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Abstract—Failed Exploration often involves the comparison of
an exploratory search solution that has poor relative fitness with
a stored reference solution that has superlative relative fitness
(e.g. a local optimum). The selection mechanism of Leaders and
Followers is designed to reduce the effects of Failed Exploration
by attempting to compare search solutions and reference solutions
only when they are likely to have similar relative fitness. Search
solutions exist in a population of followers and reference solutions
exist in a population of leaders, and members from different
populations are only compared when the two populations have
a similar median fitness. An unexpected state for this condition
to occur is for all of the leaders and all of the followers to reach
the same local optimum. Future modifications to Leaders and
Followers will need to address this mode of failure/convergence.

Index Terms—selection, leaders and followers, exploration,
exploitation

I. INTRODUCTION

Failed Exploration occurs when an exploratory search solu-
tion from a fitter/more promising region of the search space is
rejected due to its comparison with a fitter reference solution
from a less fit region of the search space [1]. If an exploratory
search solution and a stored reference solution have the same
relative fitness with respect to their nearby local optima (e.g.
they are both local optima), then the risk of Failed Exploration
can be reduced. The design goal for the metaheuristic of
Leaders and Followers (LaF) is to use two separate populations
– one for reference solutions (leaders) and one for search
solutions (followers) – that would ideally be compared only
when similar levels of relative fitness might be present [2].

Leaders and Followers is a promising new metaheuristic
because its original format performs better than established
techniques such as Particle Swarm Optimization (PSO) [3],
[4] and Differential Evolution (DE) [5]. However, despite the
development of LaF being based on extensive analysis of
search space properties, the actual performance of LaF was
only analyzed via performance on the CEC2013 benchmark
function set [6]. The continuous improvement of its best
overall solution [2] suggested that its design was successful
in making it less prone to premature convergence than PSO
and DE. The new experiments and analysis in this paper will
show that LaF can also be prone to premature convergence.

The design factors of LaF and a brief description of the
versions of DE and PSO used in this paper are presented in

Section II. New experiments which observe these convergent
behaviours are then presented in Section III. Insights from
these observations are discussed in Section IV before potential
remedies are presented in Section V.

II. BACKGROUND

A. Leaders and Followers

The signature feature of Leaders and Followers is the use of
two populations: the leaders and the followers. The population
of leaders represent the references solutions which guide the
search process, and the population of followers is where new
search is performed. However, followers need an opportunity
to become leaders in order for the search process to advance.
A key design decision in LaF is thus to decide when and how
to compare followers with leaders.

The explicit goal in LaF is to minimize the risk of Failed
Exploration during the comparison of followers with leaders.
Specifically, the goal is to make the comparisons when the
“relative fitness” (i.e. the difference in fitness between a
solution and the local optimum it could reach by following
a monotonic path) of the followers is similar to that of the
leaders. The first attempt to identify this comparison point is
to use the median fitness of each population. Original LaF
then uses two-tournament selection in a merged population of
leaders and followers to select the new leaders.

Another important design decision in LaF is to determine
how the leaders will influence the followers. In original LaF,
a follower moves towards a randomly chosen leader. This
convergent motion makes the assumption that highly fit regions
of the search space are in the same general area – i.e. that
the search space is structured or globally convex. Through
these design decisions, the intention was for the population
of leaders and the population of followers to both represent
a large number of attraction basins, and that fair comparisons
could be made between the new basins represented by the
followers with the existing basins represented by the leaders.

The procedure to create a new trial solution uses Equa-
tion (1) for every dimension d of the new solution. In this
formula, εd is a uniform random number in (0, 1) sampled
independently for every dimension. Results for LaF corre-
spond to the original implementation described in [2], with
a population size of p = 50.



triald = followerd + 2× εd × (leaderi − followeri) (1)

B. Differential Evolution

The experiments in this paper are based on a DE/rand/1/bin
version of DE with typical parameters of population size p
= 50, crossover Cr = 0.9, and scale factor F = 0.8 [5], [7].
In each iteration, each population member xi is considered
as a target for replacement by a candidate solution that is
constructed in two steps: creation of an intermediate solution
and crossover with xi. During the creation of an intermediate
solution yi from three distinct random solutions r1, r2, and r3
in Equation 2, the scale factor F affects the “step size” from r1
taken in the direction of the “difference vector” created with
r2 and r3.

yi = r1 + F (r2 − r3) (2)

In Equation 3, this intermediate solution is then crossed term-
by-term in each dimension d of the search space with the
target solution xi to produce the new candidate solution x′i.

x′i,d =

{
yi,d ud ≤ Cr
xi,d ud > Cr

(3)

C. Particle Swarm Optimization

The experiments in this paper use a version of standard
particle swarm optimization [4] with a ring topology. The
key parameters specified from this standardization are χ =
0.72984, and c1 = c2 = 2.05 for the velocity updates given in
Equation 4. Additional implementation details are the use of
p = 50 particles [4], zero initial velocities [8], and “Reflect-Z”
for particles that exceed the boundaries of the search space
(i.e. reflecting the position back into the search space and
setting the velocity to zero) [9]. The source code for this
implementation is available online [10].

vi+1,d = χ
{
vi,d + c1ε1(pbesti,d − xi,d)

+ c2ε2(lbesti,d − xi,d)
} (4)

III. NEW RESULTS

The experiments presented in this section are performed
with the Rastrigin function (5) on d = 20 dimensions and a
maximum budget of FEs = 10.000 × d = 200.000 function
evaluations (FEs). Rastrigin has the useful property that every
solution with integer values for each dimension is a local
optimum, and all other solutions are in the attraction basin
of the optimum found by rounding each of that solution’s
coordinate values to their nearest integer value. This property
makes it possible to determine the attraction basin in which
solutions are located and how close they are to the local
optimum of their attraction basin (i.e. their relative fitness).

f(x) = 10d+

d∑
i=1

(
x2i − 10 cos(2πxi)

)
(5)

Figure 1 shows the average performance of PSO, DE
and LaF for 30 independent runs. It can be noticed that
PSO converges very quickly, while DE and LaF have slower
convergence. However, LaF performs better than DE and
also shows a continuous improvement until the very end of
the optimization process. Both DE and LaF show consistent
improvements until around 50% of available FEs are used,
but LaF keeps improving very slightly after this point while
the improvements in DE stop almost completely. A similar
plateau in performance is observed in PSO, but the end of
improvements occurs after much fewer FEs.

A plot of performance can be a useful visualization tool
for analyzing the convergence of a metaheuristic. However,
a overall performance doesn’t differentiate between an im-
provement that is due to the discovery of a new attraction
basin (i.e. exploration) and an improvement that is due to
movement within an attraction basin towards its local optimum
(i.e. exploitation). The effects of exploitation can be observed
by plotting the “relative fitness” (i.e. the difference between
the fitness of a solution and the fitness of the local optimum
of its current attraction basin).

It is noted that Figure 2 is based on the relative fitness
of the best solution in the population, and not all of the
solutions in the population. It is further noted that the plateau
in performance in Figure 1 is coincident to the best solution
reaching a local optima in Figure 2. One of the goals of a
population-based metaheuristic is to use the diversity of the
population to avoid (premature) convergence. However, this is
not observed in PSO or DE – once the best population member
reaches a local optimum, it is exceptionally rare for another
population member to find a better (locally optimal) solution.
The potential for two followers to enter a selection tournament
in which one of them will be selected to be a future leader
allows for occasional bursts of divergence among the leaders
that can lead to the detection of better attraction basins.

To better understand this dynamic, Figure 3 shows the num-
ber of different attraction basins represented by the population
of leaders. It is typical to present the results of experiments
as the average of a statistically relevant set of runs. However,
many insights into the operation of metaheuristics can be lost
through the process of averaging their behaviour. Thus, the
results presented in Figure 3 correspond to a single run of the
algorithm LaF; this run does not correspond to a best or worse
case scenario, but it instead represents a typical execution of
LaF.

Figure 3 shows how all the leaders are located in different
attraction basins for the initial 800 iterations of LaF, out of
4.000 total iterations. At this point, leaders start to converge to-
wards the same attraction basin(s), and less than 500 iterations
later all the leaders have converged into the same attraction
basin. This can be considered as a premature convergence, as
it happens before 40% of the total budget of FEs has been
consumed. Figure 3 also shows with red dots the iterations
where none of the followers are in different attraction basin(s)
than the leaders. It can be noticed that this happens for the
first time shortly after all the leaders have converged to the



Fig. 1. Performance for LaF, PSO and DE (average of 30 independent runs). Both PSO (quite quickly) and DE (more slowly) converge, while LaF has a
small amount of continuing improvement.

Fig. 2. Relative fitness of best solution for LaF, PSO and DE (average of 30 independent runs). The iteration at which the best solution reaches a local
optimum is coincident with the plateau of performance shown in Figure 1.

same attraction basin.
The run presented in Figure 3 shows another distinctive

behaviour of LaF – it’s ability to occasionally diverge from
a converged state. It can be noticed that after reaching 2.000
iterations, the number of different attraction basins represented
by the leaders briefly peaks back up to 6 different basins. This
is an unusual behavior for metaheuristics after convergence
and it happens because of LaF’s selection scheme which
allows new attraction basins to be explored and kept in the
population of followers. This will occasionally lead to the
introduction of new attraction basins into the population of
leaders after a restart. This is also the reason why the average
performance in Figure 1 shows a very small but steady increase
in fitness after half of the FEs budget has been reached.

Leaders and Followers uses a selection scheme that was
designed to limit the negative effect that selection has on
exploration. The introduction of a two level selection process
aims to reduce the biased comparison that can happen in
other metaheuristics – when solutions with exceptional relative
fitness are compared against new solutions with poor relative
fitness. The design partially achieves this goal as evidenced by
its better overall performance and the ability to make progress
from a “converged” state. However, the early arrival of the
converged state shows the power of selection to overwhelm
other aspects of the design.

In order to shed some light about when this converged state
is reached, Figure 4 shows a histogram for 100 independent
runs. The histogram indicates the moments, measured as a



Fig. 3. Number of different basins among the leaders in a single run of LaF with a population size of 50. The red dots indicate the iterations at which all
the followers are in the same attraction basin(s) as the leaders.

percent of the total budget of FEs, when all leaders converge
into the same attraction basin for the first time. It can be
noticed that most runs converge in an interval around 30% to
40% of the total amount function evaluations. (The selected
run for Figure 3 also converges during this interval.) It is
interesting to notice that there can be a large variance in when
this moment is reached, ranging from as early as 20% and
up to 60% of the allocated FEs. However, the converged state
is reached in every execution of LaF and is always reached
before the 60% of FEs has been consumed.

IV. DISCUSSION

Metaheuristics that use fitness-based selection to compare
against a reference solution which has the opportunity to expe-
rience local optimization towards a local optimum are prone
to the failure mechanism of Failed Exploration. In original
LaF, the movement of followers towards leaders encourages
the creation of new search solutions near the existing leaders
– i.e. that exploitation is performed in the attraction basins
already represented by the leaders. As the leaders improve
towards their local optima, the similar median fitness criterion
means that followers must also approach local optima, and
the local optimum they are most likely to approach is that of
the leader. Thus, all the leaders and all the followers tend to
converge to the same (local) optimum.

Less convergent search trajectories for the followers could
reduce their ability to perform exploitation. However, if a
follower solution is ever a (local) optimum (e.g. even ran-
dom search can occasionally find optima), then fitness-based
selection would likely cause it to become a leader which could
then cause future Failed Exploration. The possibility of Failed
Exploration will exist for any selection process based solely
on the fitness of two solutions.

In general, the combination of fitness-based selection and
elistism encourages reference solutions to approach and be-

come local optima. The operation of metaheuristics when they
have local optima reference solutions can be very different
from their initial behaviour. In particular, the performance
curves of PSO, DE, and LaF all stall at around the same
moment that their best overall solution first reaches a local
optimum. The design of metaheuristics needs to be cognizant
of this moment, and potential courses of action include delay-
ing the arrival at local optima or introducing alternate search
strategies after a local optimum is reached.

V. FUTURE WORK

The presented failure mechanism is related to fitness-based
selection, so a natural remedy is an alternate basis for selec-
tion. For example, a diversity measure could be introduced
into the selection of new leaders from the merged population
of leaders and followers. This diversity measure would ideally
ensure that all of the new leaders are from a minimum number
of different basins. A simple distance measurement between
the new candidate leader and all of the previously selected
leaders could be added to the existing fitness-based selection
mechanism.

An alternate approach is to ensure that the followers cannot
converge to the leaders. In original LaF, followers move on a
line segment towards a leader, and this line segment can be
up to the entire distance which would cause the new follower
position to be identical to that of the leader. A simple change
could be to implement a maximum step a follower can take
(which would thus create a minimum distance between a fol-
lower and its current leader). More complex search trajectories
could also be considered, especially for non-globally convex
search spaces in which movements towards the current leaders
are less likely to lead to better solutions.

LaF selection schemes favours the comparison of solutions
with similar relative fitness, thus reducing Failed Exploration.



Fig. 4. Histogram showing the moment when all the leaders are in the same attraction basin for the first time.

Subsequently this also delays the moment at which a con-
verged state is reached. However, the power of selection still
makes leaders reach solutions with very high relative fitness
(i.e. local optima) early in the search, causing a premature
convergence of the algorithm. An alternate design that could
delay the convergence state being reached in the leaders is to
add a third population in between the followers and the lead-
ers. This “middle” population would be updated by merging
with the followers once the followers reach a similar mean
fitness value. Similarly, leaders will merge with this middle
population using the same criterion. An alternate approach to
delaying the converged state would be to have a mechanism for
detecting when this state is reached and “shaking” the leaders
out of their local optima while keeping them in a promising
region of the search space.
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