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Ø The steady-state response of the sinusoidally-driven 
harmonic harmonic oscillator acts like a band-pass filter

Ø Connection between steady-state response & impulse response

Damped HO (DHO)

Looking Ahead....

"Transient" responses...
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French (1971)
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Reference: System of linear autonomous ODEs
dx

dt

= ax+ by

dy

dt

= cx+ dy

Ø Let’s consider a simple 2nd order system (all these 
ideas scale up for higher dimension systems)

Ø Re-express in matrix/vector form:

d

dt

✓
x

y

◆
=

✓
a b

c d

◆✓
x

y

◆ dx

dt
= Ax

Ø Let’s make an assumption: solutions will have the 
form of (possibly complex) exponentials

x =


k1

k2

�
c1e

�1t +


k3

k4

�
c2e

�2t This expression explicitly deals with the 
eigenvalues and eigenvectors of the system

wikipedia (phase space)



Reference: Eigen Decomposition

d

dt

✓
x

y

◆
=

✓
a b

c d

◆✓
x

y

◆ dx

dt
= Ax

det(A� �I) = 0Characteristic 
equation:

Ax = �xODE as combination of eigenvalues 
and eigenvectors

x =


k1

k2

�
c1e

�1t +


k3

k4

�
c2e

�2tGeneral solution:

à Remember, we implicitly assume the solution has this exponential form!

à determinant (det) is 
scalar value associated 
with a square matrix

‘secular equation’



det(A� �I) = 0Characteristic 
equation:

�2 � �(a+ d) + (ad� bc) = 0
Quadratic equation w/ 
two roots (for a 2nd

order system)

� =
(a+ d)±

p
(a+ d)2 � 4(ad� bc)

2

Note that complex roots 
are possible

x =


k1

k2

�
c1e

�1t +


k3

k4

�
c2e

�2t

à Eigenvalues explicitly tell you how the solutions behave!

Reference: Finding Eigenvalues
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Ex.

dx

dt

= 5x� 3y

dy

dt

= 2x� 4y

A =

✓
5 �3
2 �4

◆

p = Tr(A) = 5 + (�4) = 1

det(A� �I) = 0

q = det(A) = 5(�4)� (�3)2 = �14

� =
1

2

�
1±

p
1 + 56

�

� = �3.27, 4.27x =


k1

k2

�
c1e

�1t +


k3

k4

�
c2e

�2t

à General solution is a linear combination of a (real-valued) exponentials, 
one converging and one diverging 

à Only a single equlibrium point 
exists (at the origin). Stability?
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LINode45EX.m
LINfunction.m

% ### LINode45EX.m ###       01.26.16
% Numerically integrate a general 2nd order linear autonomous system (w/
% const. coefficients)
% x' = a*x + b*y
% y' = c*x + d*y

clear
% -----------------------------------------------------
% User input (Note: All paramters are stored in a structure)
P.y0(1) = 1.0;   % initial value for x 
P.y0(2) = 1;   % initial value for y
P.A= [-3.9 3;      % matrix A to contain coefficients A= [a b

-2 1];     %                                      c d]

% Integration limits
P.t0 = 0.0;   % Start value
P.tf = 10.0;   % Finish value
P.dt = 0.01;  % time step
% ----------------------------------------------------------------------
% +++
% determine some basic derived quantities
p= P.A(1,1)+ P.A(2,2);  % Tr(A)
q= P.A(1,1)* P.A(2,2)-P.A(1,2)* P.A(2,1); % det(A)
disp(['Tr(A)= ' num2str(p),' and det(A)= ',num2str(q)]); 
eigV1= [0.5*(p+sqrt(p^2-4*q)) 0.5*(p-sqrt(p^2-4*q))];     % calc. eigenvalues directly
eigV2= eig(P.A);    % calculate via Matlab's built-in routine
disp(['eigenvalues= ' num2str(eigV1(1)),' and ',num2str(eigV1(2))]);

% +++
% use built-in ode45 to solve
[t y] = ode45('LINfunction', [P.t0:P.dt:P.tf],P.y0,[],P);

% ------------------------------------------------------
% visualize
% NOTE (re variable naming): x=y(1) and y=y(2)
figure(1); clf;
plot(t,y(:,1)); hold on; grid on; 
xlabel('t');    ylabel('x(t)')
% Phase plane
figure(2); clf;
plot(y(:,1), y(:,2)); hold on; grid on; 
xlabel('x(t)');    ylabel('y(t)')
% "solution space" 
figure(3); clf;
plot(p,q,'rx','MarkerSize',9,'LineWidth',3); hold on; grid on;
if (abs(p)<1), pSpan= linspace(-1,1,100);
else pSpan= linspace(-1.5*p-0.1,1.5*p+0.1,100); end
qSpan= pSpan.^2/4;
plot(pSpan,qSpan,'k-','LineWidth',2); %ylim([-max(qSpan) max(qSpan)])
plot(pSpan,zeros(numel(pSpan),1),'b--','LineWidth',2);
xlabel('Tr(A)');    ylabel('det(A)’)

function [out1] = LINfunction(t,y,flag,P)
% -------------------------------------------
%   y(1) ... x
%   y(2) ... y
out1(1)= P.A(1,1)*y(1) + P.A(1,2)*y(2); 
out1(2)= P.A(2,1)*y(1) + P.A(2,2)*y(2); 
out1= out1';    



à Computationally, use our ode45 code or pplane to explore behavior of solution curves
Damped HO (Phase Plane Analysis)
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Damped HO (Phase Plane Analysis)



§ g = 2
§ w0
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Damped HO (Phase Plane Analysis)



§ g = 2
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Damped HO (Phase Plane Analysis)



§ g = 20
§ w0

2 = 20

Damped HO (Phase Plane Analysis)


