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Superposition & Linearity

à When dealing with linear oscillators (or linear systems in general), superposition 
takes a domineering position in how we approach analysis and modeling
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Superposition

Thomas Young (1773-1829)

Wikipedia
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f1=1, f2=1.1
A1=1, A2=1
f1=0, f2=0

f1=1, f2=1.1
A1=1, A2=1
f1=p/2, f2=0

à Changing (relative) phase  
affects summation

f1=1, f2=1.1
A1=2, A2=1
f1=0, f2=0

à Changing (relative) amplitudes  
affects summation

Superposition: "Beats" (adding two different frequencies)
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% ### EXlissajou2B.m ###      2018.02.14      C. Bergevin
clear
% ====================================================
In.tMax= 100;   % max. time to compute out too {100}
In.tS= 1000;    % total # of time steps {1000}
In.delta= pi*[0 0.25 0.5 0.75 1;  % phase diff. vals

0.75 0.8750 1 1.125 1.25;
1 0.25 0.5 0.75 0;
0.5 1.25 1 0.75 1.5;
0.8750 0.8125 0.75 0.6875 0.625;
1 0.25 0.5 0.75 0;
1.5 0.75 1 1.25 0.5;
0.25 0.515 0.5 0.485 0.75];    

In.freqs= [1 1;1 2;1 3;2 3;3 4;3 5;4 5;5 6];    % freqs (a and b) for two sinusoids
In.mag= [1 1];  % mags. (A and B) for two sinusoids {[1 1]}
In.flip= [1 -1 -1 1 1 1 1 1];  % flip for x re "2018.02 lissajou.pdf"
% ====================================================
t= linspace(0,In.tMax,In.tS);
figure(1); clf; hold on; title('Sound Vibrations')
nH= size(In.delta,2);  % # of phases to compute/plot
nV= size(In.freqs,1);  % # of ratios to compute/plot
indx= 1;    % dummy indexer for subplot
% ---
for nn=1:nV

for mm=1:nH   
x= In.mag(1)*sin(In.freqs(nn,1)*t + In.delta(nn,mm));
y= In.mag(2)*sin(In.freqs(nn,2)*t);
subplot(nV,nH,indx);
plot(y,x,'k-','LineWidth',2);
indx= indx+ 1;
ax = gca; ax.Visible = 'off';

end
end
% --- snippet below is for the title (borrowed some bits from mathworks.com)
ha= axes('Position',[-0.135 -0.02 1 1],'Xlim',[0 1],'Ylim',[0 
1],'Box','off','Visible','off','Units',...

'normalized','clipping','off');
text(0.5,0.98,'Sound Vibrations','FontSize',24,'FontWeight','bold','FontName','Monotype Corsiva');

EXlissajou2B.m
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% ### EXsquareW.m ###    2017.02.19 C.Bergevin

% Visually demonstrate the build-up of a square wave 
% by adding successive (user-specified) terms of the Fourier series
% expansion; also quantifies the Gibbs phenomonon

clear
% ===========================================================
P.order= [1 2 4 8 15 25 100 500];   % array of # of terms to compute {[1 2 4 8 15 25 100 500]}
P.tau= 1;   % period {1}
P.A= 1;     % peak-to-peak amplitude {1}
P.M= 10000;   % total # of points per interval (must be even?) {1000}
P.pause= 0.5;   % time to pause between displaying new iterates [s] {0.5}
% ===========================================================
t= linspace(-1.5*P.tau,1.5*P.tau,3*P.M);  % time array
squareT= repmat(P.A*([zeros(P.M/2,1);ones(P.M/2,1)]-0.5),3,1)';   % create sawtooth baseline
% --- use a loop to add in the terms
for mm=1:numel(P.order)

tempN= P.order(mm);
squareF= 0;    % dummy initial indexer
for nn= 1:tempN

nextTerm= (2*P.A/pi)*(1/(2*nn-1))*sin((2*nn-1)*(2*pi/P.tau)*t);  % create next term in 
series

squareF= squareF+ nextTerm;
end
% --- estimate "overshoot"
[M,indx]= max(squareF);
disp(['Overshoot ratio ~',num2str(M/max(squareT))]);
% --- visualize
figure(1); clf;
h1= plot(t,squareT,'b-','LineWidth',2); hold on; grid on; xlabel('x'); ylabel('y'); 

ylim(0.65*P.A*[-1 1]);
h2= plot(t,squareF,'r--','LineWidth',2); legend([h1 h2],'square','Fourier

series','Location','NorthWest');
title(['(truncated) Fourier reconstruction of square wave w/ ',num2str(tempN),' terms']);
pause(P.pause);

end

EXsquareW.m
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% ### EXbuildImpulse2.m ###       11.03.14
clear; clf;
% --------------------------------
SR= 44100;         % sample rate [Hz]
Npoints= 8192;     % length of fft window (# of points) [should ideally be 2^N]

% [time window will be the same length]
INDXon= 1000;     % index at which click turns 'on' (i.e., go from 0 to 1)
INDXoff= 1001;   % index at which click turns 'off' (i.e., go from 1 to 0)
% --------------------------------
dt= 1/SR;  % spacing of time steps
freq= [0:Npoints/2];    % create a freq. array (for FFT bin labeling)
freq= SR*freq./Npoints;
t=[0:1/SR:(Npoints-1)/SR]; % create an appropriate array of time points
% build signal
clktemp1= zeros(1,Npoints); clktemp2= ones(1,INDXoff-INDXon);
signal= [clktemp1(1:INDXon-1) clktemp2 clktemp1(INDXoff:end)];
% ------------------------------
% *******
% plot "final" time waveform of signal
if 1==1

figure(3); clf; plot(t*1000,signal,'ko-','MarkerSize',5)
grid on; hold on; xlabel('Time [ms]'); ylabel('Signal'); title('Time Waveform')

end
% *******
% now compute/plot FFT of the signal
sigSPEC= rfft(signal);
% MAGNITUDE
figure(1); clf; 
subplot(211); plot(freq/1000,db(sigSPEC),'ko-','MarkerSize',3)
hold on; grid on; ylabel('Magnitude [dB]'); title('Spectrum (or "Look Up Table")')
% PHASE
subplot(212); plot(freq/1000,cycs(sigSPEC),'ko-','MarkerSize',3)
xlabel('Frequency [kHz]'); ylabel('Phase [cycles]'); grid on;
% *******
% now make animation of click getting built up, using the info from the FFT
sum= zeros(1,numel(t)); % (initial) array for reconstructed waveform
inclV=[1:30,floor(linspace(31,floor(0.9*numel(freq)),100)),...

floor(linspace(0.9*numel(freq),numel(freq),20))];
figure(2); clf; grid on;
for nn=1:numel(freq)

sum= sum+ abs(sigSPEC(nn))*cos(2*pi*freq(nn)*t + angle(sigSPEC(nn)));
if ismember(nn,inclV),  plot(t,sum,'LineWidth',2); grid on; xlabel('Time [s]');
legend(['Highest freq= ',num2str(freq(nn)/1000),' kHz'])
pause(3/(nn));  end

end

EXbuildImpulse2.m



!"#$%&'()*$&+,-.)



!"#$%&'()*$&+,-.)



!"#$%&'()*$&+,-.)



Tying this all back together....

“mass-on-a-spring”

Ø One of the more fundamental/canonical problems in all areas of physics...



Looking Ahead....
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Looking Ahead....
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Corresponding "spectral" version

à This looks kinda
familiar, right?

Damped HO
(given an "impulse" push at t = 0)
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Ø The steady-state response of the sinusoidally-driven 
harmonic harmonic oscillator acts like a band-pass filter

Ø Connection between steady-state response & impulse response

Damped HO
Looking Ahead....
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