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à Notion of a semi-permeable membrane





Hydraulic Pressure



Hydraulic Pressure



Hydraulic Pressure 
(thin membrane, steady-state)



Hydraulic + Osmotic Pressure (thin 
membrane)

(modified version 
of Darcy�s Law)



Hydraulic + Osmotic Pressure (thin membrane)

Assume solvent density is independent of t (i.e., the solvent is incompressible)

= const.



Hydraulic + Osmotic Pressure  (membrane)



Hydraulic + Osmotic Pressure  (membrane)



Exercise

The following figure shows two experiments. In each experiment, two fluid-filled 
compartments are separated by a semi-permeable membrane that is permeable to 
water but not to the solute.

One of the compartments contains a weight W on a piston, the other does not. The 
only difference between the two experiments is the location of the solute particles 
indicated by dots in the fluid. Which of the two experiments could be in osmotic 
equilibrium? Explain.

ANS: Equilibrium is possible for the case on the left, but not the one on the right



Exercise

A membrane separates two solutions subjected to hydraulic pressures p1 and p2, as 
shown in the following figure

à The membrane is permeable to water and solute j which is the only solute in 
the solutions. Is thermodynamic equilibrium possible for cj1 not equal to cj2 for 
some choice of p1 − p2? Explain.

ANS: Equilibrium is not possible since diffusive equilibrium 
requires the two concentrations to be equal



Kinetic Volume Changes in Cell Volume

assume no hydraulic pressure

à outward flux must equal reduction
in intracellular water volume 
(per unit area of membrane)



à Cells can actually 
behave in this way!





constant





Extracellular medium 
was changed at t = 0
from 100% seawater to 
60% seawater

à Can simulate numerically





Molecular Aspects of Water Channels

à 2003 Nobel Prize (Agre & MacKinnon)

"the plumbing system for cells"



Aquaporin

CHIP =
channel-forming integral protein



Aquaporin



Vasopressin

à hormone that regulates water retention 
(via affecting the membrane permeability)





Exercise

A volume element with constant cross-sectional area A has rigid walls and is divided 
into two parts by a rigid, semi-permeable membrane that is mounted on frictionless 
bearings so that the membrane is free to move in the x-direction as shown in the 
following figure.

The semi-permeable membrane is permeable to water but not to the solutes (glucose 
or NaCl or CaCl2). At t = 0, solute 1 is added to side 1 to give an initial concentration of 
c1(0) and solute 2 is added to side 2 to give an initial concentration of c2(0). 
Concentrations are specified as the number of milli-moles of glucose or NaCl or CaCl2
per liter of solution. The initial position of the membrane is x(0). For the following 
values, find the final (equilibrium) values of the membrane position x(∞), and the 
concentrations, c2(∞) and c2(∞):



The semi-permeable membrane is permeable to water but not to the solutes (glucose 
or NaCl or CaCl2). At t = 0, solute 1 is added to side 1 to give an initial concentration of 
c1(0) and solute 2 is added to side 2 to give an initial concentration of c2(0). 
Concentrations are specified as the number of milli-moles of glucose or NaCl or CaCl2
per liter of solution. The initial position of the membrane is x(0). For the following 
values, find the final (equilibrium) values of the membrane position x(∞), and the 
concentrations, c1(∞) and c2(∞):

ANS: Keep in mind that the salt will disassociate. So when considering the osmolarity 
for each case:
Ø first scenario will cause the membrane to move all the way to the left (c1(∞) will be 
undefined and c2(∞)=5)
Ø second scenario requires for osmotic equilibrium that c1(∞) = 2c2(∞). Thus c1(∞) = 36, 
c2(∞) = 18, and x(∞) = 10/3.



Exercise
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Figure 3. Hydraulic minus osmotic pressure (dotted lines).

c. The osmotic pressure on side 1 isRTC1
Σ = 2 atmospheres. An atmosphere is 105 Pa, so that

C1
Σ =

2 × 105

(8.314 × 106)(300)
mol/cm3 = 80 µmol/cm3

c. The volume flux is from side 2 to side 1 for both cases, but is larger for case (2) since the
difference in p − RTCΣ between side 2 and side 1 is 1 for case (1) and 2 for case (2). Since
the membrane is the same in both cases, the flux is determined by the difference in p−RTCΣ

on the two sides of the membrane only.

Problem 3.
a. The equation of water volume conservation is

− 1

A(t)

dVc(t)

dt
= LV RT

(

Co
Σ − N i

Σ

Vc(t)

)

.

If the surface areas of the circular ends of the cell are ignored, then the surface area of the
cell is A(t) = 2πr(t)l and its volume is Vc(t) = πr2(t)l. Substitution of these relations into
the conservation relation yields
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d(πr2(t)l)

dt
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−dr(t)

dt
= LV RT
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,

dr(t)

dt
− LV RTN i

Σ/(πl)

r2(t)
= −LV RTCo

Σ.

The last equation has the form
dr(t)

dt
+

A

r2(t)
= B.

b. The constants are

A = −LV RTN i
Σ

πl
,

B = −LV RTCo
Σ.
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ANS:


