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Ques%on:	
  So	
  how	
  can	
  we	
  tell	
  the	
  difference	
  between	
  passive	
  and	
  ac%ve?	
  



MacKintosh	
  (PNAS	
  2012)	
  

“Anomalous diffusion” 

Answer:	
  	
  
How	
  “normal”	
  is	
  your	
  
diffusion?	
  

Ques%on:	
  	
  
So	
  how	
  can	
  we	
  tell	
  the	
  
difference	
  between	
  passive	
  
and	
  ac%ve?	
  

à	
  What	
  precisely	
  is	
  
being	
  ploJed	
  here?	
  



Computational aside 

Ø  No%on	
  of	
  “mean	
  squared	
  distance”	
  (MSD)	
  

<x2>	
  -­‐	
  Mean-­‐squared	
  distance	
  
D	
  –	
  ‘diffusion’	
  constant	
  
t	
  –	
  %me	
  allowed	
  before	
  ‘checking’	
  <x2>	
  	
  

Ø  We	
  can	
  do	
  this	
  in	
  1-­‐D,	
  2-­‐D,	
  3-­‐D,	
  
or	
  higher....	
  

Ø  Imagine	
  a	
  grid,	
  upon	
  which	
  we	
  take	
  
a	
  step	
  in	
  a	
  random	
  direc%on.	
  We	
  
can	
  then	
  trace	
  out	
  a	
  path	
  as	
  %me	
  
goes	
  on	
  

Ø  If	
  we	
  consider	
  an	
  ‘ensemble’	
  of	
  random	
  walkers,	
  each	
  star%ng	
  at	
  the	
  origin	
  and	
  
independent	
  of	
  one	
  another,	
  computa%onally	
  it’s	
  easy	
  for	
  us	
  to	
  keep	
  track	
  of	
  the	
  average	
  
net	
  movement	
  (Mean	
  Squared	
  Distance,	
  MSD)	
  



Giordano	
  (1997)	
  

à	
  So	
  while	
  each	
  individual	
  walker	
  is	
  random,	
  the	
  basic	
  idea	
  is	
  that	
  in	
  an	
  
ensemble	
  average,	
  a	
  repeatable/consistent	
  trend	
  emerges	
  

Computational aside 



Computational aside 

Ø  Want	
  some	
  sort	
  of	
  
programmable	
  interface	
  
(take	
  PHYS	
  2030!)	
  

Ø  Matlab	
  is	
  one	
  op%on	
  
which	
  we	
  will	
  use	
  here....	
  

Ø  ...	
  but	
  there	
  are	
  many	
  op%ons	
  available	
  
(e.g.,	
  Mathema%ca,	
  Maple,	
  Python,	
  
Octave,	
  C,	
  Java,	
  etc....)	
  



% ### EXrandomWalk1D.m ###    11.15.14!
clear;!
% -------------!
N= 200;      % Total # of (independent) walkers (each starts at x=0)!
M= 100;      % Total # of steps for each walker!
K= 3;       % # of walkers to show individual traces for [3]!
bias= 0.5;      % number between [0,1] to indicate bias for left vs right (0.5= equal prob.)!
% -------------!
% +++!
step_number= zeros(1,M);        %!
x2ave= zeros(1,M);              % allocate array to stored (suquentially averaged) MSD!
step_number_array= [1:1:M];     %!
% +++!
%!
% NOTE: the loop is set up in such a way to average x2ave across walkers!
for r= 1:N!
    x=0;    % initialize position for r'th walker!
    position(r,1)= 0;!
    % loop to go through M steps for r'th walker!
    for nn=1:M;!
        % conditional determines whether step is to the left or right!
        if (rand<bias),  x=x+1;!
        else    x=x-1;  end;!
        x2ave(nn)=x2ave(nn)+x^2;    % store squared displacement (handles averging across r)!
        position(r,nn+1)= x;          % store displacment for each walker and step!
    end;!
end;!
x2ave= x2ave/N;     % Divide by number of walkers!
% plot MSD!
figure(1);!
plot(step_number_array, x2ave, 'k'); hold on;!
title('MSD for 1-D random walk');!
xlabel('Step number'); ylabel('Mean-Squared Distance (x^2)');!
% plot a subset of individual traces!
figure(2); clf; hold on; grid on;!
for nn=1:K!
    shade= 1-(nn-1)/K;!
    plot(position(nn,:),'Color',[1 1 1]-shade); !
end!
xlabel('Step number'); ylabel('Position'); title('Representative traces');!
plot([0 M],[1 1]*sqrt(x2ave(end)),'g--','LineWidth',2) % include MSD bounds at step M!
plot([0 M],[-1 -1]*sqrt(x2ave(end)),'g--','LineWidth',2)!
plot(M,sqrt(mean(position(:,end).^2)),'ro');    % reality check (another way to compute final MSD)!
disp(['Final mean (non-squared) distance = ',num2str(mean(position(:,end)))]);	
  

EXrandomWalk1D.m	
  

§  Ensemble	
  of	
  N	
  (independent)	
  walkers	
  
§  Each	
  takes	
  M	
  total	
  steps,	
  each	
  step	
  either	
  

led	
  or	
  right	
  
§  Note	
  that	
  the	
  for loop	
  averages	
  as	
  it	
  goes	
  	
  	
  	
  



EXrandomWalk1D.m	
  

Representa%ve	
  traces	
  from	
  three	
  different	
  
(independent)	
  walkers	
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Computational aside 



Computational aside 

Ø  Can	
  also	
  compute	
  in	
  2-­‐D	
  with	
  a	
  boundary	
  (and	
  maybe	
  a	
  bias)	
  in	
  place	
  

EXwalker2D.m	
  



EXwalker2D.m	
  % ### EXwalker2D.m ###        07.15.15 CB!
% Simulates a 2-D Brownian walker!
% - polar coords. for computing a step!
% - step size is unit value with normally distrib. val.!
% - direction-wise, allows for either (via A.Pbias):!
% o step direction is uniformally distributed over circle!
% o Gaussian-like directional bias (kinda kludgy, but works)!
% - [IN PROGRESS] allow for a (circular) boundary condition (via A.Pbound)!
% that either reflects or is periodic!
 !
clear!
% =======!
walkerNum= 200;  % # of walkers to compute!
steps= 500; % # of steps to take by walker!
A0= 0.1;    % limiting stochastic factor (re 1) for unit step size (A0=0 --> unit radial steps, A0>0 introduce Gaussian variance)!
% ---!
A.Pbias= 0;       % boolean to create a directional bias!
A.alpha= 0.2;     % bias factor [0,1] --> small (~0.1 means stronger bias)!
A.offset= 0.75;    % offset direction for bias[cyc]!
% ---!
A.force1D= 0;       % boolean to force angle to be 0 or pi (thus making this 1-D)!
% ---!
A.Pbound= 1;       % boolean to create circular boundary (i.e., walkers constrained)!
A.bndR= 20;         % radius of bounding wall (re origin)!
A.boundType= 0;     % boundary condtion (req. A.Pbound=1): 0-"hard" (reflecting), 1-periodic!
% ---!
axLim= 25;  % bounds for plotting (Fig.66)!
kk= 1;  % particle ID to visualize a single walker (Fig.66)!
animate= 1;     % boolean to turn on/off movie for an individual walker (Fig.66)!
numWplot= 5;    % # of walkers to plot individual (r^2) paths (Fig.4)!
% =======!
 !
% ---!
% if a constrained walk, force bounding condition (A.bndR) to be much!
% larger than mean unit step size (helps avoid some coding headaches below)!
if (A.Pbound==1 && A.bndR <= 5), disp('Make larger bounding condition'); end!
 !
for m= 1:walkerNum!
    % walker m initially at origin [i.e., cartesian (0,0)]!
    P(m).coord(1,:)= [0 0];!
    !
    for nn=2:steps!
        % ----!
        P(m).A(nn)= 1+ A0*randn(1);     % (radial) size of nn'th step for m'th walker!
        if (P(m).A(nn)<0),   P(m).A(nn)=0;    end     % make zero size step if negative (introduces bias?)!
        % ----!
        % direction of nn'th step for m'th walker (allows possibility of bias)!
        if A.Pbias==0!
            P(m).theta(nn)= rand(1)*2*pi;   % no bias!
        else!
            if (m==1 && nn==2), disp('Radial bias in effect');  end!
            P(m).theta(nn)= (A.offset + A.alpha.*randn(1))*2*pi;       % w/ radial bias!
        end!



EXwalker2D.m	
  
 % ----!
        % constrain angle such that movement is essentially 1-D!
        if A.force1D==1!
            P(m).theta(nn)= round(P(m).theta(nn)/(2*pi))*pi;!
        end!
        % ----!
        % update re last position and store away in Cartesian and radial coords.!
        P(m).coord(nn,:)= [P(m).coord(nn-1,1)+P(m).A(nn)*cos(P(m).theta(nn)) P(m).coord(nn-1,2)+P(m).A(nn)*sin(P(m).theta(nn))];!
        P(m).rsq(nn)= P(m).coord(nn,1)^2 + P(m).coord(nn,2)^2;  % new radial position (squared)!
        P(m).phi(nn)= atan2(P(m).coord(nn,2),P(m).coord(nn,1));    % angle of new position re origin!
        % ----!
        % if constrained, check that new coords. aren't past wall (otherwise "reflect")!
        if A.Pbound==1!
            if (m==1 && nn==2 && A.boundType==0), disp('Circular hard/reflecting boundary in effect');  end!
            if (m==1 && nn==2 && A.boundType==0), disp('Circular periodic boundary in effect');  end!
            temp1= sqrt(P(m).rsq(nn));  % dummy to reduce re-computation!
            if temp1 >= A.bndR!
                if A.boundType==0!
                    % ### HARD REFLECTION ###!
                    % angle stays the same, only radius changes (and in a simple way)!
                    temp2= 2*A.bndR- temp1;     % reflected radial length!
                    %disp([temp1 P(m).A(nn) P(m).theta(nn) P(m).phi(nn) temp2]);  % for debugging!
                elseif A.boundType==1!
                    % ### PERIODIC B.C. ###!
                    % both radius changes and angle flips 180!
                    temp2= 2*A.bndR- temp1;     % reflected radial length!
                    P(m).phi(nn)= mod(P(m).phi(nn)+pi,2*pi);!
                end!
                P(m).rsq(nn)= temp2^2;      % squared version!
                % revised Cartesian version!
                P(m).coord(nn,1)= temp2*cos(P(m).phi(nn));!
                P(m).coord(nn,2)= temp2*sin(P(m).phi(nn));!
            end!
        end!
        % ----!
        % determine MSD!
        P(m).time(nn)= nn;  % "time" is simply the step number (can rescale as needed)!
        %P(m).MSD(nn)= sqrt(P(m).coord(nn,1)^2 + P(m).coord(nn,2)^2);  % radial position (not squared)!
        %P(m).MSD(nn)= P(m).coord(nn,1)^2 + P(m).coord(nn,2)^2;  % squared to get the "S" in MSD!
        P(m).MSD(nn)= P(m).rsq(nn);  % note that this is the radial position squared (hence "S" in MSD)!
    end!
end!
 !
% --------!
% compute mean MSD (across all walkers)  --> KLUDGE (better way to do this sans loops??)!
for nn=1:steps!
    for m= 1:walkerNum!
        val(m)= P(m).MSD(nn);!
    end!
    meanMSD(nn)= mean(val);!
end!
 !



% --------!
% plot vals. for a (specified) individual walker!
if 1==1!
    figure(1); clf;!
    subplot(211); plot(P(kk).coord(:,1),P(kk).coord(:,2),'k.-');!
    xlabel('x'); ylabel('y'); grid on; hold on; title('Walker position')!
    axis([-axLim axLim -axLim axLim])!
    % --- (plot a bounding circle)!
    if A.Pbound==1!
        th= 0:pi/50:2*pi; xunit= A.bndR*cos(th); yunit= A.bndR*sin(th); h66= plot(xunit, yunit,'r-');!
    end!
    % --- (plot MSD for an individual walker)!
    subplot(212); plot(P(kk).time,P(kk).MSD,'k-');!
    xlabel('Time'); ylabel('Radial displacement (squared)'); grid on; hold on;!
end!
 !
% --------!
% plot MSD for the ensemble!
figure(2); clf;!
plot(P(m).time,meanMSD,'k-');!
xlabel('Time'); ylabel('MSD'); grid on; hold on;!
% if constrained, visualize effective bounding limit!
if (A.Pbound==1), h2B= stem(A.bndR^2,max(meanMSD),'r--','LineWidth',1);!
    legend(h2B,'Bounding radius (squared)','Location','SouthEast'); end!
 !
% --------!
% plot distribution of angular values (polar histogram)!
if 1==0!
    figure(3); clf;!
    % == (single walker) directions taken for each step for an individual walker!
    subplot(221); h3= rose(P(kk).theta,30);!
    set(h3,'LineWidth',1.5); x = get(h3,'Xdata'); y = get(h3,'Ydata'); g=patch(x,y,'y');!
    title('All steps for a single walker'); grid on; hold on;!
    % == (all walkers) directions taken for all steps of all walkers!
    subplot(223); h3= rose([P(:).theta],30);!
    set(h3,'LineWidth',1.5); x = get(h3,'Xdata'); y = get(h3,'Ydata'); g=patch(x,y,'y');!
    title('All steps for all walkers'); grid on; hold on;!
    % == (all walkers) final position for all walkers [KLUDGE: not sure how to do sans loop]!
    for mm=1:numel(P)   bank(mm)= P(mm).phi(end);   end!
    subplot(224); h3= rose(bank,floor(numel(P)/15));!
    set(h3,'LineWidth',1.5); x = get(h3,'Xdata'); y = get(h3,'Ydata'); g=patch(x,y,'y');!
    title('Final ang. position of all walkers'); grid on; hold on;!
end!
 !

EXwalker2D.m	
  



% --------!
% plot time course (or r^2) for several walkers? (see also Fig.1B)!
if 1==1!
    figure(4); clf;!
    for n=1:numWplot!
        hh= 0.8*n/numWplot;  % shading factor (to discern different traces)!
        plot(P(n).time,P(n).MSD,'-','Color',hh*[1 1 1]); grid on; hold on;!
    end!
    leg= plot(P(m).time,meanMSD,'r--','LineWidth',2);   % also plot ensemble MSD!
    xlabel('Time'); ylabel('Radial displacement (squared)'); !
    title(['Bounding limit= ',num2str(A.bndR),'(squared= ',num2str(A.bndR^2),')']);!
    legend(leg,'ensemble MSD','Location','NorthWest');!
end!
 !
% --------!
% movie for an individual walker!
if animate==1!
    figure(66); clf; axis([-axLim axLim -axLim axLim]); grid on; hold on;!
    for nn=2:steps!
        % --- (plot a bounding circle)!
        if A.Pbound==1!
            th= 0:pi/50:2*pi; xunit= A.bndR*cos(th); yunit= A.bndR*sin(th); h66= plot(xunit, yunit,'r-');!
        end!
        % --- (plot/update the track)!
        %plot(P(kk).coord(nn,1),P(kk).coord(nn,2),'ko-');!
        plot([P(kk).coord(nn-1,1) P(kk).coord(nn,1)],[P(kk).coord(nn-1,2) P(kk).coord(nn,2)],'k.-');!
        pause(0.04);  % {0.04}!
    end!
end!
	
  
	
  
	
  

EXwalker2D.m	
  



EXwalker2D.m	
  



EXwalker2D.m	
  

Ø  Introducing	
  a	
  bias.....	
  



Rough	
  analogy...	
  (ignore	
  convec%ve	
  currents)	
  



So “why” might a bacteria move itself? 

Ø  Chemical	
  environment	
  may	
  maJer	
  à	
  chemotaxis	
  

“Ooh,	
  food	
  over	
  that	
  
way!	
  Let’s	
  go!”	
  

“Ugh,	
  poison!	
  Let’s	
  get	
  
out	
  of	
  here!”	
  

The physics of eukaryotic chemotaxis (Levine & Rappel; Physics Today, 2013)  



Case study: Chemotaxis 

The physics of eukaryotic chemotaxis (Levine & Rappel; Physics Today, 2013)  

Idea: Sum together various contributions to get a 
net effective directionality 

S – binding const. (0 or 1) 



Case study: Chemotaxis 

The physics of eukaryotic chemotaxis (Levine & Rappel; Physics Today, 2013)  



Case study: Chemotaxis 

Note:	
  Purcell	
  (1912-­‐1997)	
  won	
  the	
  1952	
  
Nobel	
  Prize	
  for	
  discovering	
  NMR	
  

Ø  How	
  far	
  does	
  a	
  bacteria	
  
need	
  to	
  swim?	
  

Ø  Answer	
  depends	
  upon	
  its	
  
speed	
  rela%ve	
  to	
  diffusion	
  



Case study: Chemotaxis 

à	
  Explains	
  some	
  of	
  the	
  structure	
  
we	
  saw	
  in	
  Berg’s	
  E.	
  coli	
  tracks....	
  



Collective dynamics 

Ø  Bacteria	
  swimming	
  alone	
  versus.....	
  

Metzler	
  &	
  Klader	
  (2000)	
  

Ø  ...	
  lots	
  of	
  (interac%ng)	
  bacteria	
  
swimming	
  together	
  

à	
  Swarming	
  



Case study: Swarming 

wikipedia	
  (swarming	
  mo%lity)	
  

Bacteria	
  of	
  the	
  species	
  Bacillus	
  sub4lis	
  were	
  
inoculated	
  at	
  the	
  center	
  of	
  a	
  dish	
  with	
  gelose	
  
containing	
  nutrients.	
  The	
  bacteria	
  start	
  mass-­‐
migra%ng	
  outwards	
  about	
  twelve	
  hours	
  ader	
  
inocula%on,	
  forming	
  dendrites	
  which	
  reach	
  
the	
  border	
  of	
  the	
  dish	
  



Case study: Swarming 

Ø  No%on	
  of	
  collec%ve	
  
dynamics	
  

à	
  The	
  “whole”	
  is	
  more/
different	
  from	
  the	
  sum	
  of	
  
the	
  parts	
  

Ø  Key	
  idea	
  here	
  is	
  that	
  the	
  
swimmers	
  can	
  interact	
  



Case study: Flocking 

wikipedia	
  (flocking)	
  

A	
  swarm-­‐like	
  flock	
  of	
  starlings	
  



Case study: Flocking 



Case study: Flocking 



Ques%on:	
  	
  
What	
  differences	
  are	
  there	
  for	
  micro-­‐	
  vs.	
  macro-­‐scopic	
  motors?	
  

Moving on.... 

Note:	
  Purcell	
  (1912-­‐1997)	
  won	
  
the	
  1952	
  Nobel	
  Prize	
  for	
  his	
  
work	
  on	
  NMR	
  



Nelson	
  (2004)	
  

Reynolds # 



Reynolds # 

Ø  Reynolds	
  number	
  (R)	
  is	
  a	
  
dimension-­‐less	
  number	
  that	
  
indicates	
  the	
  ra%o	
  of	
  iner%al	
  to	
  
viscous	
  forces	
  



Aside: Viscosity 

Water	
   Oil	
   Maple	
  syrup	
  

Ø  Viscosity	
  (η)	
  deals	
  how	
  a	
  liquid	
  “deforms”	
  due	
  to	
  stress	
  (i.e.,	
  forces)	
  applied	
  to	
  it	
  	
  	
  	
  

Ø  Tied	
  to	
  how	
  individual	
  fluid	
  molecules	
  interact	
  and	
  fric%on	
  arising	
  from	
  such	
  



wikipedia	
  (viscosity)	
  
Berg	
  (1993)	
  

Aside: Viscosity 

“Laminar	
  shear	
  of	
  fluid	
  between	
  two	
  
plates.	
  Fric%on	
  between	
  the	
  fluid	
  and	
  the	
  
moving	
  boundaries	
  causes	
  the	
  fluid	
  to	
  
shear.	
  The	
  force	
  required	
  for	
  this	
  ac%on	
  is	
  
a	
  measure	
  of	
  the	
  fluid's	
  viscosity.”	
  

Let’s	
  firm	
  this	
  up	
  a	
  bit	
  more....	
  



Aside: Viscosity 

Berg	
  (1993)	
  

Let’s	
  firm	
  this	
  up	
  a	
  bit	
  more....	
  

Linear	
  rela%onship	
  in	
  fluid	
  velocity	
  	
  
(i.e.,	
  fluid	
  flows	
  in	
  “layers”	
  à	
  laminar	
  flow)	
  

Shear	
  “force”	
  	
  

à	
  Viscosity	
  (η)	
  is	
  the	
  constant	
  of	
  propor%onality	
  
between	
  applied	
  force	
  and	
  shear	
  	
  


