.drag==0), P.gamma= 0;   % determine assoc. const. from input params.
else P.gamma= 0.15*P.D^2/P.m;  end
P.theta= pi*P.theta/180;   % convert launch angle to rads
P.y0(1)= P.coord0(1); P.y0(3)= P.coord0(2);  % initial horiz. and vert. positions    
P.y0(2)= P.v0*cos(P.theta);  % initial horiz. velocity
P.y0(4)= P.v0*sin(P.theta);  % initial vert. velocity
% --- use built-in solver ode45 to numerically integrate
[t vals] = ode45('PROJECTILEfunction',linspace(P.tLim(1),P.tLim(2),P.tRez),P.y0,[],P);
% --- kludge: find when object hits the ground (and indicate if it hasn't)
indxG= find(vals(:,3)<0,1); flag= 0;
if (isempty(indxG)), disp('Longer int. time needed (to hit ground)'); indxG=size(vals,1); flag=1; end
indxH= find(vals(:,4)<0,1);  % index where velocity flips sign
% --- rename vars. (excluding those in the ground!)
x= vals(1:indxG,1); xdot= vals(1:indxG,2);
z= vals(1:indxG,3); zdot= vals(1:indxG,4);

% --- spit back a few vals. to screen
if (flag==0), disp(['total flight time= ',num2str(t(indxG)),' s']);

disp(['horizontal dist. covered= ',num2str(x(indxG)),' m']);
disp(['max. vert. height= ',num2str(z(indxH)),' m']);   end

% ---- visualize
figure(1); clf; h1= plot(x,z,'k-','LineWidth',1); hold on; grid on;
xlabel('x [m]');  ylabel('z [m]');

EXprojectile.m



function [out1] = PROJECTILEfunction(t,y,flag,P)
% ----------------------------------------------------------------------
% o 2-D equations for projectile motion (see ex.4.3.2 from Fowles & Cassidy 2005)
% o x is the horizontal position, z the vertical position
% [see XX.m for further notes]
%   y(1) ... horiz. position x
%   y(2) ... horiz. velocity dx/dt
%   y(3) ... vert. position z
%   y(4) ... vert. velocity dz/dt

out1(1)= y(2);  % --> integrates to x(t)
out1(2)= -P.gamma* sqrt(y(2)^2 + y(4)^2)*y(2);  % --> integrates to dx/dt(t)
out1(3)= y(4);  % --> integrates to z(t)
out1(4)= -P.gamma* sqrt(y(2)^2 + y(4)^2)*y(4)- P.g;  % --> integrates to dz/dt(t)
out1= out1';    % wants output as a column vector

PROJECTILEfunction.m
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EXprojectileMOD.m
% ### EXprojectileMOD.m ###      2020.01.28  C. Bergevin

clear
% ------------------------------------------
P.thetaA= linspace(35,55,21);     % launch angle [degrees] {45}
P.g= 9.8;     % grav. const. [m^2/s] {9.8}
P.drag= 1;     % boolean to incl. drag: 0=no drag, 1=drag {1}
P.v0= 64;     % launch velocity [m/s] {64}
%P.theta= 39;     % launch angle [degrees] {45}
P.D= 0.073;   % diameter of object [m] {0.073}
P.m= 0.145;   % mass of object [kg] {0.145}
P.coord0= [0 0];  % initial [x z] coords [m] {[0 0]}
P.tLim= [0 15];  % time limits of integration [s]
P.tRez= 300;     % # of (interp.) time points for integration interval {300?}
% ------------------------------------------
% --- derived params. 
if (P.drag==0), P.gamma= 0;   % determine assoc. const. from input params.
else P.gamma= 0.15*P.D^2/P.m;  end
P.y0(1)= P.coord0(1); P.y0(3)= P.coord0(2);  % initial horiz. and vert. positions    
% --- set up fig. plus color-coding scheme
colormap(jet(numel(P.thetaA)))
jetcustom = jet(numel(P.thetaA));
figure(1); clf; hold on; grid on;
% ---
for nn=1:numel(P.thetaA)

P.theta= P.thetaA(nn);
P.theta= pi*P.theta/180;   % convert launch angle to rads
P.y0(2)= P.v0*cos(P.theta);  % initial horiz. velocity
P.y0(4)= P.v0*sin(P.theta);  % initial vert. velocity
% --- use built-in solver ode45 to numerically integrate
[t vals] = ode45('PROJECTILEfunction',linspace(P.tLim(1),P.tLim(2),P.tRez),P.y0,[],P);
indxG= find(vals(:,3)<0,1);  % find when object hits the ground
% --- rename vars. (excluding those in the ground!) & plot
x= vals(1:indxG,1); xdot= vals(1:indxG,2);
z= vals(1:indxG,3); zdot= vals(1:indxG,4);
plot(x,z,'-','LineWidth',1,'Color',jetcustom(nn,:));   

end
xlabel('x [m]');  ylabel('z [m]');
hC=colorbar; caxis([min(P.thetaA) max(P.thetaA)]);
ylabel(hC, 'Launch angle [deg]')
title('Projectile range w/ quadratic drag for multiple launch angles')
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P.thetaA= linspace(55,35,21);  % launch angle [degrees]
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P.thetaA= linspace(55,35,21);  % launch angle [degrees]
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P.thetaA= linspace(36,42,21);  % launch angle [degrees]
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P.thetaA= linspace(36,42,21);  % launch angle [degrees]
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Pulkki & Karjalainen (2015)

Moving along....



!"#$%&'%'()*+,

-('&$&(*

-./'')./

01/#2/. 3#.

0*#1'"($%&*%$&4/

-)522& 6%7#.8#5#&*/* 9:;<=>

! ?($/%$"/%1/.&(+&@%*#$)./%1./'/*$AAAA



Ex.

Shaskol’Skaya & El’Tsin (1963)



What is sound? (REVISITED)

Pulkki & Karjalainen (2015)

à The notion of acoustics deals not just with oscillations, but waves as well....
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Things that oscillate....

Berg (2000)



Berg (2000)

Note: This is a 3-D plot! 
(try crossing your eyes)

Aside: Bacterial motility



Question: 
What differences are there for micro- vs. macro-scopic motors?

Tangent...

Note: Purcell (1912-1997) won 
the 1952 Nobel Prize for his 
work on NMR



Wikipedia

Tangent...



Things that oscillate....

Hoppe
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Harmonic oscillator

“mass-on-a-spring”

Ø One of the more fundamental/canonical problems in all areas of physics...


