PHYS 3090: Homework 6 (due Tuesday Nov. 4)

Problem 1: Evaluate the c_; term in the Laurent expansion for the following functions
o f(z) = <%= about 2 =0
o f(z)= % about z =1¢
o f(2) =cos(z+ 1) about z =0

Problem 2: Compute fo% de > using contour integration.

1
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Problem 3: Compute §, dz e*/* where C'is the unit circle |z| = 1 and a is a complex number.

Problem 4: Compute the principal value of ffooo dr Co%fl by contour integration.

Problem 5 (Bonus): Compute §, dz % where C' is the circle |z| = 0.1.

Hint: Recall the infinite geometric series formula > | 2" = L for |z| < 1.

Problem 6 (Bonus): Compute [;* dx M%OO by contour integration.

Hint 1: You may use the result from problem 3 in HW 5 to compute the residues.

Hint 2: Your intermediate steps may involve a finite geometric series, which can be summed as follows
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Problem 7: Compute the integral I = [~ oooo dx 63T —1- We are going to evaluate I using a rectangular

contour C shown in Fig. 1, with sides labeled by paths P - Py.

e Show that f(z) = T4 2 where n = 0, +1, etc.

has poles along the imaginary axis at z = %
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e The original integral is [ = nglgo Jp, dz f(2). Show that ngnoc Jp, dz f(z) = —e I
Hint: Use z =2 + % along Ps.

e Show that I%iirlm Jp, dz f(2) = }%Enm Jp, dz f(2) =



~R+ % Py +R 4 2

Py AP

Figure 1: Rectangular contour C' defined by the corners z = +R and z = +R + %, and sides P;-P4. The
crosses show the poles.

e Combining these results, you have
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dz f(z) = (1 —e*™/3) [ = f dz f(z). (2
c
Now use the residue theorem to evaluate the right-hand side and solve for the original integral I.

Note: This problem is similar to Example 2.22 in the textbook.



